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nebst Gi^enzgebieten, 100. Ausgabe [XLVm u. 272 S. gr. 8], in allen £ 
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PßEFACE. 



In the geometrical investigations of the last Century, one of the most 
fundamental distinctions has been that between metrical and projective 
geometry. It is a curious fact that this Classification seems to have given 
rise to another distinction, which is not at all justified by the nature of 
things. There are certain properties of curves, surfaces, etc., which may 
be deduced for the most general configurations of their Mnd, depending 
only upon the knowledge that certain conditions of continuity are falfilled 
in the yicinity of a certain point. These are the so-called infinitesimal 
properties and are naturally treated by the methods of the differential 
calculus. The curious fact to which we have referred is that, but for rare 
exceptions, these infinitesimal properties have been dealt with only from 
the metrical point of view. Projective geometry, which has made such 
progress in the course of the Century, has apparently disdained to consider 
the infinitely small parts into which its configurations may be decomposed. 
It has gained the possibility of making assertions about its configurations 
as a whole, only by limiting its field to the consideration of algebraic 
cases, a restriction which is unnecessaiy in differential geometry. 

Between the metrical differential ^geometry of Monge and Gauss, 
and the algebraic projective geometry of Poncelet and Plücker, there 
is left, therefore, the field of projective differential geometry whose 
nature partakes somewhat of both. The theorems of this kind of geometry 
are concemed with projective properties of the infinitesimal Clements. As 
in the ordinary differential geometry, the process of integration may lead 
to Statements conceming properties of the configuration as a whole. But, of 
course, such integration is possible only in special cases. Even with this 
limitation, however, which lies in the nature of things, the field of pro- 
jective differential geometry is so rieh that it seems well worth while to 
cultivate it with greater energy than has been done heretofore. 

But few investigations belonging to this field exist. The most im- 
portant contributions are those of Halphen, who has developed an ad- 
mirable theory of plane and Space curves from this point of view. The 
author has, in the last, few years, built up a projective differential geo- 
metry of ruled surfaces. In this book we shall confine ourselves to the 
consideration of these simplest configurations. If time and strength permit, 
a general theory of surfaces will foUow. 

In presentiiig the theories of Halphen, I have nevertheless foUowed 
my own methods, both for the sake of uniformity and simplicity. In all 
cases, I have attempted to indicate clearly those results which are due 
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IV PREFACE. 

to him or to other authors. The general method of treatment and the 
results which are not specifically attributed to others are, so far as I am 
aware, due to me. The theory of ruled surfaces has been developed by 
me in a series of papers, published principally in the Transactions of 
the American Mathematical Society, beginning in 1901. I have 
thought it unnecessary to refer to them in detail, the treatment here 
given being in many respects preferable to that of the original papers. 
In particnlar, some errors have been corrected; I hope that no serious 
mistakes have been aUowed to pass over into the present work. To 
finish these personal remarks, I may add that Chapter II contains a 
number of important additions to the theory as generally presented, 
without which it would lack rigor and completeness. The canonical deve- 
lopment of Chapter III has also been added by the author. 

The examples collected at the end of each chapter are of two kinds. 
Some of them are mere exercises. Some, however, (those marked with 
an asterisk), are of a very different natnre. They are essentially suggestions 
for such fiirther investigations, as appear to me to be of promise and 
importance. I have, also in the body of the book, taken the privilege of 
pointing out further problems which seem to be of interest. Many others 
will readily suggest themselves. It is my sincere wish that these suggestions 
may be helpful toward a further development of this fascinating subject. 

The instructor in an American University finds his time fully occupied 
by other things besides the advancement of Science. The Carnegie In- 
stitution of Washington, in recognition of this fact, makes it a part 
of its policy to give a certain number of men the opportunity to devote 
all of their time and energy to research. For two years I have had the 
honor and the good fortune of finding my efforts aided and encouraged by 
the Support of this magnificent institution. Without this aid, the present 
work would not have seen the light of day for several years. I take this 
opportunity to express to the Carnegie Institution my füllest gratitude 
for its help, and for the generosity with which it has left me free to 
act and move, unfettered by unnecessary conditions and regulations. 

In these last two years, I have had occasion to make use of libraries 
at Göttingen, Paris, Cambridge and Rome. For these Privileges I am 
indebted to Professors Klein, Darboux, Forsyth and Castelnuovo, who met 
my wishes with the greatest of courtesy. It remains for me to express 
my thanks to the publishers B. G. Teubner, whose enterprise is a household 
Word in the mathematical world. For their sake, as well as for my own, 
I hope that this little book may prove to be a success. 

Borne, March 2^ 1905. 

E. J. WILOZYNSZI. 
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INTRODUCTION. 

THE FUNDAMENTAL THEOREMS OF LIE'S THEORT 
OF CONTINUOUS ÖROÜPS. 

In the theory to which this work is devoted, lAe^^ theory of 
continuous gronps plajB a fnndamental part. It seems advisable^ 
therefore^ to give a brief account of this important subject; we ßball 
not; howeyer^ attempt to do more than to give a clear statement of 
those ideas and theorems belonging to lAe^B theory^ which will be 
found usefal later on, withont insisting npon the proofs.^) 

The n equations 

ooi = fi(oCi, x^,,.. Xn), (i = 1, 2, . . . n), 

are said to determine a transformcUion ot x^, . . . Xn into x^^. . . Xn, if 
they can be solved for x-^^ . , ,Xn, i. e* if the Jacobian 

^^' (i,Ä = l,2,...w) 



does not vanish identically. 

The equations may contain r arbitrary constants a^, . . . «r? so 
that they may be written 

(1) Xi = fi {X^y . . . Xn] tti, . . . ar), (i = 1, 2, . . . w), 

in which case they represent not merely a single transformation, but 
a famüy, The r constants are said to be essmtial, if it is impossible 
to find combinations A^^ . , , A^ less than r in number such that 
a?i', . . . a?n' appear as fonctions of x^, , , . Xn and -4^, . . . 4» only. The 
family may then be said to contain cx)** transformations. It wiU be 
called an r parameter famüy. 

Let the r parameters in (1) be essential. After having made the 
transformation (1) Converting (ä?i, . . . Xf) into {x^^ . . . Xn)y let us make 
another transformation of the same family 

(2) xl^^f,{x^,...xj',\,.,,lr\ (i-l,2,...n) 
which converts {x^y . . . a;„') into {x^\ . . . Xn)» 



1) The general theory has been made easily accessible by the lucid treatment 
in lAe-Engel^ Theorie der Transformationsgruppen. Teubner. Leipzig 1888 — 98. 
Cf. egpecially vol. 1. A shorter account is given in Lte- Scheffers ^ Vorlesungen 
über kontinuierliche Gruppen etc. Teubner. Leipzig 1898. See also Campbell, 
Introductory treatise on Lie's Theory, etc., Clarendon Press, Oxford, 1903. 
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If, now, we eliminate xl between (1) and (2), i. e. if we make 
directiy the transformation which converts {x^ . . , x„) into {x^", . . . Xn"), 
ü may kappen that the resulting eqoations are again of the same form 
as (1) and (2), i. e. of the form 

(3) x^ = fi{x^, . . . a;«; Ci, . . . Cr), (t = 1, 2, . . . w), 
where c^, . . .Cr are certain fdnctions of ük, ikf 

(4) d = (pk((h7-' ^n ^u- ^r), (Ä = 1, 2, . . . r). 

In that case the transformations (1) are said to form a group. Moreover 
to describe these eqnations more completely we may speak of this 
group as an r parameter group in n variables, 

Let eqnations (1) represent snch an r parameter gronp^ and 
assume that it contains the inverse of each of its transformations. 
It will; then; contain also the identical transformation, i. e. a certain 
transformation, corresponding to the parameters a^^, . . . ar^y which 
rednces to 

a?/ = Xij (i = 1, 2, . . . w). 

The fonctions ft being assnmed to be analytical functions of their 
argumentS; the transformation which corresponds to the parameters, 

where d^s an infinitesimal and c* an arbitrary constant, will convert 
Xi into x/ where the diflference 

x/ — Xi = dXi 

will be, in general, an infinitesimal of the same order as dt, We 
shall find, in fact 

where (g— j = lA,(a:i, . . . x„) denotes the value of ^ for ak^^ak^, and 

is therefore a function o{ x^, . . . x„ only. The constants q, ... Cr are 
arbitrary. 

The transformations 

r- 

(5) Sxi^^ctiki{x^,^^^Xn)8t, (i=l,2,...n) 

are called by lAe, the infinitesimal transformations of the group. In 
some cases they cannot be obtained in the way indicated. But we 
need not insist upon these exceptional cases, as we shall not need 
them in the course of this work. 
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If we consider an arbitrary function o{ x^, . . . Xnf say 

the infinitesimal change in f, which results from the infinitesimal 
transformation (5), is 

(6) df^f^c,U,f\8t=^üf'dt 

where 

(7) r.^«|„g + |,,g+... + |,„^^. 

Lie speaks of Uf as the Symbol of the infinitesimal tränsforma- 
tions (5) of the group. We have 

Ufr^C,U,f+C,ü,f+^^'+CrUrf, 

Ulf, . . . ürf being themselves the symbols of infinitesimal transfornla- 
tions which are contained in the group. In fact üf reduoes to ükf for 

Cj =« Cg « . . . = Ck-l == C*4.i = . . . = Cr = 0, Ca *= 1. 

The r infinitesimal transformations, whose symbols are Z7,/^, . . . Urf, 
are said to be Unearly independent, if it is impossible tö find r non- 
vanishing constants, so that for an arbitrary function f(Xi, . . . Xn\ the 
equation 

C,U,f+C,U,f + '''+CrUrf^O. 

will hold. 

We then have the following theorem: An r-parameter contmuxms 
group contains precisely r Unearly independent infinitesimal trans- 
formations. 

From two expressions Uif and U^f of the form (7) we may form 
the commutator, (Klammerausdruck), 

(8) ü,{UJ)-ü,iU,f) = (U„U,)f, 

which is again of the same form. In fact, the second derivatives 
of f eliminate, and we find 

(9) iU,, U,)f^^[USu) - ü,{iu)]§^' 
Lie has shown that r infinitesimal transformations 

U,f,...Vrf 

are precisdy the r infinitesimal transformations of an r parameter group, 
if and only if fhey satisfy the rdations 

(10) iü„U,)f=^Cn,U,f, 

1 = 1 

where the quantities Cai are constants. 
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In this case U^f, . . , JJrf are said to generale an r-parameter 
continnous group. 

If a fonction f(Xi, . , . x„) remains nnchanged by all of the trans- 
formations of the group, it is said to be an invariant. In particular, 
aü invariant will not be changed by any infinitesimal transformation of 
the group; it must, therefore, satisfy the r partial di£ferential equations 

(11) ü.f^O, (k=l,2,...r). 

Ide has shown that this necessary condition for invariants, is also 
sufficientf whenever the group may be generated by infinitesimal 
transformations. All invariants of the group may, therefore, be found 
by integrating a System of partial differential equations of the form (11). 
But in regard to this System (11) we may make the following 
remarks. Although U^f, . . . Urf were linearly independent as in- 
finitesimal transformations, the r equations (11) need not be independent. 
For, there may be relations of the form 

9l (a^i, . . . a^n) Oi/*+ • • • + g>r(00i, ...Xn) Urf = 0, 

where 9?i, . . . (fr are functions of x^^ . , . Xn, even though Uif, . , . Urf 
be linearly independent in the former sense. Suppose then, that q of 
the equations (11) are independent (q ^ r), and let these equations be 

(12) ü,f=0,U,f='0,...UJ^O. 
Let u be any Solution of (12). Then clearly 

whence 

(?7;.,üi)t* = o, 

i. e. any Solution of (12) will also satisfy all of the further equations 
which can be obtained from (12) by the commutator Operation. If 
the equations (12) are taken at random, we shall obtain in this way 
successively new equations which any Solution of (12) must satisfy. 
We shall find finally a System of the form (12) such that all of the 
commutators formed from it will be zero as a consequence of the 
System itself. Such a System has been called a complete System by 
Ölebsch}) The general theory of complete Systems is due to Jacobi,^) 
From our above considerations it follows that the invariants of a^fi 
r Parameter group may be obtained by integrating a complete System of 
q'^r partial differential equations of the first order in n independent 
variables. 



1) Clebschy Crelle's Journal, vol. 65. 

2) Jacohi, ibid. vol. 60. Cf. also the first volume of lAe-Engel, Trans- 
f ormatioDSgrnppen . 
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Bat according to the general theory^ a complete System of q equa- 
tions with n independent variables has precisely n — q independent 
solntionS; of which all other Solutions are fanctions. 

If, ffierefore, cm r parameter ffroup in n variables, is generated by 
the r infinitesimal transfonnations U^f, . . . Urf, and if among the 
r egmtions 

(13) U,f=Q, (Ä!==l,2,...r), 

q a/re independent^ the group has precisely n — q invariants, which are 
obtained by integrating the complete System to which (13) is equivcdent. 
We haye defined the term; an r-parameter group. But a System 
of transformations may have the group property although its equa- 
tions cannot be expressed by a finite number of parameter. For 
example; the transformations 

(14) y'-A(%, «' = K«) 

where X and /t are arbitrary functions of x, clearly have the group 
property; i. e. if we make sueeessively two transformations of this 
kind, the result is another transformation of the same character. 

Following Ide we shall, therefore, distinguish between finite and 
infinite continuous groups. The former contain only a finite number 
of arbitrary constants in their general equations, while the latter 
contain an infinite number of such constants^ or arbitrary functions. 
The general theory of infinite groups has not been constructed. 
There exists, however; an important dass of infinite groups for which 
a general invariant theory^ (due to Lie), exists. Let 

W-l.^ + - + S.^. 

be the most general infinitesimal transformation of the group. It 
may happen that there exists a System of linear homogeneous partial 
differential equations 

of which li, . . . |„ are Solutions. In that case the growp is said to be 
defined by differential egmtions. Such is the case in the above example. 
We have 

W-iili + ^H' li=V'(^), l, = 9'(%, 

where q? and V' are arbitrary functions of x, The defining differential 
equations are 



6 I. TRANSFORMATION OF SYSTEMS OF DIFFERENTIAL EQUATIONS. 

Ia$ hsM ßhown^) that üie invaricmts of an infinite contimious group^ 
whieh is defined ly differentiäl equations, may dkvays be öbtained as 
the Solutions of a complete System of partial differeniial equations, as m 
(he case of finite gräups. 

Thia complete System will, of cöurse, be öbtained by equating 
to zero the symbol of the most general infinitesimal transformation 
of the group. 



CHAPTEK L 

TRANSFORMATION OF SYSTEMS OF LINEAR HOMOGENEOUS 
DIFFERENTIAL EQUATIONS. 

Let there be giyen a System of n independent linear, homogeneous 
differentiäl equations between n unknown functions y^y^y - - yn oi x, 
and let the order of the highest derivative which is present in the 
System be m. We may assume that none of these equations are of 
the zero**' order, i. e. that no equation of the System has the form, 
(free from all derivatives), 



^^»j'* = ^' 



*=i 



since, by means of such an equation, we could reduce the number n 
of unknown functions. We may, for the same reason, assume that 
no combination of the equations of the System give rise to an equa- 
tion of this special form. The System of equations will be assumed 
to be written in the form 



(1) 



(J=1,2,...X,), 

yj».-i)+2'(f>„_i,,y,*yr-*^+"-+i'iy*y;+i'«y*y*) = o> 



y'„ +^POaiyk = 0, 

where, of course 

Xi + ^ + h + --- + ^ = »- 

1) Lie, Math. Annalen, vol. 24. 
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The integration of (1) would involve 

(2) M^l^m + X^(m-'l) + X^(m-2)+"'+Xn, 

arbiiarary constants. In fact according to the fandamental theorem 
of the theory of linear differential equations^), if for x^Xq the 
coefficients pm can be developed in serieB proceeding according to 
positive integral powers of x — Xq, convergent for values of x which 

make , , 

F-^ol<P; 

there exists a System of functions y^, . . . ^n, expressible by power 
series convergent in the same domain^ for which the values of the M 
qnantities; 



' 1/! : . . .: «(»»-i) t/(»»-i) 



yi^ '"Vx:^ yv^yx^'-'-^yT^^'y-^y'il 



for x = Xq are arbitrarily assigned constants, and which satisfy the 
System of differential eqnations. 

If, for a moment, ^i, ^2; • • • y«» ^ *^® interpreted as coordinates 
of a point in an w + 1 dimensional space, we may speak of any trans- 
formation of the form 

(4) yi == 9i{i] Vi, %. • • • Vn), X = /•(!; i?i, %, . . . i?„), 

where gi and f are arbitrary functions of their arguments which do 

not contain the derivatives -^9 etc., as a poitU-transformation. For, 

if these functions are independent, i. e. if the Jacobian oi g^j g^y , . , gny f 
with respect to i?i, . . . i?n, I is not identically zero, the point 
{yi9 y%} ' ' * yn} ^) will then be transformed into another point 
(^i; %^ • • • ^n; S) of the w + 1 dimensional space considered, and vice 
versa. 

We shall assume that the functions f and gi admit differentiation 
up to the Order required by the following considerations. We may, 
although this restriction is not necessary, assume that they are 
analytic functions of their arguments. 

A transformation of the form (4) applied to (1), will give rise 
to a new system of differential equations, obviously of the same 
Order, but not in general linear and homogeneous. We wish to find 

1) The proof, essentially upon ftinction-theoretic principles due to Catichy, 
for thö case of a Single linear differential eqnation was given by Fuchs^ Crelle's 
Jonmal vol. 66. It is a very easy matter to extend this proof to the case of a 
System of form (1). 
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the most general form of the transformation compatible wiijh the 
condition that the transformed system may also be linear and homo- 
geneous; we assume moreover that the coefScients of (1) may be any 
analytic fonctions of Xy and that the fonctions f and gi are not 
dependent upon these coefficients. In other words; the transforma- 
tion (4) when found, is such as to convert every System whatever 
of form (1) into another of the same kind, and it is the same trans- 
formation for all Systems of this form. If, for example, ^i, . . . t)n are 
Solutions of (1), the equations 

yk = Vk + ^k (Je = 1,2,... n), x = l, 

would transform (1) into another system of the same form, in fact, 
into itself. But such transformations are excluded, because the Solu- 
tions ^jb depend upon the coefficients of (1). This transformation is 
a dififerent one for diflferent Systems of the form (1). 
We find, from (4), by successive differentiation 

(5) 
where 



(6) 



and where Ya, Tis, . . . are defined by these equations as rational 
integral functions of 7}x, tj", etc., if we denote derivatives with respect 
to I by strokes. We have, in particular 

Let Si2i be the coefficient of rji^ in this expression. Then 
dg^ df df dg, ^ ^ (dg^ df^ ^ df dg^y 



dy, Ta d-Vi r« di^Vi r,^ 

dx e ' dx* c»' dxf" «»"-i' 










.«), 



(i,X-l,2,...w). 

For a fixed value of i, all of these quantities E.ai cannot be 

equal to zero for all values of i^t and ri^. For, if they were, all of 

the Jacobians 

dg^d£^d£dg, dg^df_^d^d^ 

drij^dk drix^^' ^ni^% ^nx^^ 
would be zero, i. e. the functions f and Qi would not be independent. 
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From the equation 

we obtain by dififerentiation 
so that 

(8) r;,, = <,%=i-(2,.-3)^^r,,_,. 

Let -Hi^ji denote the coefScient of rfjf^ in F^^. Then (8) shows that 

whence 

(9) Hi^x - <y^-^Ä2A, 

so that jHi-^i is diflferent from zero if JSi2x does not vanish; for 

dx 

cannot be zero. 

Let US Substitute (5) in (1). We find 

n 

(10) Ti„, +2(i>m-M,*r,,^-i<^' +i>^-2,i.*r*,m-2ey* + ••• 

etc. . . . etc., 
where we imagine the coefficients pxfiv also expressed in terms of 

Yim is linear in i^^^\ . . . rf^\ and actually contains at least one 
of these w*^ derivatives, since at least one of the quantities Hax and, 
therefore, at least one of the quantities Himx is different from zero. 

It must be possible, if the transformation is of the required 
character, to solve (10) for X^ derivatives of order w, say ri^^\ . . . i^J"^; 
for Ag derivatives of order w — 1, say ri^^^l\ . . . Vx^^^] ö*^- ^e 
shall then have a new System of difiPerential equations of the form (1), 
which we may imagine written down replacing the Roman throughout 
by the corresponding Greek letters. From this system, which we 
may denote by (1)', certainly all of the m*^ derivatives rjf^^ can be 
expressed in the form 

(11) ,J») =2^«»-^.^*^»'""'^ + 2».-M,*'?i'""'^ + • • • + «o.m'?*)' 
where g^^^ are functions of | alone. 
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We liave, on the other band 

n 

where the terms not written are of order lower than m, and where 
Himx is an integral rational fanction of ly/ of degree m — 1. 

By hypothesis (10), when solyed, gives rise to (1)', from which 
follows (11). The left members of (10) contain the highest derivatives 
only in the combinations 

These left members must, therefore, be obtained from (11) by making 
precisely these linear combinations. The first equation of (10) can, 
therefore, contain rj^, . . .rjn to the w'^ degree only, since Himx is of 
degree m — 1 in these qnantities. But this equation contains the term 

which is of degree 2m — 1 in i^j', . . . i^n j provided that f depends 
upon any of the qnantities rj^y , . .i]n» For m > 1 this is a contra- 
diction. Therefore, if m > 1, we must have f independent of %,.». rjn} i. ©• 

We have, therefore, 

SO that the coefficients of the highest derivatives in (10) are now 
free from the derivatives ij*'- Each of the terms of (10) must there- 
fore be linear in ly*'- One of these terms is 

But we find 



where 









SO that Yk2 is linear in rjk only if 



1) Tobe Bure all of the TO*^ derivatives, exceptijf"\ . . . rix!^\ ^^^ ^® removed 
by means of the other eqnations of the System (1)'. But this does not affect 
the conclusion. More symmetrically, System (1) could be replaced by a System 
of n equations each of the m*^ order, a System of X, linear relations between 
the derivatives np to the m — V^ order, a system of X^ relations between the 
derivatives np to the m — 2*1^ order, etc. System (1)' conld be written in the 
same way and thns the conclusion would be rendered more obvious. 
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.^!^ = o 

i. e. if 

9k ^ a*i(l)i?i + a*2(S)% + h a*n(l)i?n + a*o(l> 

Bnt in this case 

fi;^, = /-'(|)M-i«a(|), 

i. e. the coefficients- of the highest derivatives in (10) are mere ftinc- 
tions of 5. Every term of (10) must therefore be linear and homo- 
gmeous in i^i^ . . . i^n snd the derivatives of these quantities. The term 

is homogeneouS; only if 

«*o(t) 
ie zero. 

If m > 1 the most general transformation of the kind required 
is, therefore, 

(ft=l,2, ...w) 

where /*(!) and «*,•(!) are arbitrary functions of | and where the 
determinant 

I ^ii I 

is different from zero. 

We still have to examine the case m =» 1. Let 

(12) ^*=p,,y, + ... + ^,„y„, (Ä=1,2,..,W), 

be the given System^ and suppose that the transformation 

^ = /'(^J %; • • • -^n); Vk = fl'ifcd; %, . . . ^«) 
converts it into 

drit 

(12a) -^ = ^Tifci^i + • • • + J^*«i2«; (ife = 1, 2, . . . w). 

We may write (12) in a different form. If we differentiate eaeh 
eqnation n — 1 times, we shall find 

-TT ==JPAnyi + • • • + PkXnVn, (Je, X= 1,2,... w). 

Eliminating the n — 1 quantities y,-, (i=^Jc), from these equations, 
we shall find 

(13) ,,„_A + ,,„_,_JJ + ...+ ,,„y,==o, 

(Ä;=l,2,...«); 

in special cases some of these eqnations may be of lower than the 
.n*^ Order, hut in general they are not. 
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The equations (13) are all integrated if one of them is. We 
shall havO; in fact 

(14) y* = t,oy2 + ^*iS + ••• + ^*,«-i£dr' (Ä; = 1, 3, . . . n), 

Vk = V*oyn+ V*l^ + • • • + Vifc,n-l-^^^ (ifc = 1, 2, . ... W - 1), 

where the coefficients Ski, tu, . . . v*< as well as the coefficients r^ of 
of (13) may be obtained from pa by rational processes including 
diflFerentiation. The combined Systems (13) and (14) are equivalent 
to (12), the equations (14) serving to reduce the order of (13), which 
would be w*, to n. In place of (12 a) we may consider a corresponding 
combined System (I3a) and (14a). The required transformation must 
convert (13) and (14) into a System equivalent to (13a) and (14a). 
By the method of the general case we find the same result as before, 
provided that w > 1. 

There remains the case m =» n =» 1, so that the differential 
equation has the form 

It is conyenient in this case to write 

logy = 2/i, logi? = i?r 
We must then determine those transformations 

which transform any equation of the form 

(16) ä+i>(^) = 0, 

into 

(16a) ^ + „(|) = 0. 

We find, by applying directly the transformation (15) to (16), 



Sfi , dg. 



P^ + 



-^'--^'^S^^^rj^-/,^ 



The second term of this equation must be a fanction of | onlj. The 
partial derivative with respect to rj^ must therefore be zero, for all 
possible functions p. Therefore, the equation 
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must be satisfied identicallj. This is impossible miless the coefGcient 
of -^ 18 zero, i. e. imless 

The second factor cannot be zero, since f^ and Pi are independent 
fonctions of | and ti^. Therefore 

i. e. fi is a function of | only, so that instead of (15) we may write 

We find in this case, in place of (17), 

,, l>(A)A'(S) + t 

wbere «rain the second term must be a fonction of | alone. Since 
p{x) was an arbitrary function of x, we see first that -^ : -J^ must 
be a function of | only, since the second term reduces to this ratio 
for j) = 0. But if |> =:^ 0, we see in the second place that -J^ must 
be a mere function of |, and finally also -^* ^^ is therefore linear 
in 1?!, say 

whence - 

But this latter expression must be a function of % only, so that 

where A is a constant. We have therefore the foUowing transformation 
whence ^ = /iCÖ,!^! = ^% + ^i(i) 

(18) ^ = AI), y=-9{W> ^ = comt 

Therefore (18) is the most general transformation which can convert 
a general homogeneous linear differential equation of the first Order 
into another of the same kind. It is easy to verify that every 
transformation of this form actually accomplishes this. 
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We may recapitulate our result as foUows, The most general 
point'transformationy which converts a System of n linear differential 
equatians into another of the same form and order, is 

5 = f(p), rjk = ccki (x)yi + ccki{x)y^ + " ' + a^n {x)yn, 
(Ä-l,2,...w), 

where f{x) and aki{x) are arbitrary funäions of x, for which the 
determinant 

\^ki(x)\, (i,Ä=l,2,...w), 
does not va/nish. 

If n=ly and if the Single differential eqtuition, to which {he System 
then reduces, is of the first order fhere is an exception. In ffuxt case 
the most general transformationy which has Ute required property, is 

where f and g are arbitrary funäions, and X an arbitrary constant. 

For the case of a single linear differential equation, the trans- 
formation becomes^ (m > 1), 

S-/*(a?), ri^g{x)y. 

The proof, that this is the most general transformation Converting 
every linear differential equation of the m*^ order into another, was 
first giyen by Stäckd}) The generalization to Systems of differential 
equations is due to the author.^) A shorter, but less elementary 
proof than that of Stäckd is due to lAe.^) 



CHAPTEß n. 



INVARIANTS OF THE LINEAR HOMOGENEOUS 
DIFFERENTIAL EQUATION OF THE n* ORDER. 

§ 1. Fundamental Notions. 
Let QS consider the linear differential equation 

(1) »<•" + (^)p,y^-'^ + ©AJ^"-"' + • • • + i>.y = 0, 

where the symbol 

1) Stachel, Crelle's Journal, vol. 111 (1893), p. 290. Stäckel there also gives 
the investigation for m = l which we have reprodnced. 

2) Wüczynski, Am. Joum. of Math., yoI. 23 (1901), p. 29. 

3) Lie, Leipziger Berichte (1894), p. 822. Lie emphasizes the fact that 
such resnlts are mere corollaries of his general theory. For the präsent vork, 
however, they are of especial importance. 
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©- 



n(n~l)(n-2)...(n-Ä;4-l) 
kl 



represents the coefficient of x^ in the expansion of (1 + a?)", where 

and where PjyP^, . . .jp« are fanctions öf x. 

We have seen that the most general transformation, which 
conyerts (1) into another equation of the same form and order, is 

(2) «-/•(!), y«X(|)i,, 

where /(|) and A(|) are arbitrary fanctions of |. Clearly all of the 
transformations of the form (2) form a group, an infinite continnous 
group in the sense of Lie, which is defined by differential equations. 
If the general transformation (2) be applied to (1) another 
equation of the same form will be obtained between rj and |, whose 
coefficients will be expressible in terms of l>i, . . . i?«, f, A, and of 
certain derivatiTes of these fanctions. We shall always sappose that 
all of these derivatives exist. In fact we may assume for oar purposes, 
although this involves «an unnecessary restriction, that all of these 
fanctions are analytical. Any differential equation, which may be 
obtained from (1) by a transformation (2), shall be said to be equi- 
välent to (1). A function of the coefficients jPi/Pj, . . .jPn of (1) and 
of their derivatives, which has the same value as the same function 
formed for an equivalent equation^ shall be called an absolute invariant, 
If such an invariant function also contains y, y\ y^% etc., we shall 
speak of it as a covaHard. 

§ 2. Semlnvariants and semi-oovariantB« 

The transformation (2) may be conveniently decomposed into 
two others. Let us put first 

(3) y = X(a;)i? 

where X{x) is an arbitrary function of x, This gives rise to a 
differential equation between ri and x, We may then transform the 
independent variable by. putting 

The transformation (3) clearly form a sub- group of (2) which is still, 
an infinite continnous group. We shall speak of the functions, which 
remain invariant under the transformations of this sub -group, as 
seminva/riants and semi-cova/riants, and we shall proceed to determine 
them immediately. Since invariants must also be seminvariants we 
shall then be able to determine the invariants as special seminvariants, 
namely such as remain unchanged by an arbitrary transformation of 
the independent variable as well. 



(6) 
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We find, from (3), 

(4) 

j^«) - Xjj(.») + Q A'i2<»-" + @ X"i?(— «' + • • •+ AWij, 

80 that (1) becomes 

(5) ijW + g) «iV«-« + g) «,,?(—») + • • • + «„1? = 0, 
where 

as may be foond by direct computation. Witbout computation tbese 
equations may be found by noting tbat (4) is a linear homogeneous 
Substitution in » + 1 variables y, j/, . . . y^*^\ that the quantities 

;er(«)=j,„=l, «(-^) = g)i>i, «('-») = («)ä,.../ = (^« Ji)„_l, Z^Pn 

constitute a second set of n + 1 variables; and that the transformation 
of the latter set must be contragredient to that of the first, so as to 
leave the bilinear form (the differential equation) 

y(n)^(«) ^ y(„-l)^n-l) + . . . 4- y/ + y^ = 0, 

invariant. 

As equations (6) show, we may always choose X{x) so as to 
make sr^ vanish. We need only put 

so that (5) becomes 

(7) ly^*») + g) Ps V'-'^ + g) -Ps V"-'> + • • • + P«i7 = 0, 

where 

(8) P» = eA-2©i"^^^^^' (fc = 2,3,4,...«). 

We find in particnlar 

■Pj = i>j - 1»!* - ä'» -Ps = 1>j - Saä + 2i>i» - a", 

(9) P, =i,, - 4p,p, + 6i),»i>, - ep,'p, - 3p,* + Gp,'p,' 

+ 3i)i'»-i)iW, etc., 



X 
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and it is evident that tlie exponentials of equation (8) always cancel 
each other. We may write, moreover, 

(9a) P4 =P4 - ^PiP, + 12Ä*i?2 - 3i>3« - 6i>,* -i>,W + SP,^ 

a formula which we sliall need later. 

We have seen that any linear differential equation of the 
n^ Order may be reduced to the form (7) in which the n •— 1*^ deri- 
vative is absent, and which shall be caUed its semi-canonicdl form, 
As long as the independent variable x is not transformed^ the semi- 
canonical form is imique. For^ although we might more generally 
have put 

where G is an arbitrary constant, this would not affect the coefficients 
Pk of the semi-canonical form of the equation. 

Consider now any equation (5) which can be obtained from (1) 
by a transformation of the form y « Aiy. If we reduce it to Us 
semi-canonical form, the coefficients ü^, 11^, . . •, Iln of the latter will 
of course be precisely the same functions of jr^, jTa, . . . jt« as P^, . . Pn 
are of j>i,j>j, . . .jp„. But, since (1) and (5) can be transformed into 
each otiier, their semi-canonical forms must coincide. Therefore 

iT* = P*, (t = 2,3,,..w); 

in other words, fhe n — 1 qucmtäies Pg, Pg, . . . Pn ötre seminvariants. 
Obviously the same is true of their derivatives of any Order, and of 
any function of these quantities. 

But the converse is also true, i. e, every seminvariant is a function 
of P2, Ps, . . . Pfi CLVhd of the derivatives of these quantities. 

For, let 

f{PuPi7 • • 'Pn', Pi,P2> . . . W; etc.) 

be a seminvariant. It must be equal to the same function of the 
coefficients of any diflferential equation obtained from (1) by a trans- 
formation of the form (3), In particular it must therefore be equal to 

/•(0,P„...P„;0,P,',...P„';...), 

where P^^ , , . Pn are the coefficients of the semi-canonical form, 
i. e. it must be a function of these quantities and of their derivatives, 
as we asserted. 

Having found all of the seminvariants we proceed to determine 
the semi-covariants. We may confine our attention to semi-covariants 
which contain no higher derivatives of y than the n — 1**^. For, if 
a semi-covariant contains y^"), y^^'^^\ etc. we may express these higher 
derivatives in terms of the lower ones, by means of the differential 
equation itself and of others derived from it by dififerentiation. 

WiLCZTNSKi, projective differential Geometry. 2 
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^" £^ Put 

^> -^ (10)y* = y(*)+g)i),y(*-^)+g)i>a^^^^^^ (Ä=l,2,...n), 

*^j^ *^-^ and denote by rjk the corresponding expression in rj and Jt, Then it 
i i is clear without any computation that 

.7^ ^ (11) y* = Ai7*. A^ ^^ ^^1^. 

v^ ^ For^ equations (4) and (6) show that^ just as the equation ^n = is 
^^ ? transformed into Xyin » 0, so will yk be transformed into Xt\\, 
k We have therefore, the foUowing w — 1 semi-covariants 



•i 



H^ i» 



(12) ^, ^, . . . ?^. ^«. y.^^/. |,-V^' 



? ^ Äny semi'Covariant mmt he a funetion of üiese and of seminvariants, 
^ i< For, in the first place, every absolute semi-covariant must be homo- 
geneous of degree zero in y, j/, . . . j/^"""^), since if we take X == const., 
^ equations (4) and (6) reduce to 

^ (13) «/(*) = AV*^ p,^n,. 



II 



Any absolute semi-coTariant must, therefore, be a funetion of 



. J ' 

^ X By means of (10) this becomes a funetion of 

^^ V iT' l^nA^--^«5 etc. 

^ ^^ . "^ But if it is a semi-covariant it must be equal to the corresponding 

Jri "5 i5^ funetion for the semi-canonical form, and must therefore reduce to y 

^ ^ ^ a funetion of 

< «^ • y y 

,*• T .^ ... 
+ i^ 4.i >^ This justifies the above statement 

/ ^^ S § 3. Invariants and oovariants. Fundamental propertieB. 

'^^;;v^5 T Before proceeding to the explicit calculation of the invariants 

i J ? ^ and covariants, it will be useful to deduce a few simple theorems « 

^ ^ \ : about them. 

• We have seen that any absolute semi-covariant must be homo- 

j; i i- ^ geneous of degree zero in y, y, . . . y^^^^\ The same must therefore 
tt ::j -j: .2 be true of an absolute covariant. 
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An irreducible rational integral expression 

i. e. one which cannot be resolved into integral rational factors^ is 
Said to be a relative covariant^ if the equation f=0 ha8 as its con- 
seqnence the same equation in the new variables, i. e. 

/•(i?,...i,(--i);äi,...ä«;...)-0. 

Equations (13) show that every covcmcmt must he homogeneous in 

We proceed to make a very simple transformation of the form (2) 
by putting 

where c is a constant. We find 7? • ^ - ^^ ^ ^ ^ ' f^Uf^iM^j 

^^ If we assign to [y*)]"* the weight ifem, and to [jp^/^]"* the weight (r+Z)«», 
" ^^^A'we see that every term is mnltiplied by a power of c whose index 
is its weight. We see, therefore, that every covcmcmt mu^ he isöbaric, 
every absolute covariant isdbaric of weight eero. Besides, as we have 
Seen, it must be homogeneous in J/> ^^ • . • y^"''^\ and of degree zero 
if it is an absolute covariant. Invariants are, of course, included 
among the covariants as special cases, their degree being zero. 

Let ß(*»«') be a rational integral covariant of degree Ä in j/, . . . y^"""^^, 
and of weight to. Let us make the transformation (3). Equations (4) 
and (6) show that 

^(*,«,) _ ^*^(*,t.) _^ ^^ 

where Sl^^'^^ denotes the same function of the new variables as ß<*'«') 
of the old, and where 9 is a rational function of lower weight than w. 
But the equation Sl^^^^ = must be a consequence of ß^*»«*) = 0, 
which requires that 9 shall vanish. K we assume fnrther that Sl^^y^^ 
is irreducible, © cannot vanish as a consequence of ß(*»«') = 0, but 
must be identically zero. An irreducible rational integral covariant, 
of degree k, is therefore transfonned in accordance wUh the equation 

ß(*,«') ^ •;L*ß(*»«') 

if {he dependent variable is tramformed by (3). 

Let the independent variable be transformed by putting 
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We find 



Y'=(r)'f^+i"|' 



in general 

(15) yin.,^^^^^, (^=1,2,3,..), 

where A^k iß an integral rational function of the deriyatives of ^(x). 
Some of these coefficients we shall Iiave to determine. We find at 
once from (14): 

(16) Ai ~ I'", A» = 61'!", As = 6(1')»; 

Ai=i^^ ^«=8rr»>+6(i7, ^4s=36(r)^r, ^«=24(17. 

Differentiation of (15) gives 

whence - ^^?a^ ^^ *^' ^Hfc^ ^ •* - ^ '<>--''' S^' 

-4m+l,m+l = (m + 1) ^,„»|', 
0-'^) -^+1, m-1 = X,m-1 + (m — 1) |'^,„i_3, 



^+1,1 = ^i 



From the first and last of these equations, together with^-4ii = |', we *.-# 
deduce at once ^j»* >^ - vw ih..f|M-« ^'« Htt«^-'7^**..t.,»».v j . ... ^ /At An{f') • 

(18) A,«=w!(r)"', A..i=r"'>. '^ ■ 

From the second equation of (17) we find: 

-4jn,m — 1 = -^Jn— i,TO— 1 + (WJ — 1)1 -4,»— l,m — 2, 
-A^—l, m- 2 = -^ — 2, m--2 + (wi — 2)| -4^—2, m— 3> 



A2 = A2 + 2|'Ai- 
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Multiply the meiabers of these equgiioös successively by ^^ 

1, (m-l)r,'$-l)(«i-2)(|')',^(«»-l)(»»-2) . . . 4.3(ir-» 

and add. Then Substitute the values of ^m— i^m— i; etc. derived 

from (18), and the value of Ä^^. The result is - .^., \4\szijsz.' ^ ^ >»-"*'•* % 

From the third equation of (17) we find ., /lU» »-- . = (>^-i;/äz.' J'*" Vf^*^^ 

-4«i,m— 2 = ^m— 1, m— 2 + (w — 2) l^Am—l, m— 8; 
-4^-1, m~8 = -4j„-2,fn— 8 + (W — 3)1' -4^-2, in— 4, 



Multiply I^^Aembers of these eguajfcns in order, by '^^^ 

1, (m-2)f, 0^~2)(m-3)(r)V..,(m-2)(m-3)...3(r)--t '^ 

add, insert the valiies of A!m—\,m—%, etc. from (19) and of At^i 

from (16). The result is A^,^-^^ ^g=*[ ^'T^" - ■»- ^'"^[^' -^ f* ^^'^^ ^ 

(20) ^irg =- (3) r'^(r)"-» + 3 (4) (i")»(r)"-*, ' " " "^ < '"'^'^C 

an equation for whose demonstration the following well-known formulae 

1.2 + 2>3 + 3>4 + '- + n(n+l)- ''^'*+y''+^ 

1>2>3 + 2-3-4 + >>> + n(n+l)(n + 2)=^ ^^^+^^y^^^+^ 

may be used. 

The Substitution of (15) in (1) gives the result of the trans- 
formation | = |(a;). Denote the coefficients of the resulting equation 
^IPw'Pn. Then 

(21) (1')«^ =2 %^^^" (" = 0' 1' 2, . . . «), 



»=0 



According to (18) this shows that 



where jr— i contains only terms of weight lower than r. 



(21a) Pr = -^Pr + 2r~l ^^^ 
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Solying (14), and denoting Ir by ij, we find -fc- » "^'^V^ 



(22) 



^ = (^ [y<*>- 6i?J^'>- (41?'- lli?*)3/'- (V'-7i?V+ 6i?»)y1, 



SO that in general 

(22a) ^ = JL^r) + y 

where Fr-i contains terms of weight no higher than r — 1. From 
(21a) finallj^ one finds 

where jr+i— i is of weight no higher than r + ^ — 1. 

Let Ä<*»«') be" an integral, rational, irreducible covariant, homo- 
geneous of degree h and isobaric of weight w. The equations (22 a) 
and (21b) show that the transformation | = |(a;) will convert it into 

ß(*'^> = (!')-«' ß<*»«'> + terms of lower weight. 

But the equation Ä^*'""^ = must foUow from iß^*»«') = 0. The terms 
of lower weight cannot yanish in consequence of the latter equation, 
since Sl^^*^^ is irreducible. They must therefore vanish identically. 
We have therefore the foUowing theorem. 

If ßC*,») is cm integral y rational y irreducible covariant of degree Je 
and of weight tr, the transformation 

transforms it in a^ccordance with the equation 

(23) ^^*''«> = i^a(*,«'). 

When three such covariants are Imown, an absöhUe covariaM can 
always he construded. 
t^ In fact, let Ä^*«»"'»^ for (i = 1, 2, 3) be three such covariants. Then 

[ß(*.,«>i)]A*i [■ß(*j,tca)]i^ [ß(*.,to,)]A'. 

is an absolute coyariant, if 
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hlh + hht + Klh = 0, 

From these equations ftjtjti^'f'^s ^^J ^® determined, except if 

in which case two of the covariants suffice to determine au absolute 
coyariant. This takes place ^ in particular, if two of the covariants 
are inyariants. 

Let ü and V be two integral rational fanctions of the quantities 

pf^ and y^''\ without a common factor. Let their quotient J=^ be 

an absolute invariant, and let c be a constant. Then the equation 
J= c is an invariant equation, which, since U and V have no common 
factor, may be written 

CBut this equation, being an invariant integral rational equation, must 
De homogeneous in the y's say of degree Ä, and isobaric, say of 
weight w. Therefore 

This equation must hold for all values of c, whence 

(rr (ST ' 

Therefore: if an absolute covariant he a rational fundion of its argttr 
mmtSy whose numerator and denominator have no common divisor, the 
latter are relative covariants of the same degree and weight, 
Let / be an absolute covariant. Then 

dx S dx 

i. e. by differentiating an absolute covariant, a relative covariant may 
always be obtained of the next higher order. Li particular, let ®^, @y 
be two invariantSy of weight (i and v respectively. Then 

(24) (iQf.eJ — v&y&fJ 

is a new invariant of weight ft + v + 1 which we may, with Forsyth, 
conveniently denote as Üie Jacohian of 0^ and ®v. 

We shall have occasion to consider a special case of the trans- 
formation T, for which 

where C is an arbitrary constant, while v has a fixed constant value; 
in our case, for example v = — i-~- Such transformations form a sub- 
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group of the infinite group of the transformations T. Let 17 be a 
covariant of degree Tc and of weight w.. Then 

whence by logarithmic differentiatiou, 

dx ^'l dx ^^ i'J -^ ' f L ^ ^J 

(25) vU>y-(hv-w)Uy' ^.\ ^\,^-' i^'^^n 'i] 

is Seen to be a covariant for the sub-ffroup , ^^ « ,^i/,- • n 

if ET is a covariant of degree k and of weight w;. /. •ß^'y -c«i/-»-r)c7f ' 

^^..^^... j[ifiry-oi^'/l 

§ 4. Oanonioal form of the differenüal equation 
and of its invariants. 

From (21); making use of our expressions for Äm,mf ^«»m-i, etc., 
we find 

(26) 

Ä = (^[p. + (»-2)Ä^ + ^(3n»-ll« + 10),» + ^V], 

whence 

(2«') i-iÄ'[i'.'-i'.'-Ti'+^4 

According to (9) we shall therefore find 
(27) P, = ^[P, + !^,»_!L±1,']. 

Being a seminvariant, P^ is not changed by anj transformation 

aflfecting only the dependent variable. According to (6) änd (26), if 
we make successively the two transformations 

Pi is changed into 

(28) p^ = l.[p^ + ^ + rLzln} 

Suppose that (1) has been reduced to its semi-canonical form, 
so that Pi = 0. Then, as (28) shows, p^ will be zero, if and only if 



:\ 
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(29) T + ^f = <^' 
i. e. if 

(29a) ^ = ^(är"~^- 

In other words, ihe most general transformation of the form T, 
which leaves the semi-canonicdl form itwariant, is 

(30) x^m, y=^G{^y^y, 

where l^{x) is an arUtrary functton^ and C an arbitrary constani. 

It is clear from the general theory that the transfonnations (30) 
mnst form a group, a sub-group of (2). The group-property may 
moreover be verified directly. 

We may now choose ^(x) in such a way as to make Pg vanish. 
According to (27) it is sufficient for this purpose to take for ^{x) 
such a fonction of x that rj shall satisfy the equation 

which is of the Riccati form. 

We thus obtain an equation equivalent to (1) for which 

That this transformation is possible was first shown by Laguerre, 
The canonical form of (1) which is thus obtained was employed by 
ForsyiJi, for the theory of invariants. We shall therefore speak of 
this reduction, as the reduction to the Forsyth-Laguerre canonical 
form, this form being characterized by the absence of the n — 1*^ 
and w — 2*^ derivatives. 

Let US suppose this reduction made, so thAt p^ =' p^ ^'^ 0, and 
therefore Pg = 0. The most general transformation which leaves the 
canonical form invariant, must, according to (31), satisfy the further 
condition 

I" 
Bat, if we introduce ij = -^r into this equation, we find 

The expression on the left is nothing more or less than the Schwor zian 
derivative of | with respect to x» The most general Solution of this 
equation is 



26 n. INVARIANTS OF THE LINBAE HOMOG. DIFFERENTIAL EQUATION etc. 



__ ax+ß 

-yx+y 



where a, ß, y, d are constants, whose ratios only are of importance. 
The relation between X and | is, of course, the same as before. 

Therefore, the most general transformation, which leaves the Laguerrer 
Forsyth canonical form invariant, is 

The totality of these transformations constitutes a fmir-parameter grmp. 

Let US suppose that (1) has been reduced to the canonical form. 
Its invariants will assume an exceptionally simple (canonical) form, 
owing to the vanishing of the coefficients p^ and p^, But we have 
just seen that this reduction may be accomplished in oo* different 
ways. Por any one of these reductions, of course, the absolute 
inyariants of (1) have the same value. But they also have the same 
form; for, no matter how the reduction has been accomplished, in 
the resulting canonical form, p^ and p^ are zero. The invariants 
of (1) in their canonical form, must therefore be such functions of 
the coefficients of the canonical form of (1), as remain invariant 
under all transformations which leave the canonical form unchanged, 
i. e. under the transformations (32). On the other band, any function 
of the coefficients of the canonical form, which remains invariant 
under transformations (32), must be the canonical form of an invariant 
of (1). For, although (1) can be reduced to any one of oo* different 
canonical forms, this totality of canonical forms is the same for any 
equation equivalent to (1). A function of the coefficients of the 
canonical form, which remains unaltered by the transformations (32), 
has therefore the same significance for (1) as for any equation equi- 
valent to (1), i. e. it is the canonical form of an invariant. 

To find the canonical form of the invariants of (1) is, therefore, 
ihe same as to find the invarioMs of an equation in its canonical form 
under the transformations (32). 

Let, therefore 

(33) 2/(«) + g) &y— 8) + . . . + 2„j/ = 

be a linear differential equation in its canonical form. We proceed 
to determine its invariants under the transformations of the four- 
parameter group 

(32) ^ = ^^ y- ^\ 1 ' 

These will be the invariants of the general equation in their canonical 
form. 
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We may assume 
(32a) ad- ßy=^ 1, 

since only the ratios of a, /5, y, 9 have any significance. It is then 
evident that (32) contains only fonr parameters. 

To determine the infinitesimal transformations of (32); put 

where d^ is an infinitesimal. Then^ neglecting higher powers ot dt, 
diC s= ^ — a? = [ci + (Ci — c^x — CqX^] dt, 

But from (32a) we find 

Ci + c, = 0. ', 

We may therefore put ^y 

so that we obtain the foUowing, as the infinitesimal transformations . l 
of X and y, 

Sx = («0 + 2a^x + a^x^ dt, *i/ = [« + (w - 1) (oj + a2x)]ySt, 
or 
(34) dx = ^dt, dy = (s + ^i')y8t, 

if we put * 

I = «0 + 2cc^x + cc^x^. 

L. Let f be any fonction of x, and f the correspouding fonction ■■■^ 

^\^ oix. Then 



nJ. 



il df^ df dx 

dx dx dx 



Since we have T-t > , , 

dx . - ^-(ixl * fi*^ 7^**'"* 






>^ we find ' *— r* — 

( 

Nr 



I * 1. e, 



di-Kdi + -dT) V-^^*) = di + -öür-^di^*' 



(35) »in^j^im-^'f'St. ^_-.^^f('f') 
If we apply this formula^ we shall find 

(36) *(j/(»)) = [(« + "Lz^^ 4') y(*) + l(!Lz^ y(*-i) I"] st, 

d, . » ..^ (*-0,l,2,...»»). t - -~ ,iL^^ ^'"^^z '^ o , 
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To find the result of the infinitesimal transformation upon (33) 
we must Substitute in it, 

y(*) = ^ _ d(j/W). S^ (S O 

If we denote -^ by y(*>, (33) becomes, after this Substitution, 

"^ or 



*=i 



i' +(„-:+i)«-+'('-"4i«')]*'l^-«- £:■ 

''^ If, therefore, we denote the coefficient of y<*> by f ^ j Qn^hy and put ? 

i ji 

pi^^ we shall find ^ >j 

$*^ <Jg„_. [(n - *)|'2„_* + 0»-^) 0^-^-1) |"g„_,_,]d< ^ 

5 (Ä = l,2,...n-1), ? 

i. 's'< .j., t(t-i)y, I — , 

? äF = - *^ 2' - ^^ ^ 2'-i- 2 



JT^' The continued application of (35) will then give, by induction, j( 



I 



.|. (i = 3,4,...n5 Ä = 0,l,2,...). 

fs Let /■ be a function of y, y, . . ., y^'^ . . . and of the quantities g^^ up 9( 

^*^ to weight w^, so that i +j ^ w, and l^w, it w <n. If te; ^ n we JL^ 

J^ shall have i+j^w, Z^w — l, since we shall always assume that f^S 

^ ? the higher derivatives have been expressed in terms of y,i/,. , . j/(~— ^) ^ 

i by means of the diflferential equation. If then we take t<; > n we 
,^^* shall have to consider the variables y, i/, , . , y^^~'^\ and j(*) where 

i i + Jc^w, together {n--2)w ^ ~ variables. If f be an 



f? 



ff 



o; absolute invariant, containing these variables, we must have 9f=0, i. e. 



•4 
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Sjy^'^I^.'^'-"- 



for all values of «, |', |". We thus find the following system of 
partial differential eqnations for the absolute inyariants and covariants 



*=o 



~ -^ + V VfÄ; + flflW M. , A^ (^f) "^("-^ 



(38) - rr^^^^'äS« +22'('+^^^'ä^' 



n — 1 



o = 3e^"V=2*(«-*)y'*-''ä%-4'"'/; " '"-^ 



where 

(39) 4«'y=2'2'*(*+2^"-i)3^*"'^Ä 

The three eqnations (38) are independent, and accörding to the 
general theory, form a complete system. Therefore there are 

(w-2)m; 2 3 = (w-2)t(; ^-^i^ 

absolute inyariants and covariants involving quantities of weight no 
higher than w, where «? ^ w. Of these, n — 1 are necessarily covariants, 
while all others may be taken as invariants. For, if we assume that 
f is independent of y, y', . . . y^"~'^\ (38) reduces to a system of two 
eqnations with n variables less than before. This system must there- 
fore have n—1 Solutions less than (38), whence our conclusion that 
all of the Solutions of (38) except n—1 may be taken as invariants. 
Of the n — 1 covariants, all but two may be chosen as being in- 
dependent of the quantities gf^\ In fact, the complete system obtained 
by assuming that f is independent of gf^\ contains n variables and 
three eqnations, so that there are n — 3 such Solutions. Therefore, 
n — 3 of the covariants, the so-called identical covariants accörding 
to Forsythf are the same for all eqnations of the n^ order, while two 
of them depend upon the coefficients of the equation. For the latter 
two we may take 

for we can easily verify that these are Solutions of (38). The first 
equation of (38) merely requires that f shall be homogeneous of 



ii^j 



.-tJtU 
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degree zero in y, y', etc. . . . The second equation reqnires f to be 
isobaric of weight zero. q^ and y are obylously Solutions of the last 
equation of (38). If^ therefore^ we take any Äinction^ homogeneous 
of degree m and isobaric of weight w, which satisfies the last of the 
equations (38), we can find from it a Solution of (38) by dividing by 

For, such a quotient will obviously satisfy the first two conditions. 
It will also satisfy the last since the quotient of two Solutions of 
dlyf=iO will be again a Solution. But the numerators of the two 
expressions (40) are such homogeneous and isobaric fnnctions which 
verify the equation X2 7 = 0, so that our assertion is proved. 

It remains to find the w — 3 identical covariants and the in- 
variants. We can establish first, the existence of a System of quadratic 
covariants. Put 

(41) U,,J^ß,^'i-^i^'-^+^ßj\i^q\ p^-., 

•»•=0 

where ßi are constants. This expression is homogeneous of degree 
two, and isobaric of weight 2j. We shall be able to determine ,the 
coefficients ßj, so as to have rU^^U^ .r*^*-^^^ -xj^l ^ n 

In fact 
t:^U,i^^ilc{n--Tc)ß,H^j--^+l){n'^23+l^^ . 

This will be zero, if we put 

(2j-A;+l)(n-2j + Ä;-l) ^ , 

whence 

(42) ß, = C- 1)* (2j-ife)!*!(«-2j-l)! (n-1)! ' (fi - ^A, ^, ■ ■ ■ 3)- 
For j = 1, we find 

i£ 

(43) U,^{n-\)y<y-{n-2){^)\ 
K we put 

(44) «jy = * *i 



^i 



n 



2, 3, . . . ^ — ■ 1 if w is even 



2 
2, 3, . . . ?^ „ „ „ odd 



we have f - 2 identical^covariants or ^ according as n is even or odd. 
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From these covariants we can deduce the others. We have 

TJv+i - (« - ^)yVij - 2(n-23-l)yUi,. 
1^-M = [3a 4^^ - (2,-+ ij ir,,+, ^ .v^ 



whence 



Put 
We find 



dt 

so that E^sy+i is a relative covariant of degree 3 and weight 2j+l. 
This same resolt might have been obtained by applying the general 
formula (25). Therefore 

(45) *,,+. = ?^^^^, (i = l,2,3,...f-lor^;i) 

gives — — 1 or — ^ further identical covariants according as n is even 

or odd. We have found explicit expressions for the w — 3 identical 
covariants. For it is evident that 0^, 0^^ etc. are independent^ since^ 
taken in this order, ** is the first which involves y^*). 

We now proceed to compute the invariants. The first equation 
of (38) becomes superfluous. The second is satisfied by any ftmction 
of the quantities qf) isobaric of weight zero. We shall, therefore, 
seek isobaric Solutions of 

and then, by division with an appropriate power of q^, deduce there- 
from an absolute invariant. 

There are n — 2 relative invariants which are linear in the 
quantities g^*^ In fact, let us put 

ro — 8 

(46) 0„=2«„,.2S;L., (m = 3,4,...n). 
We shall find 

m— 1 

so that ®m is a Solution of j!^^f= 0, if 
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(^m^j== - (wi-j)(w+j-i) ^w-y-1, (i = 3, 4, . . . m — 1) 
or 

whence 

(An\ if —( 1V (w-2)!m!(2m-g-2)! «„,,0 
\,*«; «m,. — V •^>' (m-«~l)!(w-«)!(2m-8)!«! 2' 



which equation is satisfied also for 5 = 0, Put ««,,0 = 2, so that 

fn— 8 
^-to; üT^ ""^ ^ "^>' (m-«-l)!(w-«)I(2w-3)I«l^m-P 

(m = 3,4,...w). 
This gives us w — 2 relative invariants, of which the first is simply 

®8 ==* Qdf 

so that the fonctions 

(49) «?« = %' (m = 4,5,...n) 

represent w — 3 absolute invariants. 
We may easily verify that 

(50) ^^^ ea.-^-7(V)' 

9.' 
is a further absolute invariant. These n — 2 absolute invariants are 
independent, and the remaining invariants^ 

(n-2)(w;-l)-4(w«-w + 2) 

in number can be derived from these by differentiation. In fact, if J 
is an absolute invariant^ so is 



If therefore we denote the Operator 

äs dx 
by d', we shall have the following additional absolute invariants 
-^eT«, -^V«, . . . '^«^-«»J'^; (w = 4,5,...w), 

which are independent and 
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««? — 5 + [«? — 4 + w;—- 5 + m; — 6H [-w — n] 

in number, so that we liave them all. That they are indeed in- 
dependent may be seen as foUows. If there were a relation between 
them, it would be a relation between the quantities Jq, . . .Jm and 
their derivatives up to a certain order, no higber than w; — 4. Solve 
tbis relation for one of the derivatives of the highest order which 
occurs in it, so that we shall have identically (i. e. for all values of 
Pk, Pky Pk'y etc.) 

Since the left member is a total derivative, so is the right member, 
and integration would give rise to a relation between the derivatives 
of Order A — 1. Continuing this process would give finally a relation 
between J3, J^, . . . eT"«. But these are independent. We have there- 
fore found the functionally complete System of invariants and covariants 
in their canonical form. 

The numerator of d'Jm niay be written 

a combination which we have decided to call, with Forsythy the 
Jacobian of 0^ and 0^. 

Our result in regard to invariants, may therefore be expressed 
as foUows. All relative invariants may he derived from the linear 
invaria/nts ®^, , , . ®„ and from ©3.1 = Qq^^^qs — 7(&T^ % /^^^^ ^^^" 
bining 6>g tvith all of the others hy the Jacobian ji,rocess, ffien combining 
©3 in fhe same way with the resulting new invariants, etc. . . 

An invariant of (1) in its general form can contain the coeffi- 
cients Piy P2} • - - Pn o{ (1) only in the seminvariant combinations 
P^, P^ . . , Pn, Pi ' - Pf! 9 etc., and must be an isobaric function of 
these quantities. If we form such an invariant of weight m in its 
general form, it will contain certain terms of the first degree, certain 
terms of the second degree, and so on. But by a transformation of 
the form 1\ we can reduce the equation to the canonical form, which 
is characterized by the conditions P2 = 0, P3 = J3, . . . P„ = j„. If 

/ (-^2? -^3 • • • P»5 -^2 • • • -^« 5 • • V 
is the general form of the invariant, its canonical form becomes 

f(0,q^..,qn] 0,^3'... g„';.--)^ 

so that all of the terms of such an invariant in its uncanonical form, 
except those which contain P^, Pg', Pg", . . . as factor, may be obtained 

W1LCZYN8KI, projectiye differential Geometry. 3 
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by substituting Pjb in place of g*. If we continue to denote by @m 
the invariant, wbich in its canonical form reduces to the expression 
which we have computed, we see that the linear terms of ©my excepting 
a possible term of the form P^^'-^\ can be obtained by putting 
Qk = Pjt Qc = 3, 4, , , . n) in the formulae which give explicitly its 
canonical form. We shall continue also, with Forsyth, to speak of 
these inyariants as linear invariants. 

The linear invariants in their uncanonical form contain, beside 
those terms which have been determined explicitly, others which have 
P2, P2'? • • • ^ factors. Are these terms also expressible as integral 
rational fanctions of P^, P^y - - - Pn and of their derivatives? 

We observe in the first place that, if the formulae expressing 
Pk^ in terms of P**^ be derived from (21), these are linear in P^*\ 
and the coefficients Aj^i are algebraic functions of the derivatives of |. 
The invariant equations could clearly be obtained by eliminating these 
derivatives of | from the equations. It mußt therefore be possible, 
by algebraic elimination, to set up a complete System of invariants, 
each of which is algebraic in the variables involved. We shall speak 
of these as the algebraic invariants, so as to distinguish them from 
those whose canonical form we have calculated, and which may be 
called the fundamental invariants. Since both Systems of invariants 
are complete, it must be possible to express the algebraic invariants 
as functions of the fundamental invariants and vice -versa. For*the 
canonical form, we know that the fundamental invariants are them- 
selves algebraic, and therefore expressible as algebraic functions of 
the algebraic invariants. But a relation between invariants is not 
changed by any transformation of the form T, such as the reduction 
to the canonical form. Therefore, the fundamental invariants are 
always algebraic functions of the algebraic invariants, i. e. they are 
themselves algebraic. 

We may, therefore, assume that ®v is a root of an irreducible 
algebraic equation 

(52) ar&v + ar^iQl"^ H h «i^v + ö^o *= 0, 

where aQ, a^, . , , ar are integral rational functions of Pg, Pg, . . . P„ 
and of tiie derivatives of these quantities. After an arbitrary trans- 
formation of the form T, (1) is converted into a diflFerential equation, 
whose coefficients may be denoted by pk- K we denote by äk and ®^ 
the same function of these quantities Pk as ük and 0» are of the 
quantities pk, &v must satisfy the equation 

ärÖv + är-iGv"^ + • . • + äi®^ + äo = 0. 
On the other band, if 0^ is of weight v, we know that 
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where |' is an arbitrary function of Xy so that 

C53) ^ + -^^y(F::ir+- + ^ + «« = 0- 

The equations (52) and (53) must be identical. Otherwise @v would 
satisfy an equation of the same form but of lower degree. Therefore, 
the coefficients a^ of (52) must be inyariants. 

For the canonical form however, S^ becomes an integral rational 
function of P*, P*', . . . etc. On reduction to the canonical form, the 
equation (52) must therefore reduce to tiie form 

«i^y + «0 = 0, 

where a^ is merely a numerical factor^ and a^ an integral rational 
invariant. But again, since the reduction to the canonical form cannot 
change a relation between inyariants , this same equation must be 
true in general. 

Therefore, the fundamental invariants whose canonical form has 
bem calctdated, are in iJmr uncanonical form integral rational invariants. 

We may now conclude tiiat the non -linear pari of the linear in- 
variant 0m cannot contain Pm or even Pm— i? since each of its terms 
must contain P^ or a derivative of Pg as a factor, and its weight 
must be equal to m. This remark will be of importance shortiy. 

In our complete System of invariants we have employed one, 
whose canonical form is 6^333" — 7(&')^- I^ ^ 0^® ^^ ^ System, 
whose general form we shall now deduce. 

Consider an invariant @m of weight m. Then, after the trans- 
formation | = |(a;), 



1 
whence 



^"*""(1t^'"' 



and 






Between these two equations, «hanMA» — ^ We find yjij- ■, JIAyZ* 

where 



K>V. 
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But we have also 

so that 

is an invariant. The numerator of this expression^ when reduced to 
a fractional form, we denote hj ©mi- It is equal to 

(54) @^.i = 2m@„.@J' - (2m+l){®jy ^ ^' A®^, 

and is called by Forsyih, the quadriderivative of 0^. Its weight is 
2 (w + 1). For m = 3 we get an invariant which, in its canonical 
form, coincides with 

6<Zs«3" - 7(2,?. 

It is now clear that, if 0^, ®4; . • . ®n o^ ©s i are givm as 
fundions of x, the coefficients of fhe semi- canonical form P^, Pg, . . . P„ 
can he expressed in terms of them and of fheir derivatives, provided that 

©3 + 0.») 

Upon this theorem a new proof may be founded of the fact that 
all invariants can be obtained from these fundamental ones by the 
Jacobian process. We shall not insist upon this. We shall show, 
however, that our System of fundamental invariants, together with 
the Jacobian process, fumishes a complete System of invariants in a 
more special sense. Not only can any rational invariant be expressed 
as a fundion of these invariants, (this we have already shown), but 
as a rational function. 

Since the quantities P^, P^, , . . Pn can be expressed rationally 
in terms of ©g, . . . 0„ and ©si; and of the derivatives of these 
quantities, any invariant which is a rational function of the sem- 
invariants P*, P*', etc. becomes a rational function of these w — 1 
fundamental invariants and of their derivatives. The numerator and 
denominator of this rational function must themselves be invariants. 
We shall show that, except for a factor of the form 0j, every 
invariant, integral, rational function of this form may be converted 
into an integral rational function of the fundamental invariants, i. e. 
of ®3 ... 0n, 03.1 and of the Jacobians of ©j with the others. 

In Order to prove this, it is clearly permissible to make use of 
the canonical form, since a relation between invariants is not changed 
by such a reduction. Let 

1) This follows from the expressions for the linear part of the linear 
invariants, together with the remark that the non- linear part of Om does not 
contain Pm- 
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be an inyariant^ integral and rational^ of weight w, containing no 
higher derivatives oi ®^ . , . Smy^zi than the m*^, and let ^ represent 
the aggregate of those terms whose degree ii in the m*^ derivatives 
is the highest. We shall then have 

(55) ^ = 2Ar,. , ..„.,'@ir^'' . . . €t''''®t^:\ 

^8 + ^4 + . . • + ^« + < - /*; 

where we have denoted the exponenf'of ®s?i by r^ because ®zi is 
of weight 8. The other term % oi (p will contain the derivatives 
of the m*^ Order only to a degree lower than ii, and the coefficients A 
of ij) can depend only upon derivatives of order lower than m. 

The transformation ^==|(a;), y -=^ X{x)y converts ®t"*^ into Öt^^^ 
where 

0^ = — e^, ®ir^ ;= -4r;- r®lr^ + terms of lower orderl 
while 

(56) 9 = ^9. 

Let A be the new value of A. Then, the general term of ^ 
will become 

r, • • -r^TB 8 n 8-1 

/|fN(8+fn)r.H h («+»»)'•«+ (8 +»»)ra' 

plus terms of lower degree in the derivatives of highest order. 

Bat, on the other hand, (56) shows that the general term of ^ 
will be 

^A.,...r„r.'®8 ...®« ®8.1 • 

These two expressions mnst be identical, since the expression of 9 
in terms of these quantities is obviously unique. Therefore A and A 
are identical except for a power of |', i. e. the coefficients A mnst 
be invariants. 

As has been remarked, we may assume that (1) has been redaced 
to its canonical form. Since^ in that case, 

©,.i = 6©3®3"-7K')*, ®«" = ^''j"J/^ -' 
0^\ &^^\ . . . &^^ may be expressed rationally as functions of 

08.1, ®8'.i,...0^"r'^ 

and of ^3 and B^, In these expressions the denominators will be 
mere powers of ög. If we introduce these expressions into y, it will 
again assume the form 9 = ^ + ;u, where 
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V' = 2;JL®2»^'"*...0^)'»®rr', r, + ...+ r„ + rg' = /., m>l, 

where the coefficients A will depend upon derivatives of Order lower 
than m bnt may contain as denominator a power of ®^y and where 
% is of degree lower than /ii in the derivatives of highest Order. We 
conclnde as before that the coefQcients A are invariants. 
Gonsider the Jacobians 

(57) 

^m=3Ö3C-i-4(m + l)4»-iös'; 
(1; « 4, 5, ... w) 

all of which are invariants. Clearly 



^-2 



^^m4 • • • ^mn^m 



will be an invariant^ whose degree in the highest derivatives is no 
higher than ft — 1. By continuing this process upon y^, we shall 
finally obtain for (p an expression of the form 

•^=2 — ¥i — +2 — < — +-+-^' 

where 

r^ + '-' + rn + r^^ = 11, 



and where the coefficients A, B, , . , F nre integral rational invariants 
eontaining only derivatives of order lower than m, Each of these 
may be rednced in like fashion until we get an expression for 97 in 
terms of the Jacobians 

whose coefficients contain only the first derivatives of ©3 . . . ®„, Sz-i- 
In this case we cannot^ as in the others^ remove the term ©3'. But, if 

(58) 2JCi©,T . . ■ (©«'r-C®»'.!)"*' 

is such an invariant expression, we know that it can be only a function 
of the Jacobians Siv and t^. If therefore, by means of (57), we 
express 0^, . . . 0n\ Oii in terms of these Jacobians, the terms in ^3' 
must in the aggregate disappear from (58), so that it assumes the form 



§ 4. CAUONICAL FORM OF THE DIFFEBENTIAL EQUATION etc. 39 

where the coefficients D are functions of 6>3 . . . 0„, ^3.1 only, and 
moreover rational functions^ since 9 is a rational inyariant. 

We have shown, therefore, fhat the fundamental System of invariants, 
which we have determined, is complete in the more restricted sense that 
every ^ rational invariant is a rational function of the fundamental 
invariants. For w ==» 3 and for w = 4 this theorem was proved by 
Halphen^ using the notation of dijBferential invariants, whose relation 
to the invariants wliich we are considering will appear later on. 

We sliall conclude this paragraph with a few remarks of a 
historical nature. In 1862, Cookie started a series of papers*) in 
which he dedaced^ by finite transformationS; a nümber of the results 
which we have found. He found the seminvariants, essentially by 
the method which we have adopted, as well as the semi-covariants, 
without proving, however, the completeness of the System. He also 
found one function^ invariant nnder transformations of the independent 
variable alone. In 1879 lioguerre^) found the invariant ®^ of the 
equation of the 3^ order, and showed that its vanishing is the 
condition for a homogeneous quadratic relation between its Solutions, 
a result which we shall verify later. In a letter to Loffuerre, Brioschi% 
in the same year, extended Laguerre^s investigation to equations of 
the fourth order. He notices that the form of the invariants is the 
same for both eaees, owing to the &6t that he uses what we have 
called the Laguerre-Forsyfh canonical form, for which the linear 
invariants Sm are independent of the order n of the equation, as we 
have Seen in general. He also notices that if the invariant ^3 vanishes 
in the case w = 3, or if both ®^ and ®^ vanish in the case w = 4, the 
Solutions of the equation are the second and third powers respectively 
of the Solutions of an equation of the second order. He found later, 
in 1890, that, if all of the linear invariants of an equation of the 
w*^ Order vanish, the general integral is a binary form of the n — 1*^ 
degree formed from the two Solutions of a linear diflterential equation 
of the second order. He also found that if only the linear invariants 
of odd weight vanish, the equation coincides with its LagroMge adjoint ^) 
These results we shall verify in the next paragraph. 

In 1878 Hälphen published his thesis on the differentiai invoHants 
of plane curves, and in 1880, his paper on the differentiai invariants 
of spa^ curvesF) - These differentiai invariants are entirely different 

1) Cookie, MoBtly in the Phü. Mag. 1862—76. 

2) Laguerre, Comptes Rendus, vol. 88 (1879) pp. 116—119 and pp. 224—227. 

3) Brioaehi, Sociöt^ Math, de France Bidletin, vol. 7 (1879) pp, 105—108, 

4) Brioschi, Acta Mathematica, yol. 14 (1890) pp. 283- 248. 

5) Halphen, Sar les invariants diff^rentiels. Th^se, Paris 1878. Snr lea 
invariants diff^rentiels des oonrbes gauches. Journal de T^^cole Polyt. vol. 47 (1880). 
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in form from the invariants of Ldguerre and Brioschi, but can be 
identified with them, for w = 3 and w = 4, as was shown by Halphen 
himself. He also proved that bis System of invariants is complete in 
the sense of our last tbeorem. These papers, geometrical in nature, 
will occupy US fully later on. In bis prize memoire of 1882, bowever, 
Halphen formally entered tbe field whicb we are now discussing. He 
tbere considered tbe invariants of a linear diflferential equation, and 
applied tbem to tbe problem of determining wbetber a given eqnation 
may be reduced to one of certain types wbose integrals are known.^) 
In 1888, Forsyth^), by tbe metbod of infinitesimal transformations, 
computed all of tbe invariants in tbeir canonical form, and some of 
tbose of lower weigbt in tbeir general form. Bouton^), by tbe 
application of Lie^B general tbeory to tbe calculation of tbese invariants, 
gave in 1899, a clearer presentation of tbe subject. I bave preserved 
many of Bouton^a notations. Tbe reader will find tbere also, a detailed 
appreciation of Cockle^s work, as well as furtber bistorical remarks. 
Finally, in 1900, Fano publisbed a paper^), of wbicb tbe tbeory of 
invariants constitutes only a part, but wbicb explains well the relation 
of tbis tbeory to otber brancbes of tbe tbeory of linear diflferential 
equations, and wbicb also gives an excellent account of tbe bistory 
of tbe subject. 

§ 5. The Lagrange adjoint equation. 
"Write (1) in tbe form 

(59) f(y) = a^y^^) + a,y^"'^) + a^^-' 2) _,_... _^ ^^^ _ o, 
so tbat 

(60) «0 = 1. a* = g)i>*. 

We sball sbow tbat tbere exist certain functions z of x, sucb 
tbat tbe product 

will be tbe complete derivative of an expression linear in y, j/', . . . y^^^'^\ 
Sucb a function z may be called an integrating factor of (59). 
We notice first tbat Integration by parts gives 

(A = 0,1,...Ä-1). = f'T''"^" 



1) Halphen, Memoires des Savants fitrangers, vol. 28, 2*. series (1882). 

2) Forsyth, Phil. Trans, vol. 179 (1888) pp. 377— 489. 

3) Bouton, Am. Journ. of Math. vol. 21 (1899) pp. 26 — 84. 

4) Fcmo, Math. Annalen. vol. 63 (1900) pp. 493—690. 
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If we multiply both members of tlds equation by (— 1)* and form 
the sum for all values of h from to Ä — 1, we shall find 

i— 1 ^ * — 1 



+ y'(-l)A+i /^*+i)y(*-A-i)d^, 
whence ^_^ ^y^ ^ e*),h^ .^ 

We have from (59) 

whence - *=-' -^^^^ .^^.t_^.^^ 

(61) / V(y) e?^ =22("" ^y^'""-'' ^%^^ + r^K^) ^^, 

wiere 

(62) ,(.)_2(-l).%Ü'. 

Equation (61) shows that zf{y) is a complete derivative, if and 
only if 

(63) 9{.z) = 0. 

For, it is clearly impossible, that the complete derivative of any 
linear function of y, y', if\ etc. should be of the form yg{z), if g{z) 
is diflterent from zero. The equation (63) is Tcnown as the Lagrange 
adjoint of (59). It was considered for the first time by Lagrange. 
We see, therefore, that every Solution of the Lagrange adjoint of a 
linear differentidl equation furnishes an integrating factor for this eqiuUion. 

If we write 

(64) i>(y, .) =2'2(- ^y^'""''^-^J^' 

we notice that this expression is linear of the n — V^ order in is as 
well as in y. It may be called the adjoint büinear expression. 
Equation (61) may now be written 

(65) f[0 f{y) - yg{g}] da? = ^ (y, z). 

If any Solution z of the adjoint equation be known, we find as a first 
integral (containing one arbitrary constant), of (59), the equation 

^ (y, z) = const. 
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In every case, (65) shows that sf{y) — yg{z) is <m exad derivative, 
for arhitrary fimdions y and z. 

This property is characteristic of the Lagrange adjoint eoq^ession, 
if we denote as such the left member of the Lagrange adjoint equation. 
In other words, if, for all possible functions y and 0, the expression 

^f{y)-y(p{^) 

is an exact derivative, where (p(0) is a linear differential expression 
of the w*^ Order in ;?, q)(0) must necessarily be the Lagrange adjoint 
oif(y),i.e. 

Let HS suppose, in fact, that 



ß 



where % {y, z) is a differential expression in y and z. By subtraction 
from (65) we find 

J ylvi^) - g(^y\^^ = ^(y, ^) - %(y> ^)y 

i. e. the derivative of the right member would be a linear function 
of the derivatives of z multiplied into y, But this is clearly im- 
possible. We have, therefore, 

(p{z) = g{z)y ^0 = ^ + const, 

as we proposed to show. 

Suppose now that g{z) were given. Since its adjoint must be 
such a function f(jj) as satisfies (65), and is therefore uniquely 
determined, we see at once that the relation between /*(y) and g{z) 
is reciprocal. In other words, if of two expressions the second is ffie 
Lagrange adjoint of the first, so is the first of the second. 

If, therefore, 

g{z) - b^z^'^) + 6i;2K«-i) + . . . + h^z, 
we shall have also 

corresponding to (59) and (62). 

We proceed to show how the Solutions of the two equations 
can be expressed in terms of each other. It is upon the form of 
these expressions that the importance of the adjoint equation, from 
a geometrical point of view, will be found to rest. 

I^®*» yif y2j ' ' ' yn ^^ ^ system of linearly independent Solutions 
of f{y) = 0, so that the determinant 
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Vi, Vi, 
Vi, Vi, 



.y(«-l) 



(66) J == 

does not Taaish identically. Sach a system of solations is called a 
fundamental System, becanse all other solntions coa be expressed in 
terms of them, as bomogeneons fanctions of tbe first degree witb 
constant coefGcients.^) 

Gonsider the ezpression 

It is an expression linear and homogeneous in y, y, . • . y^**"^^; it 
vanishes for y = yk it Jc=^i, and becomes equal to nnity for y = yo 
\iy therefore^ we Substitute into it^ for y the most general Solution 

y = Ciyi + ^«y« + • • • + C-y« 



of/-(y) = 0, ©, 


wül 


assume 


the value 








@i 


= 0, 


The equation 






de. 

dx 


= 0, 



^o 



will, therefore, be satisfied by the most general Solution of f{if) = 0. 
But it is of the same order as f(jf) = 0, and its left member can, 
therefore, difiFer from f{y) only by a factor jßr,-. We shall have 

Comparison of the coefficients of y^"), in the two members of this ^^ 
equation, gives 

But since Zif{y) is an ezact derivative, Zi must be a Solution of 
the adjoint equation. If we give to i all of its values from 1 to n, 
we find in this manner n Solutions %, . . . i^n; of the adjoint equation 
which, as we shall see immediately, form a fundamental system. It 
is customary to say that the system 0i is the adjoint of system y,-. 

From (68) we find 



(68a) 









0,1,. ..n-2). 



1) For a proof of these well-known theorems we may refer to ForsyWs 
Treaiise on Differential Equations, §§ 71 et sequ. 



(l.i A 
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Put, with Schlesinger^), 

a = l 

Then, these equations may be written 

% = ^10 = • • • = ««-2,0 = 0, 5n-.i,o = 1. '^-«^ (^ ^*) 

dsj 



But 



^A-1,0 ^ , « J^ i^'O ^J/ «"^ i <r^i «^^ ^»V 



d«5 



'X-2,0 



dx^ 



= 5;,o + 25;i_i,i + S;t-2,2, 



^ = S,,o + (J) 5,^1, 1 + g) 5,^2,2 +--+50.. 






Therefore, 

sxk = if 2 + & < w - 1. 

If we put X = n — 1 in the above equations, we find 

Sn-1,0 = 1, Sn-2,1 = — 1; 5„_8,2 = + 1, . . . 5„_;fc-i,;t = (— 1)*, 

SO tbat 

5a* = for l + Jc<n-ly 

sxj: = (-iy for l + Jc = n-'l. 
If , in these relations we put X = 0, we find 

2''«'^« = ^' 2'''«"''^«==(~^)"~'' (^ = 0» !-••»» -2), 
whence, if we write 

(69) ^,= 



we obtain 
(70) 



, t 



^2> 
^2? 



. ..^n 



4«-i), 4«-i), ...4'^-i) 



2/.— (-i> 



^-1 ^log^ 






.-•-'! -^. 



We find moreover 

(71) JJ, = 1, 

SO that ^1 is finite and diflferent from zero if this is true of ^. 
This proves that z^, . . , Zn form a fundamental System as was stated 
before. Equations (68) and (70) serve to express the Solutions of the two 
equations in terms of each other. 

1) Schlesinger, Handbuch der Theorie der linearen Differentialgleichungen; 
vol. 1, p. 63. 
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If now a transformation of the form 

be made^ we see easilj; that to it corresponds the transformation 

for the adjoint equation. It follows at once, that fhe invariants of 
the Lagrange adjoint equation are also invariants of üie original equation. 

We proceed to determine the exact relation between the invariants 
of the two eqnations. 

We find, from (62), the following equations expressing the coeffi- 
cients 6< of the Lagrange adjoint in terms of the coefficients a* of 
the original equation, viz. 

6, = (- 1)"2 (- 1)* („ \ .) «i*r*»+", (i = 1, 2, . . . n), A^ y^'< 

lc=n — i 

whence, in particular 

^ = — %; 6g = Ojj — (n - 1) a/. 

These latter equations show that the redudion to fhe Laguerre-Forsyfh 
canonical form is effected simultaneously for any equation together with 
its Lagra/nge adjoint. 

Let US assume this canonical form, and let us recur to our 
customary notation, by writing 

Then we shall have 

pj=ri=i)s, = rg = 0, 

('2) _i_ ,, _ ^_ 1,)« 'V(_ 1 ^* ^"-* 



-h = (- 1)"2'(- '^ \k-n+fy.il-m = i(- i)'i" + • 



where the terms not written depend upon ^s of index lower than i, 
We can find the canonical form of the linear invariants of the 
Lagrange adjoint equation, by merely substituting these values for 
the coefficients r,- in place of qi in equation (48). The term of highest 
index present in ©,„, is g«- If we put g, = r, in &m, and then 
express r^ in terms of pi by means of (72), we shall get a linear 
invariant Um of weight m. The coefficient oi pm in. 2m will diflfer 
from that in Gm by the factor (— 1)*". But the linear invariant of 
weight m is uniquely determined up to a constant factor, i. e. the 
most general linear invariant of weight m is C®m- We must, there- 
fore, have 
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i. e. the linear invariants of even weight are identiccH for a linear 
differential equation and üs Lagrange adjoird, The invariants of odd 
weight for the two equations, differ only in sign. 

If an equation coincides with its adjoint^ the inyariants of odd 
weight must vanish. Prom equations (48) we see conversely, that if 
they vanish^ the equation coincides with its adjoint. For^ the invariants 
of even weight being arbitrary functions of x^ this equation for 
{m=^^y4cy . , ,n) enables us to compute successively and in a unique 
fashion ^3 = 0, ^4, fe? • • • 2n- ^® ^ee therefore that the theorem of 
Brioschij mentioned in the last paragraph; is true. Ä linear differential 
equation coincides with its Lagrange adjoint, if and only if its invariants 
of odd weight vanish. 

If the inyariants of even Order also vanish ^ we thus find that 
the canonical form of our differential equation becomes 

^ = 0. 
d^ 

But^ in Order to reduce (1) to its canonical form^ we made the 
transformation ^ 

x = i(x), y = X(x)y, 

where ^(x) was any Solution of the equations 
and where 

We may express this differently. Put 

, = _ = _2-^, 

so that the Riccati equation for rj becomes a linear differential equation 
of the second order, 

for g. Let g^ be any Solution of this equation. Then, we may take 

so that the reduction of (1) to its canonical form may also be 
accomplished by taking any Solution g^ of (73) and putting 

(74) y = tr'y> ^-fl^- 
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Bat^ the expression for x maj be written 

(74a) i = ^, 

where gg is another Solution of (73) sucli that jr is not a constant. 

»1 
In fact^ if i^ and ^2 ^^^ ^^^ Solutions of (73) we find at once 

whence 

If we choose the constant equal to unity, and divide by g^^, integration 
gives 

MoreoTer this quotient is not a constant, since -r-i is not zero. 

If the invariant of (1) are all zero, the canonical form of (1) is 






d^y 



dl^ 
whose general Solution is 

y = ao + a^ + a^^ H h a^-i^^-^ 

But this shows that fhe general Solution of the original equation is 

i. e. a iinary form of the n — V^ order formed from the Solutions of 
a linear differential equation of the second order. This is the theorem 
of Brioschi quoted at the end of the last paragraph. 

. § 6. Geometrioal Interpretation. 

Among the Ancients, Mathematics was divided into two distinct 
parts, geometry and arithmetic. Not until the time of Descartes and 
Fermat were the two streams.which had run along separate Channels, 
united into one. It was then recognized, that geometrical problems 
could be converted into problems of algebra, while on the other band 
a great class of algebraic problems was capable of geometric inter- 
pretation. The transformation of an algebraic into a geometric problem, 
and yice- versa, was accomplished by the introduction of an element, 
foreign to the problem itself, viz. the System of coordinates. The 
points of Space were put into one to one correspondence with a 
System of three numbers, their coordinates. To a surface was found 

to correspond an equation between these three numbers, etc Prom 

the time of Descartes on, the advances of geometry and analysis have 
been closely connected. Every fundamental notion in one field has 
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fonnd its important Interpretation in the oiher. Tangent and area 
of a curve were closely connected with the ideas of derivative and 
integral of a fonction^ etc. . . Ezamples of this are sufficiently familiär. 

But, as we have noticed already^ in any problem of geometry 
the System of coordinates is really a foreign and arbitrary dement. 
The geometrical relations which we wish to investigate, have nothing 
to do with this foreign element^ which nevertheless makes its appearance 
in the corresponding equations. If we wish to present a geometrical 
theory, in an analytical form which shall be perfectly satisfactory, it 
therefore becomes necessary to write the equations in such a way as 
to make it evident that they are independent of the particular System 
of coordinates chosen. 

We do this by expressing our equations in an invariant form. 
No investigation of analytical geometry can, therefore, be considered 
satisfa^ctory, unless it has been piU into invariant form. 

But why should this valuable aid of a geometrical image be 
confined to the case of a system of one, two, or three variables? In 
his „Äusdehmmgslehre'' of 1844, Grassma/nn introduced the idea of 
geometry in n dimensional space, a point of such a space being 
determined by n coordinates. On the other band, the notion of duality 
in the ordinary three dimensional geometry led to the consideration 
of other configurations besides points as fundamental Clements of space. 
The principle of duality had shown that if the plane be adopted as 
Clement; instead of the point, a new theorem could easily be deduced 
from any theorem of point geometry. But this new geometry which 
took planes, as its Clements, was three -dimensional as well as the 
usual point geometry. In 1846 however, Plücker took a long step 
in advance, by taking as fundamental dement of space the straight 
line. Since a straight line is determined by four coordinates, this 
line-geometry of Plüclcer^By of which we shall have to give some account 
later, is four -dimensional. It now became olear at once, that, by 
choosing the dement of space in an appropriate fashion, a geometry 
of any number of dimensions could be constructed in ordinary space, 
or even in the plane. If, therefore, the abstract notion of w- dimensional 
space should seem to some not to be of a character to assist our 
imagination, we must remember that an adequate image of this space 
may be constructed in the ordinary space of experience. 

We now proceed to explain a few of the notions employed in 
this theory of higher Spaces. Just, as in plane and solid geometry 
we may introduce homogeneotcs coordinates. We shall say that n quantities 
(o?!, . . . x„) are the homogeneous coordinates of a point P in a space 
or manifold M„—i of w— 1 dimensions, if the points of this space 
can be put into one to one correspondence with the w — 1 ratios 

X-^ l X2 * • • • J Xfi • 
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Let {oc^\ . . . icg)) and (jx^^\ . . . jrjf)) be the coordinates of two points 
of Jf«— 1. Then, the quantities 

^k-K^k^ + ^2^^ (Ä; = l,2,...n) 

will be the coordinates of a single infinity of points of Mn^i, which 
we shall denote by M^, We may speak of this assemblage of points 
as a straight line. G^ie ratio of ^ : ^ acquires all yalues as the 
point (xk) moves along the line. Clearly such a line may also be defined 
by w— -2 independent homogeneous linear equations between x^, . , ,Xn. 
Let (o(^^\ . . . x^^^) be a third point, which is not on the line M^. 
Then, the quantities ^^^ ^.^ ^^stulL^ 

will be the coordinates of a double infinity of points of Mn—i, which *'*^ !^Ly/^ 
we shall denote by Jfg, and whose totality may be called a plancT"^/^ jU^y-^^^ 
A plane may also be defined by w — 3 independent homogeneous ^^^^U^J^^^ 
linear equations between x^,, . .Xn- gj >h^ S^ 

In general; m points (m ^ vi) determine in this way a manifold 1 . \ 
of m — 1 dimensions -Mm-i; provided that they do not all lie in a ''^J^ ' « 
manifold of fewer than m—1 dimensions. Such a plane manifold ^^^i"*" 
Mm—u of m — 1 dimensions, may also be defined by w — m independent, ^ , «»i i*> 
homogeneous, linear equations between x^, , . . Xn> "Ak* k r k 

Ö we wish to change the fundamental dement of our abstract ^\ jt+C^^'-jZ^ 
geometry by taking as its fundamental conception not the point, but {JL^ C W^ 
the manifold Mm—ij we must first of all leam how to determine /ylaJi^JL 
Mm-i by coordinates. This we may do, with complete generality as 
follows. Let US consider m points of Jfm— 1 which are not included 
in any plane manifold of fewer dimensions, and let the matrix of 
their coordinates be: 

4"»), x^\ . . . 4"»). 

Prom this matrix can be formed 

j^^ n(n~l)...(n-w + l) 

diflferent determinants of the m*^ order. We define, with Grassmanfiy 
as homogeneous coordinates of Jf^— 1, N quantities proportional to 
these determinants. It is not difficult to see that, if we had taken 
m other points of Jfm-i; we would have obtained the same coordinates. 
For, if y^\ . . . y^*\ (i = 1, 2, . • . m) are the coordinates of these other 
m points, we must have 

WiLCZYNSKi, projective differential Geometry. 4 
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since they are also points of Jfm— i- The determinants of the y's 
would therefore differ firom the corresponding determinants of the rc's 
only by the factor, common to all 

k»*l> (t,Ä; = l, 2, .. .m). 

This factor, moreover, is not zero. For, if it were, the m new points 
wonld be included in a plane manifold of less than m — 1 dimensions. 
We are justified, therefore, in speaking of these N quantities as 
the homogeneous coordinates of M^-^x, For, to every M^—i corresponds 
one and only one set of their ratios^), i. e. the configuration Jf,»— i 
and its coordinates have been put into one -to- one correspondence. 
It should not be forgotten, however, that these coordinates are not, 
in general, independent of each other. In fact, the determinants of 
the matrix (SDi) satisfy certain relations, which we do not, however, 
need to develop for our present purpose. A single example, of special 
importance to us, may suffice. Let {x^y . , . x^ and (^j, . . . yj be two 
points of ordinary space. In accordance with our general definition, 
the determinants of the second order, in the matrix, 

a?i, X^j X^f x^ 

yi> Viy Vzy Vi 

will be proportional to the homogeneons coordinates of the line 
joining the two points. In this case ^ = 6. Put 

and let X be a proportionality factor. Then we may take 

X(Di2> ^©18? ^0^14; ^®281 ^^i2> ^^84 

as the homogeneous coordinates of the line. But, the determinant 

x^, X^f x^f x^ 
Vi, Vi, Vay Vi 

X^y X^y X^y X^ 

Vi, Vif ys; ^4 
is obviously zero. Upon developing it we find 

a homogeneous quadratic relation between the six homogeneous line- 
coordinates. 



1) And, vice -versa, as may be easily shown. 
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We may now apply these notions to our linear differential 
equation (1). The general theory of such eqnations establishes the 
following theorem. 

Let Piy Pif • - Pn he fonctions of x, regulär in the vicinity of 
x = a^ i. e. developahle in series proceeding according to positive 
integral powers of x — a. Then there exists a System of n regulär 
functions y^yVif * - -ynj hetween which there is no relation of the form 

with constant coefficients Ck, and each of which satisfies the differential 
equation. The most general Solution of the differential equation, 
regulär in the vicinity oi x = a, can then be expressed in terms of 
this fundamental systen;, in the form 

where the coefficients Ck are arbitrary constants. 

If the equation (1) be integrated we shall therefore have ^i; . . • yn 
expressed as functions of x. We may interpret y^, . . . y„ as the 
homogeneous coordinates of a point Py in a space Jf«— i of » — 1 
dimensions. As x changes, Py moves along a certain curve, Cyy (he 
integral Cfwrve of (1). Moreover, this curve is not contained in any 
plane manifold of less than n — 1 dimensions, since ^i, . . • j/n satisfy 
no homogeneous linear equations with constant coefficients. Cy is 
therefore a curve of n — 2ple cu/rvature, 

But the curve Cy is not determined uniquely by the differential 
equation. If we put 

(75) yit = Ckiyi + • • • + Cknyn, (ä = 1, 2, . . . n), 

where the determinant 

\Cki\ 

is different from zero, while the constants Cki are arbitrary, i/i, » . . yn 
will also form a fundamental System of Solutions of (1). We may 
regard (75) as a transformation of the curve Cy into another Cy. 
Moreover such transformations shall be called projective transforma- 
tions of w — 1 dimensional space. They can be defined geometrically, 
in a manner altogether analogous to the definition of projective trans- 
formations in ordinary space. 

We may say, therefore, that the differential equation defines a dass 
of projectively equivalent curves ofn — 1 dimensional spa>ce. 

If, on the other band, n linearly independent functions yi, . . . yn 
of X are given, we can always find an equation of form (1) for which 
they form a fundamental System. In fact, from the eqaätions 

4* 
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which express the fact that j/j, . . . y« are Solutions of (1), PijP^y - - -Pn 
can be easily computed. For, the determinant 

yin-l)^ yin-2)^ _y^ 



yin-1)^ y(n-2)^ 

is not identically zero, if the System of n functions y^, . . . j/« is linearly 
independent, i. e. if there is no relation of the form 

^1^1 + • • • + <^nyn = 

with <5onstant, non-evanescent coefficients.^) We shall find 



S>*--^ (Ä = l,2,...n), 



where 4/k denotes the determinant which is obtained from ^, by 
substituting for the quantities y^**""*^, . . . y^^~'*\ in it the quantities 

These expressions show explicitly, that the coefficients of the 
dififerential equation (1) are not changed by any projective trans- 
formation (75) of the space Jlf„_i. In other words, the coefficients 

jPi, Pn have the same significance for any cmve ohtained from Cy hy 

projeäive transformation, as for Cy itsdf 

But, if we have y^ - - -yn expressed as functions of x, these 
expressions still contains arbitrary elementS; elements which are^ so 
to speak^ accidental and do not belong to the curve itself. In the 
first place^ only the ratios «/i : ^2 • * ' ' • 3/« *^® ^^ importance, since the 
coordinates are homogeneous. A transformation of the form 

y = K^)y, 

will therefore not change the curve Cy, since it leaves these ratio» 

unaffected. Further, in place of the parameter x we may take any 

other - ^/ V 

X = f{xy 

If, therefore, we form combinations oi p^, . .p„ which are not changed 
by such transformations, they will be expressions which have a 
significance for the curve itself, independent of the special method of 
representation, a significance moreover, which is not disturbed by 
any projective transformation. In other words: 



1) We have already quoted this theorem. Cf. Forsyth, Treatise on Differential 
Eqnations, § 73. 
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The invariants of a linear homogeneous differential equation 
charaderize fhe prcjeäive properties of its integral curve. 

In this connectioii; the theorem that the coefficients of the semi- 
canonical form can be expressed in terms of the linear invariants 
and of their derivatives becomes of fundamental importance. Let 
®8? ®4; • • • ®n ^® given as fonctions of x, Let, at least one of these 
invariantS; be different from zero, and let 0^ be the first which does 
not vanish. Then, by (64), Pg can be expressed uniquely in terms 
of ®m and ^m,i. From the expressions of the other invariants, whether 
they be zero or not, Pg, P4, etc. . . . P„ can be expressed in terms of 
@3, . . . 0„ and Gm,i' The semi-canonical form is therefore uniquely 
determined, i. e. these invariants determine completely a class of 
projectively equivalent curves. If, on the other band, all of the linear 
invariants @m are zero, they also determine a class of projectively 
equivalent curves. For, we have seen in the last paragraph that the 
differential equation can then be transformed into 

whose Solutions 

2/1 = 1; 2/2 = ^; • • . yn = a;~-^ 

form a fundamental System. This special curve, the so-called rational 
normal curve of the n — 1*^ order is of special importance in the 
geometry of w -— 1 dimensional space. 

We have found the following fundamental theorem. 

Let the linear invariants ©3, . . . 0^ 6e given as arhitrary ftmctions 
of X. Let @m &ö Ö^ filmst of these which does not vanish identicälly, 
and let the corresponding quadri-derivative ®,n,i 6e also given as an 
arhitrary function of x. These n — 1 functions determine a curve of 
n — 1 dimensional space uniqudy except for prcjective transformations. 

This theorem corresponds precisely to the fundamental theorem 
of the metrical theory of surfaces in ordinary space, which asserts 
that a surface is determined, except for its position in space, by the 
coefficients of its fundamental quadratic forms. In that case, however, 
the formulation of the theorem is far less simple, because the coeffi- 
cients of these quadratic forms are not independent of each other, 
but must satisfy certain relations. 

Let the functions j/i, . . . yn be regulär for a; = a, so that for 
sufficiently small values o{ x = a, we may express them in the form 

yk = yko + y'koioo - a) + YV'koix — ay + " -p 

where ykOy yU} yloy etc. denote the values of y*? 2/*', Vk^ etc. for x=a. 
Put x — a = h. Join the point P which corresponds to rr = a, to 
the point Q, which corresponds to x = a + hy by a straight line. 
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In accordance with our definition of a straight line, the coordinates 
of any point on this line may be written in the form Cj 



[orm L.V 



Therefore, the point whose coordinates are A ' 

is a point of this line. The limiting position of the line^ as h approaches 

zerO; is called the tangent of Cy at Py. We see^ therefore, that the | 

qnantities 

lim?!*Z^» = (y,Va, (Ä=.l,2,...n) 

represent the coordinates of a point on the tangent. This point will, 
moreoyer, in general, be different from the point Py itself. For, 
eise, we woold have for all values of x 

Vk^^yky (* = 1, 2, ...w), '''\'\. . 

i. e. Jfi, * ' ' yn would all satisfy the same linear differential equation 
of the first order. They could, therefore, differ from each other only 
by constant factors, i. e they could not form a fundamental System 
of (1). 

In the same way we may define the osculating plane, and show 
that three of its points, not in general collinear, are 

yk\ yk] yk'\ (ä = i,2, ...n). 

In general we may take m points upon the curve; Py, and 
m — 1 others. They determine a plane manifold Jfm— i of m — 1 
dimensions. We allow all of these points to approach Py as a limit. 
The resulting limiting plane manifold Jfm—i shall be spoken of as 
osculating the curye Gy at Py, The m points whose coordinates are 
giren by 

y*;y*'5y*";...yi""'^ (Ä = i,2,...n), 

are in general m distinct points of jM^—i, which are not included in 
a plane manifold of less than m — 1 dimensions. The coordinates of 
any point of -Zlfm—i may then be written in the form 

Xk^hyk + ilj/*' +•••+ ^m-iyi"'""'\ (Ä= 1, 2, . . . W). 

Let US consider, in particular, the osculating plane manifold of 
n — 2 dimensions, Jf«— 2. In accordance with our general definition, 
its coordinates are n in number, and may be taken proportional to 
the minors of yi''""^^ ^2*^^^ • • • J^"""^^ "^ ^® determinant ^. But 
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according to (68), the Solutions of the Lagrcmge adjoint of (1) are 

also proportional to these same minors of ^. We may, therefore, 

say that the Solutions of (1) and of its Lagrange adjoifd correspond 

to each other by the principle of duality. That this is true for w==3 

and w = 4 is evident. That it is true in general will become clear 

if we formulate the principle of duality for space of w — 1 dimensions. 

We have seen that w — 1 points determine an Jfn— 2. But since 

Mn—% can also be defined as the locus of points which satisfy or^^i^i 4«'/ 

linear, homogeneous equation between x^, . . ,Xny it is clear that n — l ' 

plane manifolds M„^2 will in general determine a point as their one 

common dement, its coordinates being the one Solution of w — 1 

homogeneous linear equations. Similarly, n — Je points determine an 

Mn—k—i, and this can also be determined by Je equations, i. e. as the 

locus of points common to Je manifolds Jf«— 2. Therefore, in the i, /Ci, 

same way n — Je manifolds Mn—2 have in common a manifold Jtf^—i.^^v?^'^ / 

Consider any theorem in the geometry of -Zlf„_i which is concemed 

only with intersections of plane manifolds. We shall be able to 

deduce from it another theorem, by putting everywhere for the word 

point, the word pkme manifold of n — 2 dimensions, for the word 

plane manifold of Je — 1 dimensions, the word plane manifold of 

n — Je — 1 dimensions. 

If n is even, there is a self-dual plane manifold Jf„. Thus in 



2 



three dimensional geometry, straight lines are the self-dual elements. 

We have assumed that Vi, - *yn were point coordinates. The 
curve Cy has been defined as the locus of a moving point. We have 
seen, further, that the coordinates of the osculating Jlfn— 2 niay be 
identified with 0^, . , . i^n the Solutions of the Lagrange adjoint equation. 
We may therefore regard this latter equation as having the same 
integral curve as (1), the curve however not being regarded as the 
locus of a point but as the envelope of its osculating plane manifolds 
of w — 2 dimensions. We may also, however, interpret is^, , , . Zn as 
point coordinates. Then, the integral curve C» is in general different 
from Gy. Its points will satisfy the same equations which are satisfied 
by the osculating plane manifolds of n — 2 dimensions of Cy. The 
curves Cy and Cg are therefore dualistic transformations of each 
other. 

We have seen in the last paragraph how the invariants of the 
two equations were related to each other. Our fundamental theorem 
may therefore be completed as foUows: 

If tJie linear invaria/nts of even weight Jiave ike same vcdues, and 
if tJiose of odd weight Jiave opposite values for two curves of tJie space 
M„^t, tJiese curves are dualistic to each ofher, 

If üie linear invariants of odd weight are ssero, ihe cmrve is self-dual. 
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The dualistic character of the correspoudence of the two curves 
Cy and Cz may also be seen by setting up the theory of the polars 
with respect to the quadric 

The relations (68a) show that z^, . . , Zn is the pole of the Mn—% 
osculating Cy at Py with respect to this quadric. 

§ 7. The relation of the invariants of a linear dlfferential 
equation to Halphen's differential invariants. 

We have seen that jPi, . . .jPn can be expressed in terms of 
yj,...y„, and that these expressions are unaffected by projective 
transformations. The invariants, for the sake of simplicity let us 
consider absolute invariants, can only be fanctions of the ratios 
J/i * 2/2 • * • • • 2^« since they are not changed by any transformation of 
the form y == X{x)y. They are also left unchanged by any trans- 
formation of the independent variable. We may therefore find a 
special form for the expression of these invariants, by introducing 
the quotients 

V — 2^« V = 2/s . V _ ^*» . 

and taking Y^ as independent variable. The invariants will then 
become such functions of F^, F2, . . . T„_-i, and of the derivatives of 
these quantities with respect to Y^, as are left unchanged by any 
projective transformation. These functions are Halphen's differential 
invariants, Ralphen has worked out their theory for n = 3 and for 
n==^4, and it is upon this basis that he has constructed his theory 
of plane and space curves. We must remember however that he did 
not obtain these invariants in this way. His method, applied to the 
general case would be as follows. Let F^, . . . Y„-i be the (un- 
homogeneous) coordinates of a point in the space Mn—i, Let 

3"* = Ara, Qc = 2,3,...n-r) 
be the equations of a curve in this space. Then it becomes Hälphen^s 

Problem to find functions of F^, Fg, . . . F„, ^yj dY^^ ®*^' ^^^^ 
remain invariant for all transformations of the form 

where the coefficients Ck and c,* are constants. 

This unsymmetrical and unhomogeneous formulation of theproblem 
is manifestly a disadvantage. It is easy enough to obtain the un- 
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homogeneous form when the homogeneous is known^ bat the inverse 
process is far more difficult. We shall, therefore, make little use 
of Hälphen^B differential invariante, but shall deduce Halphen's theorems 
on plane and space curves directly from the differential equation. 
Doubtlessly, Ralphen would also have done this, if he had noticed 
this connection at the time. In his later papers^ in which he makes 
use of the differential equation and its invariants, his point of view 
is no longer geometrical, exeept in a secondary way. But even then 
the form, into which we shall put this theory in the following chapters, 
could scarcely have occurred to HalpJien. For, we shall find that the 
geometrical theory of the semi-covariants is essential for this purpose, 
and, at least for n = 4, this theory require& as pf erequisite a general 
projective theory of ruled surfaces. But Halpheny never mentions 
these semi-covariants, and the general theory of ruled surfaces is of 
more recent date. 

Examples. 

Ex. 1. Compute the expression J^,^-» defined by equation (15). 
Ex. 2. Show that in general 

Amh = lim \([p{x + q) — g>(^)]*. (Schlömilch.) 

Ex. 3. Making use of the result of Ex. 1, find the general 
expression for Pj. 

Ex. 4. Denote the Schwarzian derivative by {1,3?}. Prove that 

it vanishes if | = "^[T , ? a, &, c, d being constants. Prove the following 

formulae: -»'" ^1%**^ i 

IMI- (j9U!-I-©V,.| + ©*(>,"). (C.yl.y.) '^•''' 

Ex. 5, Compute the invariants and covariants in their canonical 
form for n =» 3 and for w = 4. 

Ex. 6. Compute the invariants and covariants of the equation 

Ex. 7. Find the adjoints of the general equations of the third 
and fourth order. 

Ex. 8. Eeduce the following equations to their semi- canonical 
form, and then solve 
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g + tana;|| + yco8*^ = 0; (1 +a;«)g + ^|| + 2y = 0. (Porsyth.) 
Ex. 9 If 5 is the quotient of any two Solutions of 

£^+^!'-». /' 

then s satisfies the equation 

{5, x] = 27. (Kummer, Schwarz.) 

Ex. 10. Find the linear dififerential equations of the third order 
whose fundamental Solutions are 

1, X, x^\ X + "j/^, X — y~X} oo^\ sin hxy cos hx, x. 



CHAPTEB m. 

PROJECTIVE DIFFERENTIAL GEOMETRY OF PLANE CURVES. 

§ 1. The InvariantB and oovariants for w = 3. 

The geometrical interpretation developed in outline, in Chapter II, 
shows that the general projective theory of plane curves may be 
atl^ehed to the discussion of the linear dififerential equation of the 
third Order 

(1) J/(»^ + 3i>it/" + 3i>3y + P^y = 0. 
a The two seminvariants [Chapter II, (9)] are 

(2) P,=i),-V-i>i', P, = P,-H^, + 2p,^-p^'. 

For the semi-coyariauts it seems desirable to change the notation. 
We shall denote them by z and p, so that 

(3) ^ = y' + PiV, Q = f + 2piy +i>s,j/. 

We have deduced, in the general case, the canonical form of 
the invariants. For our more detailed discussion of the case w == 3 
we shall need also their uncanonical form. Moreover it will be 
necessary to have at band explicitly the formulae, which express the 
efifect upon the coefficients of (1) of the transformation 

1) Of course the equation (1) may be interpreted dualistically as the equation 
of a cone. 
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(4) ^= m 

of the independent variable. We find^ either directly, or by specializing 
the general equations (21), 

(5) Ä=7(ä + i?), Pi=^^[pi + VPi + jl^ + iv^]7 ^3=^(^i>3; 
where 

(6) l' = f|'«te. ^ = f' i^ = v'-kn'- 

Consequently, we find 

so that — and — are transformed cogredientiy witii p^ and p^ . 

dp, <^'Pi _ 

If we denote -— by j)*', ^^^ by p", etc., we find 

whence 

^^ - 1 r T 

P, = ^ [P, - 3,P, - ,»' + 2ii7)} 

The former of these eqnations follows at once, if we pnt n = 3 in 
equation (27) of Chapter 11. We find further 

Ä' = (^[i','-2i?P,-|/*' + yM], 
80 that 

if 

(9) ®, = P3-|P,'. 

^3 is tiie one linear invariant which exists in this case. For j^lie 
canonical form it reduces, of course, to Pj. The quadri- derivative 
08 1 of &^ we shall denote in this case by ®^, since there is no 
danger of confusiön with any other invariant of weight 8. We have, 
according to equation (54) of Chapter U, 

(10) ®3 = 6(93< - IWY - 27P,&,K 
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The invariance of 0g may also be tested directiy. We know by the 
general theorem that all inyariants are fanctions of ^3^ ^3 and of 
their successive Jacobians. Of these we shall need 

(11) &,,= «3®i's~4©,,©»', 

between which there is the relation 

(12) 0f, + 03 03,- 203 0,e = O. 
The fanctions C.^z'- 2yQ - P,f, 

(13) G,= G,^y + d&,0, 

are covariants of weight 2 and 4 respectively. AU other covariants 
may be expressed as fanctions of these and of invariants. We shall 
later find another covariant; capable of a simple geometrical inter- 
pretation, to replace Cg. 

In oar special oase^ we have to interpret y^y^yy^^ the members 
of a fandamental System of (1)^ as homogeneoas coordinates of a 
point Py in a plane. As x varies, Py describes a plane carve Cy, 
If we denote by m^, Mg, Wj the coordinates of the tangent to Cy at Pyy 
they form a fandamental System for the Lagrange adjoint of (1), 
which is in this case [cf. eqnation (62) of Chapter 11], 

(14) t^W -- Spy + 3 (2), - 2p,^)u^ - (p, - 3i)/ + 3i)/> = 0. 
Its seminvariants are 

n,^p,, n,=^-p, + sp,\ 

so that its invariants differ from those of (1) only in having — 03 
in place of 03, in accordance with the general theory. 

The LagTierre-Fcyrsyth canonical form of (1) will be obtained by 
making the transformation 

y^X{x)y, x = l{x), 
where |(a;) is chosen so as to satisfy the eqnation 

which reduces Pg to zero, and where 

in accordance with the general theory, so that ^1 =^2 = ^- ^^^ 
eqnation assames the form 

p) + P3y = 0, 
for which 03=:P3. 

Since _ j 

®8 "^ (|^®3> 
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if we put 



00 = I yw^dxj 



©3 will be equal to unity. We may then choose X{x) so as to have 
p^ = 0. We shall speak of the canonical form which is characterized 
by the conditions ^ ^ r^ 

as the HcHphm canonical form. Equation (1) may always be reduced 
to the HcH/phm canonical form if 0^ does not yanish identically. 
If ®8 = 0, the Laguerre-Forsyfh canonical form becomes 

y(S) = 0, 

so that Cy is a conic. If ©j =4= 0, let 0^ and 0g be given as functions 
of X. We can solve (10) and (9) for Pg and Pg. We find very 
easily therefore^ the special case of our general fundamental theorem. 
The invariants 0^ and 0^ determine a plane curve except for projective 
iroMsformations, If for aU pairs of corresponding points of two curves 

Cy aml Cy, _ _ 

the two curves are dualistic to each ofher, 

Let US call a curve identically seif- dual , if a dualistic trans- 
formation exists which converts it into itself point for point, so that 
by this transformation, every point of the curve is converted into 
the tangent at that point^ and every tangent into its point of contact. 
Then we can say, that the ordy identically seif- dual plane cmrves are 
the conics. For, Öj D^^st vanish for such curves. 

§ 2. Tlie equations of the osoulating conlo and cubio. 

Put y = yt, y^f y^ ^^ ^^^ expressions (J). We find in this way 
two other points Pg and P^, which describe two curves C, and (7^, 
semi-covariantly connected with Cy, Pz is clearly a point on the 
tangent to Cy at Py, while Pg is some other point of ihe plane. If 
we assume that Py is not a point of inflection, the three points 
Pyy Pz, Pq will not be coUinear. We may, therefore, take these 
points as vertices of the triangle of reference. Moreover, we may 
choose the unit point of our System of homogeneous coordinates in 
such a way that an expression of the form 

(?» x^y + x^^ + x^Q 

shall represent the point whose coordinates are precisely x^, x^, x^. 
The geometrical significance of this triangle of reference, which we 
have only defined analytically, will appear later, as a consequence of 
the developments which we proceed to make. 

Let the differential equation be written in the La^uerre-Forsytfi 
canonical form, 
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so that i?i = Pa = 0, p^ = Pj. Let x = a be an ordinary point for 
the fonctiou P^ of x, so that the members of a fondamental System 
may be expressed as series proceeding according to positive integral 
powers ot X — a, convergent for values of | a? — a | sufficiently small. 
For greater convenience in writing we shall put a = 0. In fact we 
may, by the transformation _ - 

X ~~ 0/ — X 

always reduce the developments to this form. We proceed, therefore, 
to express the Solution Y of our equation as a power series in Xy 
and we shall actually calculate the coefßcients up to the ninth order. 
We shall find 

P y T==y + i/x + \fx^ + . . . + ^xp^x^ + . . ., 
an expression which may be written in the form 

where y^^y^^ 2/3 ^^® themselves such power- series, which will represent 
the curve Gy üp to terms of the 9**^ order in the vicinity of the point 
Py, referred to the System of coordinates which has just been defined. 
Since ft =i>2 == 0, we find by successive differentiation: 
3/' ^z, f = q, !/(») = -P32/, «/(*)= — P^y-P,^, 

ye) ^ _ (p^8) _ pt-^y _ 3p^"^ _ 3p^'^^ 

<^^°^ y(8) = _ [P(5) _ lip^p^" _ 5(P,')^2/ + (- 5Pi*) + IP^P^^Z 
-(10Pf)-P|)p, 

y(9) = _ [P^6) _ 21PjPf ) - 21P8'Ps" + Pl'\y 

+ [- 6Pi'»+ I8P3P3" + 12(P8")*]^ - (15Pi*)- 9P,P,')9. 
If, therefore, we put Y into the form indicated above, we shall hare: 



-ip{Pf)-llP3P,"-5(P3')n^ 

- ip (P^«) - 21P3Pi'') - 21P3'P," + Pf) a:» + • . ., 
P. - 2P' = SP," ß IPi^^-Pi . 

^ ^ _^(5P^*)_7P,P3'K 

- ^ {6Pi«) - I8P3P3" - 12iP,'y}x' + . . ., 

„ _1 2l^^5_^^«_?Sl'^7_10jfcPi%8 
2's— -ä* 6! ''^ 6! ^ 7! * 8! '^ 

15Pi*)-9P ,P.' 9 

9! r~* + 



N 
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We shall find therefore: 



(17) y^-2y,y,==^P,o? + ^^P^x'^ + ^^P^'x' 



:(12P^»)-84P|)a;' 



,s 



' 40820' 

+ 86Ä8ö(12^*^-504^3P,') «''+•••• 

This equation gives an important result. Consider the conic 

x^^ — 2x^x^ = 0. 

To find its intersections with the curve Cy, we Substitute into its left 
member Xk = yk' Equation (17) gives the result of this Substitution, 
and shows that the * development of 

coincides with that of 

X2 ^X-^^X^ 



up to and including terms of the 4**^ order. In other words, this 
conic has at Py a contact of the 4*^ order with Cy, or it has five 
consecutive points in coiÄnon iAWt. It is, therefore, the osctdcUing 
conic. 
Put 

ßi(2/) = Hy,'-2y,y,){P,^y, - 3P,y,) + 12P,'y^, 
(18) Sl, (y) = 5(y,^ - 2y,y,) (21P,y, - P.^'y,) - ^2P,%y,' 

- UP,P,^y,^, 
We shall find 

+ ^i^^Pf>'P>" - 15^i'^^B + 63P,»] x' + --: 
^(y)=m [15Pi»)Ps - 20Ps'P»" - 567P3»] x' 

+ 2^ t'^o^i'^ - 12(Ps"^- 882P3»P3']^« + • • •, 
SO that finaUy 

7(15P,Pf)-20P3'P,"-567P,»)ß,(«/)+20[6P3P3"-7(P3')»]ß,(i/) 
(20) = iö:^ t^l (löPjP^») - 20P3'P," - 567P3») (20P3'P3" 

-15P3Pi») + 63P3«) 
+ 100 {6P,P," - 7(P,')*} [lP,Pi*^ - 12(P3")* - 882P3»P3'}] + • • • • 



(19) 



A plane cubic is determined by nine points. We shaU speak of the 
cubic which has, at Py, nine consecutive points in common with Cy, 
i. e. which has with Cy a contact of the eighth order as the osculating 



64 ni. PßOJECTIVE DIFFERENTIAL GEOMETRY OF PLANE CÜRVES. 

cubic. Ab, in the case of the conic, we find its equation at once 
from (20). Uniting the two results, we may recapitulate as follows: 
Beferred to the System of coordinates defined hy the semi-covwiriants, 
when the differential eqiudion is tmitien in the Laguerre-Forsyth canoniciü 
form, the equations of the osadating conic and cubic are respectively 

x^ — 2x^x^ == 0, 
21) 7(15P3P^») - 20P,'P," - 567P,»)a,(a;) 

+ 20[6P,P," - 7(P,')^ß,(a:) = 0. 

§ 3. Geometrioal Interpretation of the semi-ocvariants. 

We have already noticed that P^ is a point of the tangent 
constructed to Gy at Py. Moreover (7) shows that a change of the 
independent variable has the effect of displacing P« along the tangent. 
We may even choose the independent variable so, as to make P^ 
coincide with any point of the tangent. If we mark npon every 
tangent of Cy a point, the function ri{pc) of eqnation (7) may be so 
chosen as to make the curve C» coincide with the locus of these 
points. ünless, therefore, the independent variable be chosen in some 
special way, the curve C» has no Specific relation to Cy. It may 
serve merely as a geometrical image of the independent variable x, 
This image does not necessarily change if the independent variable 
be transformed. For, as (7) shows, since the coordinates employed 
are homogeneous, two values of i,{x) which give rise to the same 
value of riix) transform Gz into the same curve Ci. In other words, 
a linear transformation 

x = ax + }) 

of the independent variable, where a and h are constants, has no 
geometrical significance. 

We may, therefore, look upon the curve G, as defining the 
independent variable of the differential equation, except for such an 
inessential linear transformation. The curve G^ will then be determined 
uniquely. It remains, therefore, to find the relation between the 
points Pz and P^. 

Let US assume now that Pg = 0, so that the differential equation 
is in its canonical form. Let us make all transformations of the 
independent variable, which do not disturb this condition. As (8) 
shows we must have ^ = 0, or 

so that the locus of all points P^ as given by (7), becomes 

or 
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where rj may have any uumerical value. The elimination of tj gives 

x^^ — 2x^x^ = 

as the eqnation of this locus. In other words: if Pg = 0, the point 
Pq is upon iJie osctdating conic. If all of the transformations are made, 
which do not disturb the condäion Pg = 0, P^ assumes sfuccessively all 
positions npon the osculating conic. 

We are now in a position to determine the eqnation of the 
osenlating conic, referred to the triangle of reference PyPgP^^ even 
if Pg is not equal to zero. For, if P^ =)= 0, Pg will vanish, if i] is 
any Solution of the Riccati equation 

The points Pq which correspond to all of these Solutions, are by our 
previous result, the points of the osculating conic. We find 

so that 

are the parametric equations of the conic. Eliminating ri, we find 

(22) x^^^2x,x^ + P,x^^ = 0, 

the equation of the osculating conic, referred to fhe triangle of reference 
PyPiPqj when this triangle is not specialized. 

The polar of any point {x^y x^, x^) with respect to this conic is 

«^S «^1 I *^2 ^ "r \*^2 *^d «^1 y «^3 ^^ ^7 

SO that the polar of P^, or (0, 1, 0), is oj^ = 0, i. e.: ßie line PyPg is 
the polar of Pz with respect to fhe osctdating conic. 

The line PyPg, which has now a known geometrical significance, 
intersects the osculating conic in Py and in another point P«, whose 
coordinates are given by the expression x, ^ Ti 

(23) a = P,y + 2Q. 

As X changes and Py moves along the curve Cy, the line PyP^ 
will envelop a certain curve Cß. We proceed to determine the 
point Pß at which PyP^ touches C^, In order to do this, we allow x 
to increase by dx, where dx is an infinitesimal. The line PyP^ will 
assume the position Py^y^^xP^+Q^dx- As Sx approaches zero, the 
intersection of this latter line with PyP^ will approach a certain 
limiting position. This limit will be the poiüt P^. 

WiLCZYNSKi, projective differential Geometry. 5 
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We find, by difiFerentiation 

y + ifdx^yil —Pidx) + sSx, 
Q + Q'8x^{F^-P^)ySx--2P^z8x + Q^l-p^Sx). 
The line joining these points intersects PyPq in the point 
2P^{y + jf8x) + Q + Q^Sx = (1 -p,Sx)(2P,y + Q) + {P^^P,)y8x, 
whose limit is 

(25) ß^2P,y + Q. 

The cross-ratio of the four points P^, P«, Pq, P^ is given by 

(P„,P„P^,P,) = 4. 

The point P^ is completely determined by these considerations. 
TJpcm ihe pdar of P^, wUh resped to the osculating conic, we mark the 
points Py and Pa in which it meets the conic, a$ well as the point P^ 
at which it touches its envdope. The point P^ is ffien determined by 
the condition ffiat fhe cross-ratio of the four points shall he eqwü to 4. 

This construction becomes indeterminate if Pg = 0. In that case 
however, Pq and Pß coincide with P« the second intersection of 
PyP^ with the osculating conic. In this case, therefore, PyPq is a 
tangent of the curve described by P^. This gives us the interpretation 
of the condition P^ = 0, which is characteristic of the Laguerre- 
Forsyüi canonical form. 

The most general curve C^ depends upon an arbitrary function iy(a?). 
If this function is chosen in a definite mcmner the curve Cj is deter- 
mined unigudy^ and therefore, by the above construction also the curve C^. 
Among these curves C^ there eomts a Single infinity stich that their 
tangents at Pq pa^ss throu^gh the corresponding point Py of Cy. These 
are the spedal curves Gq which a/re obtained by reducing the differential 
equation to the Laffuerre-Forsyth canonical form, Moreover, if we 
construct aU of the points Pf, one on each of these (x>^ curves, which 
are thus related to a definite point Py of Cy, their locus is the conic 
which osculates Cy at Py. Finally, any four of the curves Gj, which 
correspond to four of these special curves (7^ , intersect all of the tangents 
of Cy in point-rows of the same anharmonic ratio. 

The last remark results from the fact that the equation 

which determines these oo^ curves, is of the Biccati form. The anharmonic- 
ratio of any four Solutions of such an equation is always constant.*) 

1) See for example Forsyth, A treatise on differential equations, p. 190. 8d edition. 
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§ 4. The eight-pointio oubics, the Halphen point, 
ooinoidenoe points. 

Let ns again assame that (1) has been written in the Lagtierre- 
Farsyth canonical form, so that p^ =^g = 0, jPs = P3. We have seen 
in § 2, equations (19), that each of the cubic curves 

'^''^^ Si,{x) = &(x,^ - 2x,x,) {21P,x, - P^\) - 42P,\x,' 

-UPjP.'V-O, 

has eight consecutive points in common with Gy at Py, or has with 
Ctj at Py a contact of the seventh order. The same is therefore true 
of each of the 00^ oubics 

(27) a£l,{x) + ßSl^ix) = 0, 

where ck and ß are constants. We shall speak of these cubics as the 
eight'pointic cubics of Py. Among these there is, of course, f^ nine- 
pointic cubic, i. e. the osculating cubic of Gy at Py, We have seen, 
[cf. equation (21)], that its equation is obtained by putting in (27), 

(28) «=7(15P,P(»)-20P3'P3"-567P,''), ^ = 20[6P8P,"-7(P3')^J. 

But, the eight-pointic cubics have a ninth point in common, 
which we shall call the Halphen point of Py. We proceed to find 
its expression. 

We find from Sl^= 0, 

This gives further 



s 



Oip^ pff^ _ (P3^a;3-3P,a;,)(106P3^,'~10P/^a?,') + 262P3»a:3» 

whence, substituting in ßj = 0, 

[eOPsPg'Pg" - 1512P3^ - 10{P^fW 

+ [- 180 Ps^Ps" + 2lOP,{Pm^^^ - 0. 

The Solution a?3 == gives x^ = 0, i. e. the point Py. The other 
Solution gives 

iCg = (ö (5^3' @8 — 756 ®8*), 0^3 = ö • 15^3 ®8, 

where co is a proportionality factor, and where we have written 

A = ®S, 6P3P3"-7(P3')»=®8. 

since ^3 and ^3 reduce to these respective quantities under our 
assumption Pg = 0. We have moreover assumed P3 4= 0, i. e. that 

5* 
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Cy is not a conic, in which case these considerations would be without 
value. Substituting into the expression for Xj^, we find 

_ ^ 7(603^^3- 766 6»,r+ 266^3« 

If then we put co = 210 ©g^g, we find, for the Halphen point of Py, 
the expression 

6 = [7(5®3'e>3- 7566^8*)' + 25e>s»]t/ 
+ 210@8®8(5®8'®8-756®8^);^+ 15.21O0s»®8«p, 

under the assumption Pg = 0. 

But there must be a covariant, which for P2 = reduces to 6. 
We find that 6 itself is not a covariant. The most general trans- 
formation of the independent variable converts 6 into 

^ = (l^(^ + i050©3«e>8Vy). 

But we have also 

SO that 

is a covariant. We have found therefore the following covariant 
ea^ession for the Halphen point which hdongs to Pyi 

(29) h = [7(5©; ©8 - 756©3*)2 + 2508' + \blb0^^e^^P^'\y 
+ 21O©3©8(5©8'08-756@3^)^ + ^IbOG^^Q^^Q. 

This expression shows that the Halphen point coincides with Py, 
if and only if ®^ = 0. Halphen has called such points of a curve 
which coincide with their Halphen point coincidence points, We shall 
investigate, in the next paragraph, those curves all of whose points 
are coincidence points. 

Here we will notice only that, according to (27) and (28), the 
osculating cubic in a coincidence point becomes 

and that this cubic has a double point at Py, We have therefore 
the remarkable result due to Halphen: 

In a point of coincidence^ the osculating cubic has a double point. 
In such a point there does not exist, as in other points of the cmrve, a 
cvibic one of whose bramhes has a contact of the eighth order with it. 

In the general case, if Q^^O, the cubic Sl^{x) = is also of 
special interest. It is the only one of the eight-pointic cubics which 
has a double point at Py. We shall call it the eight-pointic nodal 
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cUbic, The two tangents oi £l^=^0 at its double point^ are the line 
PyPz, i. e. x^ = 0, and f 

(30) SPsa:^ - JPg'ays = 0. l^' 

They are always distinct if Pj 4=* 0, i. e. the eight-pointic nodal cubic 
can have a cusp only at such points of the curve Cy whose osculating 
conic hyperosculates the curve^ in which case the cubic degenerates. 
If 

B = 5®3'®8-756e>3* = 0, 

PyPg passes through the Halphen point. But we have, in generale 
5 = ^.[5- 15,0,®«]. 

Therefore, if we make a transformation | = ^(x), for which 

^ B 

PyPg will pass through the Halphen point. The triangle PyPjP^ is 
determined uniquely by this condition. We have therefore a complete 
System of geometricaUy interpreted covariants, in y, z and ^; provided 
that 6^8 =1= ^; ^^ ^ ^^^ general expressions for z and q the above yalue 
of fj be substituted. 

The tangent PyPz intersects the osculating cubic again in a 
point, which is easily found to be 

(31) y = (567 6^3» - 1 &^)y - 206^«^. \ 

By its means we obtain again a set of geometricaUy interpreted 
coTariants. The tangent to the cubic at Py intersects the cubic again 
in a point P^, and that at Ps in a point P«. The latter must coincide 
with the Halphen point, according to the known theory of cubic 
curves.^) The conditions that the loci of Pa, Py, Pd shall be straight 
lines, conics, or special curves of any kind may serve to characterize 
special classes of curves Gy. 

§ 5. The curves, all of whose points are ooinoidenoe points. 

If all of the points of Gy are coincidence points, @^ yanishes 
identically. We shall assume that our differential equation has been 
reduced to the Halphen canonical form, so that we have the conditions 

i>i = 0, 6^3 = 1, ®8 = 0, 
whence 



1) Py is the 80-called tangential of P^. For these theoremß cf. Stümon's 
Higher plane curves, Chapter V. 
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The differentiftl equation becomes yery simple^ viz.: 

Let (D be a third root of unity: 
Then we loave the following fancUunental System of Solutions 



whence 



Put 



»1 = «"', y, = e-"", y, = c-'°^*, 






8-^' 0-'-^- -iV^'P- 

and we shall find f^tp 

(32) | = e^>^co8y, i? = e^T^siny, |V+ iy« = e*^ V"^ -/^'' ''^'"'^ 

Let § and 17 be cartesian coordinates. We notice that (32) 
represents a logarithmic spiral which intersects all of its radii at an 
angle of 30®. Thence Hcdphen^s theorem: any curve, all of whose 
points a/re coincidence points, may he öbtained hy projeäive transformation 
front a logarithmic Spiral which intersects all of its radii at an angle 
of thirty degrees. 

Since we have 

and therefore also 

we see that each vertex of the triangle PyPzPq describes a curve of 
coincidence points as well as P^; moreover the locus of each of the 
vertices of the tricmgle is at the same time the envdope of one of the 
sides which ends there. 

In particular^ if Cy coincides with (32), we find for (7, the cartesian 
equations 



and for (7^, 



cos (?P + ^)' ^2 = ß^^' sin \(p + -^y 



i. e. all of the vertices of the triangle PyPzP^y which is equüateral in 
this case, and whose center is the origin, descrtbe congruent logarithmic 
spirals which are dbtained from each other by rotation through an angle 
of 120^ 
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Since we have Pg = 1, the osculating cubic, which is at the 
same time the eight-pointic nodal cubic^ becomes 

where the triangle of reference is eqailateral. Since this triangle^ 
remaining always equilateral; changes its magnitude as Py describes 
the logarithmic spiral^ while the eqnation of the cubic does not 
change its from, the cubic always remains^ simüar to itsdf. We can 
make this clearer bj introducing rectangalar coordinates^ | and ij. 
We shall have 

so that the equation of the cubic becomes 

|8 - 3Siy« ~ 10 (I« + ri^) - 9i (3|»iy - 12») = 0, 

which shows that the eight-pointic nodal cubic is not a real curve. 
Its only real points are 

| = 0,ij = 0; 1 = 10, ., = 0; | = -5, ij = + t/75; l^-h^n -/TS, 

or in homogeneous coordinates, x^yX^^x^j 

(1,0,0); (1,10,10); (l, - 5 + 5il/3, ~5-5i>/3); 

(l,-.5_5i/3^-5 + 5i/3). 

The rectangular coordinates of a point of the spiral corresponding 
to the angle y + A, are 

I' = e^ V^(| cos A - 1} sin X), ri = e^V^ {% sin A + ij cos X), 

and we obtain the rectangular equation of its eight-pointic nodal 
cubic by substituting 

in i^ = 0. We have proved our statement and have moreover found 

the ratio of magnification. It is equal to e^y^. 

The cubic ^ = becomes in our case, after division by 21, 

hd^x^^ — lOiCi^iPs — 2x^x^ »= 0. 

It is an equi-anharmonic cubic, i. e. the double -ratio öf the four 
tangents, which can be drawn to it from any one of its points, is 
equi-anharmonic. This foUows at once if the invariants of this temary 
cubic be computed.*) We find 5 = 0, which proves our assertion. 
This cubic contains the three vertices of the triangle PyFzPqy and 
we find that its tangents at Py^ P^, P^ are respectively PyPz^ PzPq 

1) Sdlman, Higher plane curves, 3^ edition, p. 191 and p. 200. 
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and P^Py, i. e. the triangle is at the same time inscribed in^ and 
circumscribed about the cubic. 

We thus find Halphen's further theorem: 

Given a logarithmic spiral of 30 degrees. If we construct an equi- 
latercH triangle which has the pole of the spiral as center, and any point 
of the Spiral as one Vertex, fhis triangle is at the same time inscribed 
in aml circumscribed about an equi-anharmonic cubic which has a contact 
of fhe seventh order with the spiral at the point considered. 

Of course there are two other eubics of this kind corresponding 
to the other two vertices of the triangle. 

We must add however, that these eubics are imaginary, as well 
as the eight-point nodal cubic. 

The relation of the eight-point eubics to each other and to the 
curve Gy in a coincidence point may possibly give rise to a misunder- 
standing. It looks as though each of the eight-point eubics would 
then be a nine-point cubic, since the nine points of intersection of 
any two of them coincide with Py, This paradox is easily explained 
if we remember that the only cubic, having nine -points of intersection 
with Gy coincident at Py, is the eight-point nodal cubic. Each of 
the other eight-point eubics intersects one of its branches in eight 
coincident points and the other brauch in the remaining ninth point 
which also coincides with Py, These eubics have with each other a 
contact of the eighth order, but only that one which has a double 
point at Py has nine coincident points of intersection with Gy at Py, 
and may therefore (improperly) be said to have contact of the eighth 
Order with Gy. 

§ 6. Gurves of the third order. 

If we assume i?i = i?2 = 0, equations (20) shows that the osculating 
cubic hyperosculates the curve Gy at Py, i. e. has more than nine 
consecutive points in common with it, if 

(33) 21 (löPgPf - 20P3'P3" - ößTPg») (20P3'P3"- löPjPf -f 63P3») 

-f 100{6P3P3" - 7(P30^}{7P3P(^) - 12(P3")* 

-882P3«P3'} = 0. 

In Order that Gy may itself be a cubic, it is clearly necessary 
and sufficient that this condition be fulfilled at all points, i. e. for 
all values of x. 

The left member of (33) must be the special form assumed by 
a certain invariant 0^^ under the assumption Pg = 0, jj^ = 0. We 
wish to find the general expression of this invariant. 

Since P^*) is the highest derivative of P3 which occurs in (33), 
the left member must be expressible in terms of ©3, ©g, ©,2, ^le; ^n- 
We find for Pg = 0, 
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®s = -Ps, ®8 = 6PsPs" - 7(Ps'/, 

®„ = 18Ps»Pi») - 72PgP,'P3" + 56(P3')», 

(34) ®i6 = 18P8»P|*> - lOSPa^Ps'PI») - 72P3»(Ps")* 

+ 384P,(P3')*P,"-224(P3')S 
^= 2®3[2P,P^*)+ 4P,'P('') -8(P3")»] - W)^ 
whence 

(35) 7g.« + 82^8* _ 126P8P^*) - TöePs'P^») + 648 (P,")^ 

On the other band, we find 

4®,8 = - 21 • 25 «)« - 84 • 567 • 63 ®g« + 900 • 49 ©3« &^^ 

+ 400®8[7P3P^*)-12(P3")*J 
or 

<i8 = 4®i8 + 84 • 567 . 63 ©3« -900-49 ®j»0,2 

21 • 25(®8')* + 400®8 [7PjP^*) - 12(Pj")'], 



whence 



175©,, 50 76., + 820.' _^ 



or 

(36) 2ä-3«®j»0i8+2*-3»-7*®,»-2«-3*-5*-7»@3*@ij-3-5«-7®30„ 

-2-5»@8(70i6 + 2''®8*) = O, 

which, on accoont of the syzygy (12), may also be written 

(37) 2«-3»@3»®,8 + 2»-39.7»®38- 2»-3*.5*-7«®3*®,g + 3-5*-7®f, 

- 2» • 5« • 7®8 ®ie - 2« • 5»®8» = 0. 

The eondition for a eubic is ©jg = 0, wh^e ®i8 is given hy (36) 
or (37). 

If the absolute inyariant ^ is a constant^ the differential equation 

may be transformed into one with constant coefficients. The curve 
is then what Halphen calls an cmharmonic curve (cf. § 8). It may 
be^ at the same time^ a cubic. In fact in this case ©^^ ^^s^ vanish^ 
and hence also ©^^ and ©^v ^^ eondition ©^^ = reduces there- 
fore to 

(38) 2* . 52 6>8» -3^.73 e>3« = 0. 

The cubic is then a cuspiddl cubic; as may be seen by setting up the 
corresponding differential equation. We may also verify this directly 
as foUows. Put the equations of the cubic into the form 

z_ 
2/1= ^S 3/2 = ^; 2/8 = 1- 
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The differential equatioii; of which these functions form a fundamental 
System^ is found to be 

On Computing the inyariants we find 



6 1^ 6*. 7 1 



^»^'iTä»;^' ®8 



s' 



whence we again conclude (38). Therefore (38) is the condition for 
a cuspidal cabic. 

It will be advisable to set up also the condition for a nodal 
cubic. Take the cnbic in the form 

yi = h y% = x, Vs x^ + (l-x)-\ 

whence we deduce the differential equation 

for which 

It is convenient to write t = {l-—x)~'\ so that 

On Computing the inyariants we find 

whence 
If we put 

/oo\ 1 2*.S«.7» 2.3«.7j. 

(39) A = — g^ — fi, ^ = g — g, 

so as to have the same notation as HoHphrn^ we find 



1^ = 



g(l + ;g + g«)» j. q/1-A* 



(1 + .)« 



t-^CT;) 



where z = t^, If we eliminate ^ m;^ find 

(40) (28.3«iy + |*-2.3»|-35)« + 2«.3.|» = 0, 

o^ ^ condüion for a nodal cubic. 

In general a ternary cubic has an absolute invariant. We wish 
to find the condition for a cubic curve whose invariant has a given 
value. Clearly it must be possible to obtain this condition from 
®i8 = by integration. 

Let US, then^ assume &^^ = 0^ and introduce absolute invariants 
by putting 



whence 
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If we divido (37) by ®^ and introduce these quantities^ the condition 
öjg =3 becomes 

So as to have the same notation as Halphen, put again Xja^ _ ^ 

^ = ^t rij f*= 5 5; ^ 

80 that 

A'W «__ 8 fc __ " "i f 

*^>' ^'~2*.8».7»Ö^' ^"""' 2. 8«. 7 ^* 

Then^ the above equation becomes 

(42) |i?|' = I [(g + 3) (I + 27) - 2» . 31,] ,'• 

Pat further 

|(| + 3)(| + 27) = A 3*.2'>,, = e, 

SO that (42) becomes 

(43) . m' + (e-^)g'=o. 

Halphen has shown that the general integral of this equation is 
(44) PV^cQ^ 

where c is an arbitrarj constant^ and where 

2«P = (2»g + r-2.3»|-35)« + 2«.3r, 
<*^) 2«(? = 2«e^ + 2^1 + 3») (I - 3» . 5) S + (I + 3»)*. 

The equations P « 0, § = give special Solutions of (41). The case 
P = corresponds to the case of a nodal cubic, as we may verify 
at once. 

We proceed to explain Halphen's integration of equation (43) 
The geopietrical significance of this equation makes it certain that 
its general integral is algebraic. Let 

where M^ is a rational function of |; be an integral of this equation. 
Interpret^ for a moment^ | and i as cartesian coordinates of a point 
in a plane. Equation (43) determines the ratio of |' to g' for eyery 
yalue of | and iy i. e. it determines the direction of the tangent of 
any integral curve at any point of the plane. If P=0 is an integral 
curye, the direction of its tangent at any one of its points must 
therefore coincide with that found from (43). But the direction of 



^ 
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the tangent of this curve, at one of its points, will be foiind from 
the equations 

The expression ^^ ^^ 

which, on account of (43), is proportional to 

must therefore vanish as a consequence of P = 0. Since this expression 
is again an integral rational function of g of the w*^ degree, with 
coefficients rational in |, we must have 

where A is a function of |. In this eqaation | and 5 are regarded 
as independent yariables. Denote by Jf,', M^, . . . the derivatives 
of Jfj, Jfj, . . . with respect to |. We find 

M,' = [X + (« - 1)1] Jf, + AM,', 
M,' = [l + (n-2) I] M, + AM,', 



=XM„ + AM„'. 



Suppose that Jlf„ is a fraction -j> v^here a and ß are integral rational 
fonctions of |. The last eqaation will then give 

ß « 

i. e. the factors of the denominator of X will be simple. Bat, in that 
case, the first equation of onr System would make M^ a transcendental 
function of ^, contrary to our hypothesis. Therefore, Jf« and X must 
be integral rational functions of |. Moreover, the expression 

shows, that X must be of the first degree, since Ä is quadratic. We 
see at once that M^ must be of the second, M^ of the 4*^, . . . Jf„ of 
the 2w*^ degree. 

We know one Solution of (43) corresponding to w = 2. It is 
the equation (40) which gives the condition for a nodal cubic. If 
we introduce g instead of iy, this Solution may be written 
26p=(28g+|«-2.38|-3^)2 + 2^.3|8 = 0. 
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The corresponding fanction l is found to be 

A |(l + 9). 

We may find anoiher particular integral, also corresponding to n = 2, 
by trial. It is 

2«(2 = n« + 2^(1 + 3«) (1-3«. 5)g+(| + 3«)^ 



for which 

We have, therefore 



X 1(1 + 3). 



ig||+(^-e)||=i(i+3)(2, 

which equations may be written 

le^ + (^-g)-^ = |(l + 3)Pg', 

But precisely the same equation will be satisfied by 

where c is an arbitrary constant. Therefore, the general integral of 

(43) is 

which is the result we wished to prove. 

We have noticed already that P = corresponds to the case of 
a nodal cubic. The significance . of Q = will appear very soon. 
Another special Solution is of importance. For a certain value of c, 
Pi^ — cQ^ will be a perfect square. In fact 

where 

(46) 2'R « 2»g8 + 2^ . 3 [(| - 3^y + 2* • 3^] g« 

+ 2».3(| + 3»)»(|-3«.5)g + (| + 3«)^ 
The general Solution of (43) may therefore be written 

where h is the arbitrary constant. 

We may on the other band consider the algebraic equation of 
the cubic, which we have deduced explicitly under the assumption of 
the special choice of coordinates involved in the reduction of the 
difFerential equation to the Laguerre-ForsyOi form, A temary cubic 
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has two relative invariants S and T of degrees 4 and 6 respectively 
in the coefficients of the cnbic. The absolute invariant is 

and the discriminant is T^ + 64iS^. ^) If we observe the explicit 
equation of the €ubic we notice that the highest derivative of P^ 
which occurs in it is P^^\ which can enter into S and T only by 
means of the invariant &^^, Therefore, the highest powers of 0^^ 
which can occur in <S or T are respectively the fourth and the sixth. 
But; of the two quantities | and rj, only | contains 0^^, and moreover^ 
linearly. Therefore in terms of | and rj S mast contain no higher 
power of I than the fourth^ and T no higher than the sixth. But 
Q and R contain precisely these powers of |^ so that except for 
numerical factors Q and jR must be proportional to S and T respectively. 
Finally^ since we obtain a nodal cubic if 

T^ + 645» = 0, 

and also if P = 0, the case äj == — 64 must correspond to Ä -= — 1. 
Since h and k can differ only by a numerical factor we find 

k = 64Ä. 

If we apply the known results of the theory of invariants of a temary 
cubic, we find therefore the following result. 

Let T and S be ffie fundamental invariants of a temary cvibic. Put 

^ = 64Ä. 

Then the condition, fhat the differential equation (1) shcdl represent a 
cvibic curve with the absolute invariant h, is 

(47) R^ + hQ^^O, 

which may also he written 

23.35.g3p + (Ä+l)ö» = 0. 

In particular P = 0, Q = 0, R = are the conditions for a nodal, amr 
equi-anharmonic, an harmonic cubic respectively. 

It will be noticed that an extensive theory may be developed for 
the general curve Cy, based upon the theory of the covariants of 
the osculating cubic. Moreover, since we have shown how to compute 
the invariants 8 and T, there remain no serious difficulties to over- 
come. As x changes, each of the points of inflection of the osculating^ 
cubic describes a curve, its Hessian and other covariants envelope 

curves, etc Special properties of these various covariant curve& 

will serve to characterize special classes of plane curves Gy. There 



1) Salmon's Higher Plane Curves, Chapter V, Section V. 
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are further the simnltaneous covariants of oscnlating conic and cubic, 
all of which promise interesting resalts. We may also regard the 
determination of the oscnlating cnbic as an approximate Integration 
of the differential eqnation. 

We have seen in § 1 that the invariants of the Lagrange adjoint 
eqnation differ from those of (1) only by having — ©3 in place of Q^y 
and therefore — ®^^ and — ©21 ^ place of ö^j and 0^^, But the 
integral cnrves of a linear differential eqnation and its Lagrange 
adjoint are dnalistic to each other. It is a yery easy matter^ there- 
fore^ to find from the eqnations of this paragraph; the conditions for 
cnrves of the third class. We may abo by considering the adjoint 
eqnation^ determine the oscnlating curves of the third class for an 
arbitrary cnrve, etc. . . . 

The curves of the third order withont a double point; being of 
deficiency unity, may be studied by means of elliptic functions.*) We 
shall follow Hcäphen in giving a brief treatment of the curves from 
this point of view, culminating in the determination of the number 
of coincidence points upon a cnbic cnrve. This theory rests upon the 
following theorem: 

Let the coordinates x and y of a point of a plane curve be 
given as uniform doubly periodic functions of an argument i, the 
periods of these two functions and their poles being identical. The 
locus of the point {x, y) will be an algebraic curve^ whose degree is 
equal to the number of poles of the doubly -periodic functions in a 
period- parallelogram. 

To prove this theorem we make use of a method of representation 
for the elliptic functions due to Hermite. Put 






m=0 



making use of the ordinary notation for the Jacobian functions. 
Then we shall have 

x^u+aZ{t-a) + lZ{t-ß) + cZ{t-y)+'" 

y^u'-\- a'Z{t'-a) -f VZ(t-ß) + (fZ(t-y) + • • • 

where a, /J, y, . . . are the poles of the two elliptic functions. The 
constants a^b, . . , a', V, . . .; which are the residuals of these functions 
at their poles ^ satisfy the conditions 

1) Clebsch first indicated the importance of elliptic functions for the theorj 
of cnrvefl of deficiency unity. 
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a + h + c + a' + y + c'+--- = 0. 

The periods of the elliptic fanctions will be 2K and 2iK\ 

In Order to find the intersections of the curve, represented in 
this way, with an arbitrary straight line 

Äx + By+G'^O, 

we need only find the values of the argament t for which the elliptic 
function Äx + By + C vanishes. Bat this function has the same 
periods 2K and 2iK\ and the same poles a, jS, y, . . . as ic and y. In 
a period-parallelogram a doubly periodic function has a many zeros 
as poles; the values of the argument which differ from each other 
by mere multiples of the periods correspond to the same point of 
the curve. Hence the function Ax + By + C vanishes for as many 
non-congruent values of ^ as a; and y have poles in a period- 
parallelogram^ whence follows the theorem which we were to prove. 
Make an arbitrary projective transformation 

^_ Ä,x + Ä,'y + B, ^^A^x+A^y + B, 
^"" Äx + A'y + B -^ Ax + A'y + B ' 

X and Y will be two doubly periodic functions of t with the periods 
2K and 2iK*, The poles of these functions will be diflferent from 
Uy ß,y, , . , but equal to them in number. X and T may, therefore, 
be represented by elliptic functions in the same way as before, making 
use of the same Z function, only the constants u^a,!), , , . a^ ß, , . . 
being changed. Therefore, this representaiion hy elUptic fimäions has 
a projective char acter. Moreover the quantity q, or the ratio of the 
periods, is an absolute invariant, 

Let there be only three poles cc, ß, y, so that the curve is a 
cubic. Of the thirteen constants, which appear to enter the equations, 
only nine are independent. On the other band, a plane cubic is 
determined by nine conditions. We shall prove that any non-singular 
cubic may be represented in this way. In order to do this, it becomes 
necessary to study the curve somewhat more in detail. 

According to a well-known theorem, due to lAouvüle, the sum 
of the zeros of a doubly periodic function in a period-parallelogram 
can diflfer from the sum of its poles only by multiples of the periods. 
We find at once the foUowing theorem: 

The three values of t, which correspond to fhe intersections of the 
cubic with a straight line, have a sum which can differ from a + ß + y 
only by multiples of the periods. 

This gives rise to the following corollaries: 

The nine vähces of {he argument t 

a-\-ß-\-y 2pK+2p'iK' 
3 "^ 3 ' 

where p and jp' are integers, correspond to the points of inflection. 
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Through an arbitrary point of the curve, four straight lines may 
he d/rawfi which shaU be tangent to ü in other poinis. Iftisffie 
argument corresponding to the first paint, ihe arguments of the fowr 
points of contact a/re 

^±i±r=l+pK + p'iK'. 

But these properties of the curve prove it to be of the sixth 
clasS; i. e. a non-singolar cubic. To prove^ on the other hand^ that 
every cubic of the sixth class may be represented in this way, we 
consider a special case. Write 

We proceed to eliminate t, We have 

making use of the ordinary notation for the Jacobian S fimctions. 
We find^ therefore 

X - ^^(logsnt - logent) - ^^. 
d /i .\ sntdnt 

y 5i(l°g«»0 ^;j7-' 

whence 

«y(«— ») = «;- ft*y, 

where k is the modolns of the elliptic fnnctionS; which is connected 
with q by the equation 



^'^ =="1 + 23+22* + . 



The equation^ made homogeneous^ becomes 

xy {x — y) = z^ {x — ¥y). 

Bat any non-singular cubic may be reduced to this form if the 
Vertex x^^O, y = of the triangle of reference be taken fts a point 
of inflection, while the other two coincide with the points of contact 
of two of the tangents which may be drawn through this point. 
Such a triangle exists, if and only if the cubic is of the sixth class. 
We have shown, therefore, that every cubic of fhe sixith dass may be 
represented by eUiptic fundions in fhe way indicated. 

Consider, now, a function of the third degree in x and y, It is 
a doubly periodic function of t, whose poles a, /3, y are triple. We 
see, therefore, that ffie arguments which correspond to ihe intersedions 
of the cubic with anofher cubic differ from 3 (a + /} +■ y) only by mtdtiples 
of (he periods. 

WiLOZTNSKi, projective differential Geometry. 6 
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Further: if we construct in a point, whose argument is t, the pendl 
of all cubics having with the givm cubic contad of fhe sevmfk order in 
the given point, fhese cubics have a futiher point in common, whose 
argument is 

d(a+ß + Y)-8t, 

Ät every point of the mbic, whose argument is of the form 

a + /3 + y ■ 2pK+2p'iK' 
3 "^ 9 ' 

there exists a pencü of cubics having contad of the eighth order with 
the given cubic at this point, These points a/re the coinddence points 
of Üie cubic, 

Of these 81 points, however, only 72 are truly coincidence points. 
For the 9 points of inflection are included among them. The existence 
of 72 coincidence points on a non-singular cubic has also been 
demonstrated by Halphen in another way.^) 

The results found so far, enable us to verify the further theorem: 
On a cubic the coincidence points may be grouped in triangles which are at 
the same time inscribed in, omd drcumscribed äbout the cmrve, For, if we 
compute the argument of the point where a tangent at a point of 
coincidence again intersects the cubic, we find that this point is again 
a coincidence point. 

§ 7. Canonioal development for the equation of a plane ourve 
in non-homogeneous coordinates. 

If Pg = 0, the equation of the osculating conic is 

or if we introduce non-homogeneous coordinates, 
where 

Since Cy has contact of the 4*^ order with this conic, we must 
have similarly for Cy a development of the form 

where 



i? = 4-r + a5|s + aer + a,|^ + < 



2/i ' 3/i 



1) Halphen, Journal de Mathämatiques, 3e säiie, t. II, p. 376. 
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We can easily find this development. We have from (16) and (17) 

5 -^^— y^a ""10^»^ +60^»^ ^420-^3 ^ +•••' 

if we write only the terms np to and including the seventh order. 
We have further 

80 that up to the order of terms here retained, 

We find therefore 

(48) rj=^^>-^^P,i^-^^P,V-^^P'a^+.... 

But we can simplify this development considerably. The form 
of the series 

will not be changed if we make the most general projective trans- 
formation which converts the osculating conic, as well as the point 
Py and the tangent PyPz into themselves. This merely amounts to 
taking as triangle of reference the most general triangle of which Py 
shall be a Vertex and PyP, a side and which shall be self-conjugate 
with respect to the osculating conic. This projective transformation is 

where 

X^ßl + Y2aßri, [i = ß\ 1/ = 1 + >/2ag + a^ij. 

If we Substitute the development (48) for iy, we find 

A = ^ + y2aß (a^V' + a^r + (hV +•••); 
ii = 6 + ß^ {a,l^ + a,l^ + a,V +'-\ 



where 



and, of course. 



9 = ß'i+^V2aß^^ 
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We find therefore 

T^hence = - 3-<.^(^i-^ *'■"*'> - «' >"-••) 

(49)xi2r5 '-^^ 2^«[%l* + («« - 2T/2a,a) 5« 

+ (a, - 2 l/2aa, + 5a»a^ ^ + • • •]. 
Purther we have 



x= 



1 + l/2a| + i «»!• + (I») 



where (|*) denotes an aggregate of terms of at least the k'th order. 
Consequentiy 

so that we shall have, exact to terms of the seventh order, 
X« = /3«(|«-3y2a|'), 



X» = |3»(|^-|y2«g<' + yaT), 



whence 



fc7 L T' 

5 —^7-^7 



Substituting in (49) we find 

+ ^(«7 + V^««« + j«5«*)^H---- 

Bat we have the two constants a and ß at iOur disposal. Let ns 
choose them so that 

TTe thus find the canoniccH form 
(50) r = ix«+X* + ^,Z'+... ;^^-. -1. ;,->iK) 

/br fiie deodopment. Since we have 
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^5 = -20"'^»^ ^6 = — 120^3'' ^""""Siö^^s^ 
the value of A^ will be: 

/5n 4 -. (-20)1 @8 

-4Zi 0/* flie coefficients vnll he absolute invariants. 

It is clear that such a development always existS; except for such 
points of the curve Cy whose osculating conic hyperosculates it. It 
only remains to determine the geometrical significance of this cano- 
nical form. Since we have 

the line X = is, in our original system of coordinates 

»'-^s*^ -^f^ ^3 ^^^ ^; 
which is nothing more or less than the polar of the point (P3', 3P3, 0) 
with respect to the osculating conic. But the coTariant expression 
for this point is 

Therefore, if ihe differential equation he reduced to fhe Hdphen 
canoniccd form (©3 = 1), ^e corresponding point P» toül he the second 
Vertex of that triangle of reference for which the development hecomes 
canoniccd. In generale the second vertex of the canoniccd trio/ngle is 
given hy the covariant C^. 

The transformation of coordinates, which we have just made, 
may be written in homogeneous form 

^1 = ^1 + V^f^^2 + OJ^^S; 

^ = ßx, + V^aßx^y 

^3 = ß^X^, 

If we apply this transformation to the equation Sl^{x) = of the eight- 
pointic nodal cubic, we find after dividing by a numerical factor 

F=-x^^ + 16^3» - 2x;x^~x^ = 0. 

The Hessian of F, again omitting a numerical factor, is 

jEf = — 3^2^ — 48^3* — 2x^x^x^ = 0. 

For the three points of inflection of P = 0, we find therefore 

:Si = 0, x^ix^ 1/16 or ~ (D |/I6 or - o« f/l6,0 

where o is a cube root of unity. 

1) The Hessian of a plane cnrve intersects it in its donble points and 
points of inflection. cf. Salman's Higher Plane curves. 
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We have the foUowing result. 

In Order to obtain the canonical form (50) of the devdopment, the 
triangle of reference must he chosen as follows. One Vertex is a point 
on the curve and one side of the triangle is the tangent at this point, 
The second side is the line upon which are situated the three points of 
infleäion of the eight-pointic nodal cubic. The third side is the polar 
of the intersedion of the other two wüh respect to the osculating conic. 
The numericäl factors, which still remain arbürary in a prqjedive System 
of coordina^tes after the triangle of reference has heen chosen, must he 
determined in such a way that the coordinates of one of the three points 
of vnflection of the eight-pointic nodal cuhic shaU he (0, — f^, 1), 
atkd that the coordinales of the tangent to the cuhic at this point shaU 
he (2|^, 3fl6^ 48). 

Since this can be done in three ways^ it is clear why the cabe 
root enters into the expression of the coefficients of the canonical 
development. 

The vertices of this triangle give a fundamental System of covariants, 
which is valid whenever 0^=^O. 

The canonical development is identical for two diflferential eqaa- 
tions whose absolute invariants are identical. We see, therefore, that 
Oie condition, that two differential equations have equal absolute in- 
variantSy is not only necessary hut also suffident for thdr equivalence. 



§ 8. Anharmonic oiirves. 

A curve is said to be anharmonic ^ if the absolute invariant 
^8^ : ^8^ is a constant. Let us reduce the differential equation of the 
curve to the Halphen canonical form, which may always be done 
unless the curve is a conic. Then we shall have 

i>i = 0, ®3 == 1, ®8 = c, 
where c is a constant, so that 

P2 = P2 ^c, 2>3 = P3 = 1. 

The differential equation becomes 

(52) yw-^cy' + y = 0, 

an equation with constant coefficients. 

It is evident, on the other hand that^ for any linear differential 
equation with constant coefficients, 0^:®^^ wül be a constant. If 
such an equation be reduced to its semi- canonical form, the coefficients 
will still be constants. Let 
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(53) «/<») + 3Pjy' + P3y = 

be such an equation in its semi-canonical form, so that P^ and Pg 
are constants. Let r^, r^y r^ be the roots, supposed distinct, of the 
cubic equation 

(54) r' + SP,r + P, = 0, 
so that 

(55) ^1 + ^2 + ^8 = 0, r^r^ + r^r^ + r^r^--SP^, -r^r^n = P^. 
Then the functions 

(56) yk=e'\ (*=1, 2, 3) 

form a fundamental System of Solutions of (53). The hömogeneous 
equation of the integral curve of (53) may therefore be written 

(57 a) ys'•-^'yx'••-"=y,'■*-^ 

or in non- hömogeneous form 

(57b) r= X\ 

if we put 

The curve, therefore, admits a one-parameter group of projective 
fransformatiom into itsdf, viz.: 

(59a) X = aZ Y=a^Y, 

where a is an arbitrary constant, or in hömogeneous form 

(59 b) yi = yv ^2 = 0^^2^ ys = ö^V 

This group clearly enables us to convert any point of the curve into 

any other, excepting those vertices of the triangle of reference which 

are points of the curve. This property of anharmonic curves, that 

they are projectively equivalent to themselves, is characteristic of 

them.i) 

We can deduce from this theorem a corollary which justifies 
the name which we have giyen to these curves. Consider any point 
P of the curve, not a vertex of the fundamental triangle, together 
with its tangent. The latter intersects the sides of the triangle in 
three points P^, Pg, Pg. The anharmonic ratio of these four points, 
the point of contact and the intersections with the sides of the triangle, 
is the same for aU tangents of the curve. In fact, a projective trans- 
formation of the form (59) converts P and its tangent into any other 
point Q of the curve and its tangent. The points P^, P^, Pg are 

1) cf. Lie-Scheffers, ContinuierUche Gruppen, p 68 et sequ. where other 
properties of these curves are also investigated. The above property is due to 
Klein and Lie. ^ 
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converted into the three points Qj^, Q^, Q^ where the latter tangent 
intersects the sides of the fundamental triangle, this triangle being 
invariant nnder the transformation. Bat a projective transformation 
never changes the anharmonic ratio of four collinear points^ whence 
our conclusion. The same result may, of course, be obtained by cal- 
culating this anharmonic ratio. It comes out to be equal to X, if 
the four points are arranged in the proper order. L is clearly an 
absolute invariant of the curve^ and it must be possible to express it 

in terms of the absolute invariant -—z- 

From (55) and (58) we find 



whence 


X 


_r. + 2r, 

- ^i (1-2)« 


'-' Ps 


_ ^s(l-2 
- »^S (1 


1) (1 + 1) 
-2)« 


On the other band, we 


shall have, 










ö,= 


= -Ps, 


08 = 


-21P,P^ 




wnence 
(60) 




0,« 


= ^"(1- 


-2)«(1- 


■1+1)' 

-21)«(1+1)'' 





the equation connecting the invariant &^^ : ®^^ with the invariant X. 
For A = 3 we find again, as we shöuld, the condition (38) for a 
cuspidal cubic. 

This equation might have been derived in another way, whichr 
makes its significance more apparent. If the numerical value of the 
invariant ®^^:G^^ be given, the curve Cy must be determined except 
for projective transformations. We would obtain at once, therefore, 
either equation (57 a) or one of those obtained from it by the permu- 
tation of the indices 1, 2, 3. Corresponding to one value of 0^^ : ®^^ 
we would find, therefore, six values of A, corresponding to these 
permutations, which tum out moreover to be expressible in the same 
way as the six values of the double -ratio of four points. In fact we 
have Seen that l really is a double- ratio. To one value of Xy however, 
would correspond only one value of ©g' • ^s^- The left member of (60) 
must therefore be equal to a rational function of X of the sixth 
degree, which is not changed by any Substitution which consists in 
replacing X by any of the functions: 

3 i 1 _ 3 _1_ _A_ Lzl 
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This determines the right member of (60) except for a constant 
factor. This factor may be determined by considering the special case 

If (60) is verified, the general Solution of (1) is of the form 
where X and Y are expressions of the form 

apparently containing eight arbitrary constants^ the ratios of the nine 
coefficients. But there are really only seven arbitrary constants^ 
owing to the fact which we have already noted, that there exists a 
one- Parameter group of projective transformations which converts the 
cnrve into itself In accordance with this, if we express (60) by 
means of Hdl/phen^s differential invariants, it becomes a differential 
equation of the 7*^ order between X and F. 

"VYe have assumed so far that r^, r^ and r^ are distinct. If two 
of these quantities coincide, we find that X assumes one of the yalaes 
0, 1 or oo. Equation (60) retains its significance, and we may deter- 
mine the character of the integral curve as foUows. If X has a 
finite yaluC; a special Solution may be taken of the form 

Then, since 

to(l+f)'-e', 

we see that corresponding to X = cx>, a special integral curve of (1) 
may be written in the form 

Y=e^y or X = logr. 

Since all integral curves of (1) are projectively equivalent, we have 
the following result. The anharmonic curves corresponding to fhe case 
that two of the roots of fhe characteristic cubic equation (54) coindde, 
are öbtained by putting l equal fo 0, 1 or oo. Their general form is 

x=iogr, 

where 

The one- Parameter projective group of these curves assumes the form 

X = X + loga, Y=aY. 

If all three roots of the cubic (54) are equal, they must be zero, 
whence we find P, = P3 « 0, and therefore ©g = 0. In this case 
the integral curve is a conic, The corresponding values of X are 



.(!+: 
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Seen to be il == 2, -^ or — 1, the harmonic values of a double ratio. We 

may therefore describe a conic as an harmonic anharmonic eurve. 

In the metrical theory of plane curves, the osculating circle 
serves to characterize the infinitesimal properties of a curve in the 
vieinity of a given point. The osculating anharmonic curve may serve 
a similar pnrpose in the projective ttieory. We have seen, in § 7, that 
any curve, which is not a conic, may have its equation written in 
the form 

so that no curve, except conics and straight lines, have any projec- 
tive infinitesimal properties expressed by derivatives of T of lower 
Order than 7. In the language of Hdlphen's differential invariants, we 
would say that there exists no absolute diflferential invariant of Order 
lower than seven. We may, however, construct an anharmonic curve 
whose absolute invariant shall coincide with that of the given curve 
at the given point. Then its development in the canonical form will 
coincide with the above, up to and including the terms of the seventh 
Order. It has contact of the seventh order with Cy at Py. There- 
fore, the osculating anharmonic gives an adequate representation of 
the differential invariant of lowest order. Its determination may be 
regarded as an approximate integration of the differential equation (1). 

§ 9. DisouBsion of the special case G^ = O. 

The general theorems in regard to semi-covariants specialize into 
well-known properties of conic sections when 0^ = 0. Take the 
equation in its canonical form 

SO that we may put 

yi = l; 2/2 = ^; ys = oo^ 2/2^-2/12/3 = 0; 

^1 = 0, ^2 = 1, ^s = 2x, 

(>i = 0; ?2 = 0, (>3 = 2. 
The curve Gq degenerates, therefore, into a point on the conic; C^ is 
its tangent. From the general theorems we deduce the well known 
property that a moving tangent intersects four fixed tangents of the 
conic in a point-row of constant cross-ratio. We need not insist 
upon these matters. 

The linear covariants, except y, vanish identically. The quadratic 
covariant C^ however retains its significance. For the canonical form 
we have 

C, = 0^-2yQ. 
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If we put for y the general Solution of the differential equation 

y = a + 2bx + cx^, 
and thence 

^ = 26 + 2cx, Q = 2c, 
we find 

Cg = 4 (6* - ac\ 

the discriminant of the quadratic. Therefore^ the three yalues of C2 
which correspond to the Substitution of y=:^y^{k = 1, 2, 3) are the 
discriminants of the quadratic equations which determine the inter- 
section of the conic with the three sides of the triangle composed of 
two tangents and the polar of their intersection. 

Examples. 

Ex. 1. Assuming that the differential equation of Gy is written 
in its semi'Canonical form, find the differential equations for d 
and C^. 

Ex. 2. Find and discuss the conditions that C», C^y Ca may be 
straight lines or conics. 

Ex. 3. Prove that the third tangential of Py coincides with the 
Hcdphen point of Fy (cf. end of § 3). Find the conditions that the 
loci of the points Pä, Py, P^ there mentioned may be straight lines 
or conics. 

Ex. 4. Find the conditions for a curve of the third class, dis- 
cussing the yarious special cases. 



CHAPTEß IV. 

mVAEIANTS AND COVARIANTS OF SYSTEMS OF LINEAR 
DIFFERENTIAL EQUATIONS. 

§ 1. Finite transformatioiui of the dependent variables. 
Gousider the System of linear homogeneous differeutial equations 

m — 1 n 

(1) yr+22pa^y.'' = o, (i = i,2,...«), 

where 



, (0_ 



d'y. 



and where the quautities pai are functions of x, It has been shown^ 
in Chapter I^ that the most general point transformation^ which con- 
verts this System into another of the same kind, is given by the 
equations 
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n 

where Ukx and /* are arbitrary fanctions of |; and where the deter- 

""^^ l«*z(l)l (h,X = l,2,...n) 

does not vanish identically. 

A fanction of tlie coefficients of (1) and of their derivatives, 
which has the same value for (1) as for any System obtained from 
it by such a transformation, shall be called an absolute invaricmt. 
If it contains also the fanctions jfk, tfk, etc. it is called a cova/ricmt. 

As in the case of a single linear differential equation, we decom- 
pose the transformation into two others; one, affecting only the 
dependent variables, and one transforming the independent variable. 
We proceed to determine first those fanctions which remain invariant 
when the dependent variables alone are transformed. We shall speak 
of them as seminvariants and semi-covariants. The invariants and 
covariants will be fanctions of the seminvariants and semi'-covariants. 

We proceed, therefore, to transform (1) by putting 

n 

(2) yk=y!''n('^)nv (fe = l,2,...»). 

Then 



(3) yf'^SSily^^'^''''' (*=1,2,...„;? = 0,1,2. ..«»), 
where ( ) denotes the coefficient of x^ in the expansion of (1 + a;)'. 
Equations (1) become 

(4) ^'^avT+22{>-^'r' 

The coefßcient of i?^/^ in the double sum is 

\m — vj »> ' 
in the quadruple sum, the coefficient of rfj^ is 

, / m — 1 \ (m — 1 — y)"] 



*=1 
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or 

n m —l — v 

2 2 et')"«-* 



Thus, equations (4) may be written 

n m— 1 



(») 2'«"'"+2'2<[C»-.)«!r" 

w m — 1 — V 

+2 2 (^rK.^-.*«2]-^'(*=i'2,-«). 



*=1 «=0 

Put 



(6) -^ = |«a| (^,X = l,2,....n), 

and denote by Au the minor of Uix in this determinant Then we 
sball find 



(7) Mr^-2'2^"2^'iLtK'" 

+ ^^2\'' t >..M-..«S] = 0, (A = 1, 2, . . . «). 
If the System be written in the form 

(8) vr+'^^^«,,.v':-o, 

we shall^ therefore^ have 

(X, ft = 1, 2, . . . w; 1/ = 0, 1, ... m — 1). 

ThnS; if (1) be transformed into (8) by means of the trans- 
formation (2), the equations (9) fumish the expressions for the new 
coefficients in terms of the old. 

Equations (9) represent an infinite continuous group, isomor- 
phic with the group represented by equations (2). Por, they ob- 
viously have the group property, and to every transformation of the 
group (2) corresponds one of the group (9). Both groups can be 
defined by differential equations^ so that Lie's theory of infinite 
groups may be applied. 
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§ 2. Infinitesimal transformations of the dependent variables. 

The variables y^ ^a» • • • Vn ^iU undergo the most general infinitesi- 
mal transformation of the form (2), if we put 

(10) aii-=l + fpii{x)dt, aa{x)=-(pa(x)8t, (i=^ih, i, Ä=l, 2. . .w), 

where dt is an infinitesimal^ and the ^^'s are arbitrary fanctions 
of X. We wish to find the corresponding infinitesimal transformations 
of the coefficients pai» 

Neglecting infinitesimals of order higher than the first^ we find 

1 + 9^11*^^ 9^12*^^ • • • 9i«*^ 



(11) ^= 

and 

(12) 



q>nlSt, (pn^St, . . . 1 + (pnnSt 



= 1 + (9^11 + 9^22 H + Vnf)St^ 



^ii = 1 + (9^11 + 9^22 + • • • + 9^«w — q>ii)St, 

Aki= — q>ikSt, (i=HÄ). 
These latter formulae may be deduced from the equations 

which define the minors of the determinant z/. 
Substituting these values into (9), we have 

n m — 1 — V 

+ [1 + (,,,, + <p,, + --- 'PnnmKj^JvTr'st 

n m — 1 — V 
* = 1 r = 

or, omitting terms of higher than the first order in St, 

n m — 1 — V 

Dividing by z^ = 1 + {tp^^ .f . . . + y„„) Sty and denoting the in- 
finitesimal diflference Tt^juv—px/uv by dpxjnv, we find 
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(13) %^ = 2'(9'*^x*,-<r.*l'*.,) 

n m — 1 — V 

(;i, /A = 1, 2, . . . n; V = 0, 1, 2, ... m - 1). 

These are the required infinitesimal transformations of px/nv 
Those of pxjiiv, Px'iuv, etc., may be obtained from (13) by differen- 
tiation. 

§ 3. Oalonlation of the seminvariants for m = n = 2. 

We proceed to the special case m = w = 2 to which we shall 
confine ourselves. We may write our System of differential equations 
in the form 

(14) ^" '^^'^^' '^^'^^ "^ *''^ "^ *"^ ^ ^' 

where we have written y and in place of y^ and y^ as this notation 
will be more convenient later. We shall have to put in our general 
formulae: 

Equations (13) will therefore become 

(16) ^»^(^Ml'n - fnPl + 9[,Pn - VnP,,)+ 2<^ 

If /* is a seminvariant depending only upon the arguments jp/^, 
P^f*} 3^/* *li® expression 

which represents the increment which the infinitesimal transformation 
gives to fy must vanish for all values of the arbitrary funetions 
9?r#? 9?ro 9>r»". Equatiug to zero the coefficients of these twelve 
arbitrary funetions in Sfy gives a System of partial dififerential equa- 
tions for f. The general theory teaches us that it is a complete 
System; and that any Solution of it is a seminvariant. 
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For abbreviation let us put always 

Then we have, for the seminvariants depending only upon pif^y jf\^ 
and qx^j the foUowing complete System of partial differential equations: 

(18) 2P„ + 2'(l'.,J?L-l'.Ä +!>..«..) = 0, 

2" ^^r'Px, - P.xPr^ + P'xrPi " PIx^Ix + ixr Qx. " i.X Qrx) = «, 

(r,s = l,2). 

This contains twelve equations with twelve independent variables. Bat 

we shall see that only ten of the eqaations are independent, so that 

there are two seminvariants containing only the variables px/,, px/t, Qx/t'- 

The first four eqaations of (18) teil as that p'r, and qr, can occnr only 

in the combinations , „ 

Pr, — 2qr,- 

We shall write out the next fonr eqaations explicitly. They are: 
2Pis 4- (Pii — Pifd -Pi» + Pn (Pii — Pu) + Pii Qu + !>» Qu = 0, 
. 2P,, + p,,P^, -l>i,Pi, + Pn Qn + Pu Qu = 0, 
'^ ^ 2P^+p,,P[,-p,,P',,+p^,Q,,+p„Q„^0, 

2^21 + (Pm -Pix) P^ +P» (P'n " -Pi«) + PuQn +PnQ»i = 0. 
They show that pr„ Prs, qr, «m occur only in the four combi- 
nations: n , . , s , 

(20) "" ^ ^^" - 4«w + i>i» (Pn + Pn), 

«n = ^P'n - 43»! + fti (Pii + i»2«X 

«22 == 2pU - 4g„ +pI^ +PiiPii; 
i. e. the seminvariants here considered must be functions ofu^, m,2> ^v ^82- 
Finally we shall write out the last foor equations of (18). They are: 

üi = (Pii - Pn)Pi2 + Pu (Pn - Pn) + (P'ii - P'n)P'i> 

+ Pn(Pn - P[0 + (.qn-an)Qu + 9iiiQn-Qti)-0, 

can ^' ^-P"-^»! -PiiPi» + P'nPn -P'iiP'xi + in Qu " «» Qt> =" 0, 
^ ^ ü, = p,,P,, - p,,P,i + p[,P[, -K-Pn + 2« Qii - Sil Qn ' 0, 
J^4^(Pn- Pn)Pu + Pi»(Pn - P») + (p'n- P'ii)Pu 

+ p\,iP[, - P,',) + (q„ - q,,) Q,, + «„(«u - Qn) = 0, 
with the obvious relation 
(22) U.+ ü,- 0. 
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We find 

^i(m»i) = 0, ^»(«2i) = + «n» C',(m,i) «21, 04(«,l)=MjJ-«^l» 

ül («,,) = + «,!, ?^2(Mgj) = 0, Oj(Mjj) = 0, D"^(Mg,) «ij. 

Wüh the introduction of these variables (21) becomes 

(23) ü,/-=: + ««ä^- («u - «»s)ä^ - «., ^= 0, 

where the relation 

(23a) u,, U,f + u,, UJ + K - ^^) Ü2f- 

is falfiUed^ so that (23) will have two Solutions. There will be, there- 

fore^ two seminyariants depending upon the variables pri, P^rt and 

Ö'r*, viz.: 

(24) -f^Wii + Wag, e7-WiiMj2-Wiatigi. 

Let US proceed to obtain next those seminyariants which con- 
tain also the quantities pa and ^a. They must satisfy the following 
System of partial differential equations: 

(a)2P';. + <2;. = o, 

8 

(b) 2Pr, + Qr. +2(j?XrPL-p.XP^X + PXrQ'x,) = 0, 
X = l 

i 

(C) 2Pr, + ^(fiXrPx. -p.XPrX - 2l/,xPh 

■¥qXrQ!x.- q.X Q'rX+PXr Qx.) = 0, 
2 

(d) ^(pXrPx. -p.xPrX+^XrPx.-p'.XpX+p'LPL 

- p'JxP^X + qxr Qx, - q.X QrX + 4xr (^X. - c[.X Öri) = 0, 

(r, s=l,2). 

There are in this System 20 independent variables, and 16 equa- 
tions. Only 15 of these equations are independent, there being a 
relation between the equations (d) which reduces to U^+ U^^O 
when f contains only pr^y p^r» and g^«. In fact the left members of (d) 
for r = 1, 5 = 2 and for r = 2, 5 = 1 dififer only by the factor — 1. 
We shall see that these 15 equations are actually independent; the 
other relation which was found in the previous case does not main- 

WlLCZTHSKl, projectiye differential Oeometry. 7 
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tain itself. There must, therefore, be five seminyariants of the kind 

considered. Of these we know fonr, namely i, J, j-f -^y which are 

obviously independent. It remains to find the fifth. 
Put 

Theii; since according to (20) we have 

2 

(26) Uik = 2p\k - 4g..* + ^PijPjt, 
therefore 

8 

(27) u'n = 2^:4 - 4g!a + ^ (pijPjk + p\iPik\ 

It is easy to show from equations (25) (a) and (b) that our 
seminyariants are functions of the twelye arguments 

(28) pay Ua, wj*. 

Denote the left members of (25) (c) by Ä^, • • • A4, so that 
Äi = 2Pii+.., Ä, = 2P,,+. ., Ä3 = 2P,i+ .., Ä,==2P„+.. 
Then we find: 

(29) Sl,(ua) = Sl,(ua) = Sl^(ua) == Sl^(ua) = 0; 
further 

.3QX Äi(P») = 0, Ä,(P„) = 2, Ä,(p„) = 0, Ä,fi)i,) = 0, 
aad finally: 

ÄiKi) - 0, ß,(M;j = - M„, 

^1 M») — «ij» ^2 («12) = «11 - «»«> 
.gjs Ä.M2) - 0, a,(«i,) = + «,„ 

Ä» Kl) Kl - »n)> ßiKi) = - «21» 

Äi(«m) = ß2K2) = +«2l 

From these equations it is easily seen that the eight independent 
functions of the argoments (28), which verify the equations Slx = 0, 
are the quantities Un and Vn, where 
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(32) ^" '^ ^"" "^ ^" ~ ^^ "" ~ -^^ ^"'^ ~ "**^' 

«Ji - 2Mg, - (pn - 1»^,) M,, + fti («1, - M,,), 

Denoting by Xj, . . . X^ the left members of (25) (d) we find: 

Zi («11) = 0, X, (»,i) »„, 

^» Kl) = + »«> ^4(»n) = 0. 

^i(»w) "12 ^»(«1») - »11 - %, 

^ (»«) = + t)„ Xj (»ji) = 0, 

Xi (»„) = 0, X, (»„) = + »j„ 

^sKj) = - % ^*(P„) = 0, 

the equations for X;i (w^t) being of precisely Übe same form. We 
have of course 

Xi + X, = 0, 

iihe one relatiou between the sixteen partial differential equations. 

1£ the Tariables Ua and Vn are introduced as independent Tariables, 
our System of equations Xxf=0 becomes therefore: 
xr ^ df . df df . df f. 

^f — %(^-:^)+(%-t',8)^-««,x(^-g^) 

+ («ll-«M)ä^=0, 

which three equations are obyiously independent; in the case that f 
is independent of v^^ . . . v^^ we find, of conrse, the same relation 
between the left members (23a) as before, only the notation being 
changed. 

By integrating this system, or more simply £rom (33), we 
see that 

«^11 + ^2% a^d «^11% — «^12% 
are Solutions of the equations Xx » 0. But 
(34) V,, + V,, = 2/', 

while 

7* 
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(35) -2^--%%-%% 

is obviously a new seminvariant; independent of /, Jy 1\ cT. 

We might now write down the differential equations satisfied by 
the seminyariants inyolving^ besides the quantities already considered^ 
also pfl and gjj^. We should find a System of twenty such equations 
with one relation between them^ and twenty-eight independent variables. 
Hence there must be 28 — 19 = 9 such seminyariants. But we know 
eight of these, yiz.: 

(36) /, T, I"; J, J', J"; K, K'; 

these are independent^ for it is easily seen that from the existence 
of a relation between them would foUow the existence of a relation 
between J, I', J", J\ K, But these quantities are independent. 

We may obtain the ninth seminyariant without writing down 
and integrating the last mentioned system of twenty equations. The 
process which we shall employ is much more instructiye^ and has 
the further merit that it is capable of generalization to cases other 
than that here considered of m = n = 2. 

We haye remarked in connection with (33) that the expressions 
Xi (Uij) and Xx (va) are of precisely the same form. We may express 
this by saying ffiat the quantities Ua and Va are cogredient 

To make this more eyident we may compute dw,* and dv,*. We 
find from (16) aud (20) 
du.. 



(37) 



-^ - (922 - 9^11) ^12 + 9l2 Kl - Wgj), 

^= (9^11 - 922) ^1 + 921 (^22 - ^u)y 

-^= — 921^12 + 9l2«*21^ 

and from (16), (32) and (37), 

-^=921^12 — 912%?- 

■^ = (922 - 9ii) «^12 + 9i2 (^11 - V22); 
"äFf = (9ii - 922) ^21 + 921 («^22 - ^11)? 

-^=~ 921^J2 + 9l2%- 

Now certain combinations of the UikS and PikS, namely v^ + Vg^ 
and ^11^22 "~ ^12^21 ^^^ seminyariants. Since the v^'s are cogredient 
with Üie Uik% the same combinations with Vik in place of Uik will 
also be seminyariants. 
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Let US, therefore, put 

(39) ^** ^ ^^" "^ ^" "" •^'*^ ^" "" ^" ^^" " ^'^-^^ 
w^2i = ^^ii - (fti -1>22) ^21 +P21 (% - %)> 

so that Üie qumUUies Wik are formed front Va and pa i'^ ^ same 
way OS the quomtiUes Vn a/re formed from Ua and Pik. Of course Wa 
are cogredient with Uik and Vny so that w^i + w^^ and «^11^22 — ^^12 ^21 
are seminyariants. But 

,., t<;,, + fi;22 = 2(i;;, + t;;,) = 4r, 

whüe 

(40) i = M;iiW;22-M^i2«<^2i 

is a new seminvariant. That it is independent of the other eight 
seminyariants (36) may be yerified by considering the special case 
i>.* = 0. 

Our object, to find all of the seminyariants, is now accomplished. 
They are I, J, K, L and the deriyatiyes of these quantities. For, 
suppose we wish to find the seminyariants inyolying the yariables con- 
sidered so far, and p^^^ and gf^^ besides. They are determined by a 
complete System of 24 — 1 =» 23 independent equations with 36 in^ 
dependent yariables. Therefore, there exist 36 — 23 = 13 such sem- 
inyariants. But as these we may take the nine which we haye 
already found, together with J^% J^^\ K", H. These are certainly 
independent. Proceeding in this way, each step introduces eight new 
independent yariables and four new equations. Each step, therefore, 
giyes rise to four new seminyariants. But these four may clearly be 
obtained by performing an additional differentiation upon J, J, £, L, 

ThitSf aU seminvariants, of ihe System of two linear homogeneom 
differenticH equations of the second order, are fimäions of ihe quantities 
I, Jy K, L and of fheir derivatives. 

It is interesting to note what would be the result of continuing 

our aboye process for obtaining seminyariants. Suppose we had 

formed 

hi == 2<, +PtiW^i -i>2lW^l2; etc. 
Then would 

hl - ^22 == 9i Kl - W22) + 92 Kl ~ ^22) + 9z Kl - ^^22); 

h2='9l'^12+92'^n+9z'^12} 
hl^ 91^1+92^21+ 9^^217 

where g^ g^, g^ are seminyariants. 

For g^y g^j g^ are the quotients of determinants of the third order 
formed out of the matrix 



102 



IV. INVARIANTS AND COVARIANTS etc. 



^11 "■ hif 



199 



21 






«^11 - «^22? ^11 - ««'22 



*^12> 



«^21? 



W, 



12 



W. 



aud on account of the cogredience of the four sets of quantities, such 
quotients are seminTariants. More than that, it may be yerified at 
once that these determinants are themselves seminvariants. One of 
these is of special importance^ viz.: 



(41) 



J=- 



1*11 - ««22. 



U, 



12; 



^22> 



^^12; 



Wr 



■W., 



W, 



i2> 



^21 
% 
W'21 



1^11 — M/22, 

We shall find later that z^ is also an invariant. Its expression in 
terms of I, Jy K, L and of the derivatives of these qnantities is not 
rational and will be given farther on. This remark suffices to 
show that the System of seminvariants, consisting of J, J, K^ L 
and of their derivatives^ is not complete in the sense that any rational 
seminvariant can be expressed as a rational fonction of them. 
Whether the System, obtained by adjoining J and its derivatives, 
is complete in this sense or not is a question which we shall 
leave open. 

^ We shall frequently have occasion to make use of the finite 
transformations of pa, q^, w,*, etc. These equations for pa and q^ 
may be obtained at once from (9) by pntting w = w = 2, or eise 
directly. We prefer to take the transformation (2) in the form 

so as to avoid the doable indices. The coefficients, ^ik and Xik, of 
the new System will then be given by the following equations: 

^;rii = 2{a!d - y'/J) + PttCcS + p^^yd - p^^aß -p^^yß, 
Jn,, = 2(/}'d - S^ß) +p,,ßS^p^,S^-p,^ß' -p^ßS, 

Jn^i 2(aV - /«) -Pnccy - Puf + P2i<^^ + P^^^r^ 

z/Äga = - 2(/JV - ö'a) -Pnßy-Pny^ + Pn^ß + P22^^7 



(42) 



and 



(43) 



^x,i = a"d - r"ß +p,,tt'd +i>i,y'<J -P,tt^ß - PmZ/S 

jx,, = ß'd - d"ß +p,,ß'd +Pr,d'd-p,,ß'ß -p^s'ß 

+ qnßS + q,,S^-q»ß'-qiißS, 

z/xji — (a'V - A) -Pu«'r -i'u/y+Äi«'« + !>*»/« 

^^22 = - (/J'V - *"«) - Pnß'r - P» «V + Pi, |3'« + Pn S'a 

- qußr - qnv^ + qn'^ß + «««*• 
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The eqaations for äJ* are obtained from (42) by dififerentiation. Denote 
by üik the yalues of Uik for the new system of differentiäl equations. 
We sbaU find 

(44) ' "^^'^ '^ ''*^'' "^ *'^'' "" '''^^ "" ''*^*^' 
^tisji ay%i - y^Wij + «Xi + «^««»2; 

^«*22 == — i'y«*!! — y*Wi2 + a/Jt«2i + a*W28- 

This may be deduced from (42) and (43). without computation. For 
the eqaations (37) for the infinitesimal transformations show that Utk 
must be a linear homogeneons fonction of u^^ , , .u^^, so that the 
terms in (42) and (43) which contain the deriyatives of cc, ß, y, d 
mnst eliminate each other. Omitting these terms the quantities Uik 
must be cogredient with q^, whence follows (44). The equations for 
Vik and Wh are^ of course^ of the same form as (44). 

§ 4. Effect of a transformation of the independent variable upon 

the seminvariants. 

The inyariants of the System of linear differential equations must 
obviously be functions of the seminvariants^ viz. such functions of 
the seminvariants as are left unchanged by an arbitrary transformation 
of the independent variable x. In order to determine them it becomes 
necessary to find the eflfect of such a transformation upon the sem- 
invariants. 

Let 
.^gx f + PnV + Pi2^' + ^ii2/ + ffi2^ =- 0, 

^' + PnV +i>22^ + «21^ + ^2^ = 

be the given System, as before. Introduce a new independent variable 

Then (45) becomes 

ä^y . dy , dz , , ^ 

jf^+ ^11 dg + ^12 d| + ^nV + Xi2^ = 0, 

d^z , dy , dz , , ^ 

51» + ^21 -jf + ^22 ä| + «21 y + ^2^ = 0, 

where 

^11 = fc7 (jPli + n)y ^12 =* FJPi2; ^21 = T'PiV ^22 "= V ( P22 + V)f 

(46) 1 

the quantity iy being, as in previous chapters, defined by the equation: 

(47) ,=|;. 
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We proceed to investigate the effect of this transformation npon u k, 
Vik and Wa. Por the purpose of merely Computing the invariants 
we might confine oarselTes to the case of infinitesimal transformations. 
But^ as we shall need to know the resnlt of the general transfor- 
mation for other porposes later on, we shall deduce the corresponding 
equations immediately. 
We find, from (46), 

^ = (^. IPn - VPii + V - V^l ^ = (^. (K2 - VPiil 

-^-=(^,(j>ii-'^Äi); -^-^^LP'^i- VP22 + n' - V% 
whence 

(49) 7 7 

«*2i = (ly« ^au ^22 = (lyi (^22 + 2 ft), 

is the so-called Schwa/rzian derivative. 
We find at once 

(51) J = (^.(/+4/t), J = (-^«(J'+2mI+V), 
whence we may deduce an invariant 

(52) 0^ = /»-4/5 
for we shall have _ 

From the definitions of the qnantities Va and tCa we may now 
deduce the expressions for Vn and Wa. We find 

»11 = /FT. («11 - 4mu1? + 4^' - 8|tij), Vi, = -pr-, («ij - 4%ij), 

(53) ^^> . ^ («) 

«21 = (ly (% - 4Ms,i1?), % = (ly, (»M - 4Mj,ij + 4^' - 8/tij), 

where u! denoteSj^- Purther 

«^n = (|y«(«'ii - 10%^ + 20t«iiij» — 8mu^ + 8(1" — 40n'tj 

- 16/t» + 40>ij»), 
«^a =(ly («'li - 1^%'? + 20mi,V - 8Mig/i), 

<«M = (^ («"21 - 10%1J + 20Mji1J« - SUiifl), 



(54) 



*"»« =(iy («'22 — lOwjjij + 20«<jjij* — 8mjj^ + 8^" — 40ft'ij 
- 16(1^ + 40/tij»). 
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The most general infinitesimal transformation will be obtained 
by putting 

(55) i{x) = a? + 9(a?) dt, Sx = ^(x) dt, 

where g>{x) is an arbitrary fonction and d^ an infinitesimal. We 
shall then have 

i'=.l + fp'{x)dt, 7i^tp'\x)dt, (i=^g>^^)(x)dt, ^'-9)(*)(Är)*<,etc...., 

whence, substituting in (46), we find 

(56) 8p^, - - (p%idt, *Ä8 = (- (p'p^, + (p^')dt, 

Sqa = -2(p'qa8t, (i,lc = 1,2). 
Similarly we find from (49), 

whence 

(58) 

Fnrther 



8J~.(2(p^»)I-4ip'J)dt. 



(59) 



*% = (49'^*> - 49)"m,i - 39»' «iJ *<, 

d«is, = (- 49)"mij - 3qp'%)*<, 

dt>„ = (— 49)"mji — 39)'%) df, 

*«„ = (49W - 4(p"u^ - 3q>'v^)8t, 
whoice 

(60) OK = (SyW i» - 8(p"J' - 6<p'K) St, 
where {he equation 

(61) «„Vjj + MjjVji - «„»81 - »«,1% = 2J' 

has been nsed, the tntth of which may be easily verified. 
We find from (54), 

*M>ii — (SyW - 89)(»)Mu - 109"i;ii - 4q>'wu)St, 
(62^ **"" " ^~ SyWttij - 109" «ij - 4(p'wii) H 

^ ^ Sw^ = (- S^)«»)«,, - 109"% - 49)'m)„) d<, 

««;„ = (89W - 89)Wujj - 109>"% - Aq)'Wii)8t 
and uotice the two equations similar to (61), 

(63) ""**" "^ *""'" ~ *'"*"" ~ ^""'** "^ ^■^'' 
w,i«„ + «>,2t«ii — w««»! — «»«»lg = 2 (2.7" — E). 

We 8hall then find: 

(64) 8L = [329)Wjr' - 169)(») (2 J" - Z) - 209)"^' - 89.'L] 8t. 
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If f is any fimction of x and if /(|) denotes the result of sub- 
stituting for x its value in terms of |, we have 

d| dx ' dx 
If the transformation is infinitesimal 

l^x + ^{x)St, f=^f+df, 
so that 

l-[I+Äw]['-^'4 

or denoting |^_|^ by d(|Q, we find 

By applying this formula we may easily find the infinitesimal 
transformation of the derivatives of I, J, K and L. We find 

(66) */' = (4^)^ - 2fpn- S(p^r) ät, 

si" = {4:(p(^) - 29W1- 5<p"r - 49'/") dt. 

Further, we shall have; 

dJ' = (29W7+ 2(pWi'- 49"J- ö(p^J')öt, 

(67) dJ" = [2<p(ß)7+ 49)C4) j' + ^(3) (2 j" _ 4e7) -- Q^^^eT - 6(p^J'']öt, 
dK= (8<pWi' ~ 8<pV - 6q>'K)dt, 
dK' = [8<p(5) r + 89)(^)/''-8y3) j' ^ <p"(8«r' + 6^) - l(p'K']dt 

These equations will be applied in the next paragraph. 

§ 5. Calonlation of some of the invariants. Their general properties. 

Before proceeding to the calculation of the invariants and covariants, 
it becomes necessary to deduce certain general theorems corresponding 
to the general theorems of Chapter IL 

In the first place we may confine ourselves to covariants con- 
taining no higher derivatives of y and than the first. For, by means 
of the fundamental differential equations all higher derivatives may be 
expressed in terms of y, 0, y' and ^. 

The function 

G {y, z, y, /; i)/*,i>5*, . . .; <iik, iihy . . .); 
which we shall assume to be an integral rational function of all of 
its arguments, not resolvable into rational factors, shall be called an 
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integral, rational, irreducible covariant if, for all transformations of 
the group G, the equation 

has as its consequence the equation 

r=o, 

where F denotes the same function of the transformed quantities 

as does C of the original variables. The transformations of the group G 
are the transformations; 

| = S(a:), Ti ^ a{x)y + ß{x)0, t -- y{x)y + d(x)0, a*-/Jy4=0. 

Let US make the transformation 

^==^ X, rj =^ Cy, g = C0, C = constant, 

which belongs to the group G. We shall have (always denoting the 
transformed quantities by Greek letters), 

Therefore, any covariant must be homogeneous in y, z, y', /. If it 
is an absolute covariant it must be homogeneous of degree zero. 
Again, denoting by C a constant, make the transformation 

which is also included^in the group G, This gives 

V ^ ^ y i l ^ ^ ^ f ^ik^^ Pik, ^ik = ^ ^iky 

Let US associate with every quantity an index indicating the power 
of C~ by which this special transformation multiplies it, and let us 
speak of this index as its weight. Then the weights of y(^) and z^^^ 
are A, those of p.j^ and q.j^ are 1 and 2 respectively, those of p^^^ and 
q^l'^ are X+ 1 and [i + 2 respectively. Further, the weight of a pro- 
duct is clearly the sum of the weights of its factors. We see, there- 
fore, that the weights of all of the terms of a covariant must be 
the same. The covariant must be, as we shall say, isobaric. We have 
obtained the foUowing result. 

Ä covariant must be an isobaric function of the arguments upon 
which it dependSy and of weight zero if it is an absolute covariant, 

Let Ci^w be an integral, rational, irreducible covariant, homo- 
geneous of degree X in y, z, y\ / and isobaric of weight w, Let us 
consider the efFect upon Gx^ oi ^ transformation of the dependent 
variables alone. 
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If the transformation is 

(68) y-(iv + ßtj ^ = yi? + *e, 

the corresponding transformation of the coefficients pa and g^ is 
given by equations (42) and (43). But in these latter equations we 
have the new coefficients expressed in terms of the old; while (68) 
expresses the old variables in terms of the new. We must, there- 
fore, solve (68) which gives 

(69) Jrj-^Sy — ßz, ^g=- — yy + a^, ^ = ad — /Jy =f= 0. 

Let ri,„ denote what (7^,«, becomes when y, z^ pa, etc., are re- 
placed by i^; iy ^iky etc. Since Cx,^ is a covariant, the equation 
ri ,p =5 must be a consequence of Cx^^) = 0. But the equations 
(42), (43), (69) and those deducible from these by differentiation, show 
clearly that, in place of every term of weight «; in (7, we shall have 
in r a collection of terms of weight w plus terms of lower weight. 
But these latter terms must annihilate each other if Gx,w is an irre- 
ducible covariant, i. e. their sum must be identically zero. Por, they 
cannot vanish as a consequence of Cx^w » 0, since their aggregate is 
rational and of lower weight than Wy while Cx,u>y being irreducible, 
cannot be factored into rational factors of lower weight. But it is 
clear from equations (42), (43) and (69) that the terms of weight w 
in Fx^wy when expressed in terms of y, Zy pa^ etc., will contain only 
the quantities a, /3, y, d themselves and not their derivatives. There 
must, therefore, be an equation of the form 

where f contains no other arguments than those indicated. 

Equations (48), (43) and (69) show further that sr^* and xa are 
homogeneous functions of degree zero, and that rj and ^, as well as 
rf and ^ are homogeneous functions of degree — 1 of the quantities 
a, ß, y, 9. Therefore A,«, and consequently f(a, ß, y, d) must be a 
homogeneous function of its arguments of degree — X, Further, the 
same equations show that f(a, ß, y, S) can be written in the form 

where tp (er, j3, y, S) is an integral rational function of its arguments, 
homogeneous of degree — X + 2fi, since the degree of f(a, ß, y, d) 
is — ^ and that of ^ is 2. 
We have, therefore, 

But we may regard the System of differential equations in ri and g 
as the original System, and that in y and z as the transformed System. 
We may therefore write equally well 
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(71) CJ,,„=i^^^ÄI^A,„, 

where a ß, y, d are the minors of a, ß, y, d respectively in 

z/ = ad — ßy, 
each divided by ^, and where 

z^ = 5* — ßy. 
We shall have 

^=5' ^^~J-' y—f' ^-j' ^=5- 

From (70) and (71) we deduce, therefore, by multiplication 
fp(a, ß,y, (J)9)g, ^, ^, ^)=1, 
or since qp is homogeneous of degree 2/i — >L, 

y («, ß, Y, S) 9> (S, -y,-ß,tt) = z/*''-^ 

where, be it remembered, qp is an integral rational fonction of its 
argaments. Bat this equation is possible only if qp (a, ß, y, d) is a 
power of ^, since ^ cannot be factored into two integral rational 
factors. Since; moreover, f (a, ß, y, 8) must be of degree — A, it 

must be equal to ^ ^ except for a numerical factor k. Bat h must 
be eqnal to unity, since the identical transformation 

must give F^ C, We have, therefore, 

For our proof it was convenient to take the transformation in 
the form solyed for y and z. If we write, instead, the transformation 
in the form , /, «. , jt 

we know now that a rational covariant Cx,w7 of weight w and of 
degree X, is transformed in accordance with the equation 

Moreover, as the right member must obviously be rational in 
a, ß, y, d, we get this theorem: 

There are no rational covariants of odd degree for a binary System 
of linear homogeneous differential eqwxtions, 

It is obvious how this theorem will generalize for m-ary 
Systems. Moreover, since we have not made any transformation of 
the independent variable in proving this theorem, it is also true of 
all semicovariants which are isobaric. 
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Let US now make a transformation of the independent variable 

1=1(4 

The formulae of § 4 show that every term of weight w in Fx^^ is 
equal to a corresponding term of Cx,io multiplied by 

plus terms of lower weight. But the aggregate of these latter terms 
must yanish identically^ since it cannot vanish in consequence of 
Cx^^^O which is an irredubible equation, isobaric of weight w. There- 
fore we shall have 

Combining our results we have the following theorem. 
If Cx^w is cm integral, rational, irreducible covariant of degree l 
and of weight w?, it is transformed by (he transformation 

in a^ordance mih the eqtmtion 

Moreover its degree X is necessarüy even. 

For invariants X = 0. From two invariants an absolute invariant 
can always be formed. Simüarly, from three covariants an absolute 
covariant may be öbtained. 

Finally we may show, just as in Chapter II, that an absolute 
rational invariant is the quotient of two relative integral rational in- 
variants of the same weight 

Let Gy be an integral rational invariant of weight v, Then, 
aecording to (72), the transformations considered will convert it into 
(9y, where 

(73) ®' = ^®*' 

or for infinitesimal transformations into ®y + d&vy where 

(74) dSy vfp\x)®M 

We may now proceed to calculate some of the invariants. It 
is clear that there are no integral rational invariants of weight 1, 2, 3. 
An invariant of weight 4 must satisfy the equation 

We have already found it [cf. equation (52)], viz.: 

(75) <94 = J*-4J: 
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An inyariant of weight 5 must be of the form 
®5 = air + 6/W + CcT 
and satisfy the equation 

On applying eqnations (66) and (67) we find a = 6 = c = 0, i. e. there 
is no such invariant. 

An invariant of weight 6 must verify the equation 

The most geueral expression, integral and rational in the seminTariants, 
and of weight 6, is 

@^ = aP + hIJ-\-cK+ dm + eJ" + fll" + gT*. 
We find from (66) and (67); 

^= ZaP {4.tp(^)-2(p'I) + 61(2yW/ - 4^' J) + ^/(iipW -2(p'l) 

+ c(8<p*)I' - 8(p"J' - Qtp'E) 

+ d(4<p") - 2(p(^U - 9(p^*U' - 12(pW2" - 10(p"B') - 69' JW) 

+ e(2(p<.^)I+i<pWI< + 2tp^'U" - A(p<»)J- 9(p"J' - Q(p'J") 

+ /•J(49>W - 2«p(»)i" - 5<p"I' - Atp'I") + fP (49>W - 2(p'l) 

+ 2gr (49)W - 2(p"I-dip'I'). 

This must be equal to — öy'öj for aU values of 9, <p', . . ., I, I', . . ., 
J, J',. . . K. We find, therefore, the equations: 

d = 0, e + 2/ = 0, 2c + e + 2g=.0, 6a + 6-/'=0, 

6-c = 0, 8c + 9c = 0, 5/-+4öf = 0, 

whence 

Putting c = — 8, we find 

(76) ®g = 2I{P - 4J) + 5(Z - I'>) + 4(Z - 2J" + II"). 

There is no invariant of weight 7, and there are two indepen- 
dent invariants of weight 8, one of which is &^\ while the other is 

©g = 143 (L - 41"«) - 54 (7» + 4 J") &^ - 20 J" @^ + 25 r&^ 

^ ^ -206I®;'-20®i*)-9027(Z-i"'»)-220(Z"-2ri(»)-2I"«). 

We may easily find an invariant of weight 10, without going 
throngh this general process. We have 

*^^~-^"^ = 4q," (ir - 2j') -6q,'{K- r% 

'^"'9'^^^^ = - 2«P"(-f* - ^J") - ö(p'{ir - 2J'), 
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whence eliminating 9", we find 

wnere 

(78) ®io = (I* - 4^) (K - r») + (/!' - 2jy. 

From two invariaiitB of weight fi and l we can, as in Chapter H, 
eqaatiou (24), always form a new inTariant of weight l + ii + l, yiz.: 

&x+^+i = ii&^&x' - i.®ie^, 

tiie Jacobian of 0^» and &i. We thus obtain the following forther 
invariants: 

01, = 3 0, ©; - 2 0,©e', ^,5 = 4 ©8 0e' - 3 0, ©,', 

(79) 0,3 = 2 ©8 ei - ©, ©s', @„ = 5 ©,o ©s' - 3 0, 0,o', 

©15 - 50,o©4' - 204©io', ©19 = 5©,o©8' - 4©8©io', 

from which still Otters may be derived by a coutinuation of the 
process. 

We may also, as in Chapter II, dedace from every invariant of 
weight m another, its quadriderivative, of weight 2m + 2. But its 
expression will be slightly different from the expression (54) of that 
chapter. If we put again for a moment 

we shall have, as before, 

%=-^^\x + ^^V - 2 w»V) = -(^i (X - 2mV). 
We have further, from (51) 

I = -^,(i + 4^), 

SO that 

2x + m^I 

is an invariant. The numerator of this expression 

(80) &m, 1 « 2m®J^®m - (2m + 1) (Gjy + |m«i0„« 

is the required quadriderivative of ©„. 
Of all of the invariants found so far 

®4; ®6, ®io; ®16; ^4-i 
are the only ones which involve no higher derivatives of !>,•* than the 
third, and no higher derivatives of q^t than the second. In other 
words these are the only invariants found so far which depend only 
upon the seminvariants 

(81) J, r, /"; j; J', J"; K, Ä'; R 

But only four of these invariants are independent. In fact we find 

(82) (9,., + 36©io-4©,©e = 0. 
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In Order to obtain all of tbe absolute invariants depending only upou 
the seminvariants (81) we vnrite down tbe System of partial diflferen- 
tial equations wbicb tbey mnst satisfy. 

In Order to find tbese equations we assume tbat f is any fanction 
of tbe nine arguments (81) and form Sf. We sball find 

* = 1 

and tbe required System of equations is obtained by equating T^f to 
zero for fc = 1, 2, 3, 4, 5. 

We find in tbis way tbe foUowing System of equations: 



(83) 



-(8J" + 620^, -20Z' 1^=0, 



_8J'^,-16(2jr"-Z)|^=0, 

TJ=4^ + 2I§, + 8I'^+Z2I"§i^0. 

Tbese five equations are independent and, tberefore, bave 9 — 5 = 4 
independent Solutions, i. e. tbere must be four independent absolute 
invariants, or five independent relative invariants involving tbe sem- 
invariants (81). Of tbese we bave found four, viz.: ©4,^, ©10, ©15. 
Tbe fiftb invariant may be found by integrating (83). It may be 
taken to be 

(84)0i3=0io(Ji~4/"»)+4(z~r«)(ir'-2j''+z)«-®4.(z'-2rr7 

- 2 ©; (^' - 22T0 (//" - 2 J" + Z). 

We may verify directly tbat tbe seminvariant ^ [equation (41)] 
is an invariant by means of equations (49), (53) and (54). It clearly 
depends only upon tbe seminvariants (81) and must tberefore be 
expressible in terms of ©4, ©g, Q^q, ©^5 and ©jg. Its weigbt is 9 and 
we sball bencefortb write 
(85) z^=®,. 

We sball find its expression in terms of ©4, . . . ©ig in tbe next 
paragrapb. 

WiLCZTNSKli projective differeutial Geometry. g 
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§ 6. Canonioal forma of a system of two linear differential 
eqoations of the second order. 

Our System of equations (45) can always be transformed into 
anoiher whicli contains no first derivatives; by a transformation of 

y^-arj + ßt, is--rrj + dt, ad - /Jy 4= 0, 

wbere cc, ß, y, d are appropriately chosen functions of x. In fact 
npon making this transformation, we find 

«V + /56" + (2«' +l>n« + ft,y)V + (2/S' +Pnß+Pni)^ 
+ («" + Ai«' + Äa/ + ^11« + 2i2y) v 
.gg. + iß" + PiJ + Ä2«' + anß + ^12*) t - 0, 

+ (y" +Pn^' +Pn7^ + &i« + Qn? V 

+ («" +A1/S' +Ä2«' + a^iß + g,,*)e = o. 

If, therefore, we take for (a, y) and (/5, d) two pairs of Solutions 
of the System of equations 

q' ^(PnQ + Pi2^), 

(87) , 

<^' -^ (P2i9 + P2%^)y 

the terms containing rj' and g' in (86) will vanish. Moreover, since 
ad — ßy must not be zero, (a, y) and (/S, d) must be two independent 
Systems of Solutions of {87\ and two such Systems always exist. 

If one makes use of (87) and the equations obtained from (87) 
by differentiation, (86) becomes 

«V + ßa'-]: («^11 + yw«) v+i (ß^u + Su,,) fc 
(88) ^ \ 

H' + dg" = 4 (aw,i + yu,,) 71 -^-^(ßu,, + Su,,)i, 

where the quautities Un are the same as those which have been pre- 
viously denoted in this way [cf. equations (20)]. 

Thus every binary system of homogeneous linear differential equa- 
tions of the second order may be converted into another, involving 
no first derivatives, i. e. into one for which pa = 0. We shall say 
that it has been reduced to the semi-canonkdl form. 

Suppose that the system is given in its semi-canonical form 

f + Qiiy + «12^ = 0, 

The transformation 

I = 5 (a?), y^arj + /Sg, ^ =. yrj + df, 
converts it into 



(89) 
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y (1')*^ + <J(r)' |p+ (y6" + 2/1011+ (*!" + 2d'|')ff 
+ (y" + 2,1« + 3«y) V + («" + ?2i^ + 3«*) e = 0. 

This is again in the semi-canonical form if 

ar + 2a'r = /sr + 2/i'r = yi" + 2/r = «r + 2d'r - o, 

i. e. if , , 

a ^ 5 c ^ d 

a=^—=9 ß^=s-—9 y^-—f J=a__, 

vT Kr v^r /!' 

where a, b, c, d are constants^ whose determinant ad — ic does not 
yanish. We see, therefore, that the equations 

(90) l = IH i?-(ay + 6^)yr, t-^icy + dz)^^ 

give the most general transfarmations which leave the semi-canonical 
form invariant, Ka?) being an arbitrary function and a, 6, c, d arbi- 
trary constants. 

Let US put in particular 

a = d^l, b = c = 0, 
or 

Then (89) becomes 

«(IT^U («" + 2,1«)'? + 2i,«g = 0, 

«(l')'ä^+2««'? + («" + 2M«)5 = 0, 

Now a caa be determined in such a way as to make 

Qu + (fit = 0- 
For this parpose it is only necessarj to take for a a Solution of 
the linear differential eqaation 

(91) 2ct" + Cju + 2m) « = 0. 
If we put again .„ 

we find for rj the Biccati equation 

(92) ^«V-l^* ==«11+222; 

whose left member in terms of | is the Schwarzian derivative of | 
with respeet to x [cf. equation (50)]. 
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We have proved the foUowing theorem: 

Every System of two linear homogeneous differential equations of 
iJie second order can he transformed into a System of the form 

^ + QnVi + QiiVi = (i= 1, 2), 
where 

Qu + Qu = 0. 
In Order to effed Ulis redtiction, it is necessary to integrate a 
System of two homogeneous linear differential equaitions of the first order 
(87), an equation of the Riecati type (92) and finally to effect the 
quadrature 

f'dx 



5«-/$- 



This canonical form of the System corresponds to the Laguere-Forsyth 
canonical form of a single linear differential equation. 

If %{x) is any Solution of (92), its most general Solution is "xr^- 

We see, {herefore, fhat (he most general iransformations, which leave 

the canonical form invariant, are 

.Q^N fc ocx + ß ay + hz . cy + dz 

(93) ^-y^^+s^ ^=7^M^' ^-^J^^+T' 

where a, ß, y, 8, a, 6, c, d are arhitra/ry constants. These transformations 

form a seven-parameter gronp. 

There is another canonical form which is of special importance. 
Equations (44) show that the coefficients a, ß, y, d of the trans- 
formation 

t/ = ai? + j8g, ^ =« yi? + *g 

may be chosen so as to make u^^ *= ^21 = 0- I* s^ffices to determine 
the ratios ß:d and a:y as the two roots of the quadratic equation 

- u^^X^ + (u^i - W23) A + W12 - 0. 
Since aS — ßy must not be zero, the roots of this quadratic must 
be distinct, i. e. 

Kl - «*22)^ + 4Wi2tl5ji = 04 4= 0. 

By merdy solvi/ng a quadratic equation we may therefore reduce our 
System to another for which li^ =» and t*2i == Ö, provided that G^ is 
different from zero. 

Suppose that the System has been reduced to this form. A trans- 
formation of the form 

y^ari, z^il, l^lix) 

according to (44) and (49) will not disturb the conditions w^g *= u^^ = 0, 
the functions a, i and | being arbitrary. According to (86) the trans- 
formed System will be 
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+ (Pn«' + «21«) V + (<5" + i>M*' + 3m*) 5 = 0. 
If we choose a and S so that 

2a' +1)11« + «1^ = 0, 

2«J'+i)„* + *|^=0, 

the coefßcient of ^ in the first; and of ^ in ihe second equation 

will be zero. We may therefore reduce our System, for which 
^2 =* ^21 ^ ö; fnrther to a System for which also jp^ =i?22 =^ 0, by the 
snbstitution 

where | (x) is an arbitrary function, and where a and 6 are arbitrary 
constants. 

The arbitrary fanction ^(x), finally, may be used to reduce the 
invariant ®^ to unity. In fact, we have 

We shall, therefore, find ®^ = 1, if we put 

^dx + const. 



I-/V®:« 



Since, moreover, in this case u^ = «^^ = 0, ©4 -= (u^^ — 1^^^, we may 
more specifically reduce w^ — u^ to unity, by putting 



5 =» / y^ii — Wggda? + const. 



We may also, if we prefer, reduce any of the other invariants 0^, Q^q etc. 
to unity. Or, we may reduce the seminvariants J or J" to zero by 
making use of equations (61). 

Let US assume that the System of differential equations has been 
written so as to make Wi2"=Wai = 0, i)ii=l>22™0, w^ — «152 == 1. 
We shall make use of this special form to express zl => &q in terms 
of the seminvariants J, J, K, L, We find from (41), 

z/ = i;i2^2i — %^i2- 
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Bat we shall hare, in this case, 

«11=2«;!, «lg — i)i8, »8, =+i»8i, % = 2m;„ 

^n'='^»n+^PiiPn> ^u ^P'i,> ^ii = + ^Piv ^si="^»'^-^PnPiU 

whence 

^-^^iPtiP'ii-PiiP'ii)- 
Furtner we hare 

i = «11 + Mjj, J" = Miil<j2, K = »,!»„ + l),si>gi, 

L = 16<i< - 4i,JX + 4i>>;i, 

®^ = 1, i: - r« -=i)ijj)g„ ®,o =Ä2i>2i, 

whence, according to (84) 

so tbat 

(94) ^« + 40,8^0, 

This equation must hold between ^d and ©^g whatever may be the 
form in which the differential equations are written. For, a relation 
between invariants is not changed by any transformation of the kind 
which we have made. It is true however that in such a relation 
&^ would seem to disappear, since this invariant has been made equal 
to unity. There might, therefore, be a factor of the form ®/ in one 
of the terms of the above equation. But this is impossible in the 
present case because ^^ and ®^^ are both of weight 18. Such a 
factor would disturb the condition that the left member of the 
equation be isobaric. 

§ 7. The oomplete system of invariants. 

• 

Suppose that the invariants G^, 0^, 0^.^ and G^q are given as 
functions of x. We shall show that the correspondiug system of 
differential equations is determined by these four functions ; so far as 
it is possible to determine such a system by means of invariants. 
Por, it is clear that, one such system being given, any other, which 
can be obtained from it by a transformation of the form 

will have the same invariants. 
Let 

(95) ^" "^ -^"^ "^ ^'^^ "^ ^"^ "^ *''^ ^ ^' 
^" +P21J/ + i>22^' + QnV + «22^ = 

be such a System of equations, whose invariants ©4, 0^9 ®4i *^^ ®io 
are arbitrarily prescribed functions of x, and let us assume that &^ 
is not identically zero. We may then, as we have seen in § 6, 
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transform it into another System of the same form, for which 
*hii'='^i'^Pu''Pai °*' ^f <^d ^® Bha31 assnme that this tnmsfonnation 
has alreadj been made, so that we sliall have 

(.96) Uli = M« "• Pii =■ Pii = 0. 

We find conseqnently; 

% = 2m;i, % i>l8(«ll-M8»), «M =-+!>« Kl -M»),»M'=2Mij, 

(97) «'u=>2v;, + 2iJj,i)i,i («,,-«„), Wij«» 2»;, -2i»i,(Mi, -«;,), 
«"m =■ 2 »ii + 2|>,i {u\i - «;,), w,, - 2«'„ - 2pi^pn («11 - «,,), 

whence 

©4 = («11 - «»»)*> 

(98) ^*' ^ ^®*®*" ~ ^^®*'^* "'"^^'*" + *^^®**' 

®io («11 - ««)*««% - («11 - »nyPuPiv 

ö, =- 2 (m,i - «,,)» (p'jjpji - i>;ii>i,). 
From these eqnations we find 

«u - M»s - e l/®*, « = ± 1, 

(99) «11 + «»« = äi^t®*! - 8®*®«" + ^ W)'l 

i'i»fti = er»' J»i»Ai— i'jil'is *T- 

2.©J 
The last two eqnations giye 

whence by Integration 

(100) ?u = C»c^*/^fe'", 

where (7 is an arbitrary constant. 

We find further, from (99) and (100), 

whence 

where «' = ± 1. Since m^j « ti^j ^'Äi ==Ä2 = ^y ^^ htkYe further 

1 r 1 f 

fflS^-gi^ia^ «21 = 2^21 

and 

^11 = - 4«n + ÄjÄi; ^2 ^332 + P12P2U 

so that we may also compate q^^ and q^^ from (99). 
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We find, therefore, for the coefficients of (95) the following 
expressions 

(101) 1 * * ,_ 1 
642u = ^.[16®io-®4i+8®Ä"-9W)'J-8«l/®4,2«=|l'i„ 

643„ = ^.[16©,o-®4 i + 8®Ä"-9W)*]+8«T/®:«si=|l'ii, 

whicli contain one arbitrarj coBstant C and two ambiguons signs 
6 and s\ But we may get rid of these. In the first place let us 
transform this System by pntting 

where k and l are constants. The coefficients p^^^ q^^^ p^^, ^22 ^^ ^^ 
new System will be the same as those of the old^ while p^^, q^^ ^^^ 
P217 fti ^^ ^® multiplied by -j- and y respectively. If, therefore, 
we pnt , 

the coefficients of the new System will be given by (101) with fi' =» 1 
and C=l. There still remain in (101), the two possibilities: 
6 = ± 1. Denote the values of the quantities (101) for 6 = + 1 by 
Pik, qiky and those for « = — 1 by pa, qa. Then 

JPii = Pii = 0, P22 = P22 = 0, ^12 =- JP21, P21 = Piif 

Qu = &2 «22 = Qn «12 =" 321; ^21 = 2l2- 

But it is evident that two Systems of diflferential equations, whose coef- 
ficents are connected in this way, may be transformed into each other 
by pnttinir 

Equations (101) are valid only if 0^^ = 0. The following theorem 
is therefore true. 

If the invaricmts S^^ S^,^y 0q and S^q are given as arbürary 
fwnctions of Xy &^ and S^^ however not being equal to isero, the System 
of differential equations whose coefficients are 

i>ii = 0, A2 = 0, gi2=|^i>;2; 321 ,-=2^21; 

(102) f* 



64«22 ^^.[16^10 - ^41 + 8(9,0," - ^{Slf] + Sy^, 
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is one, whose invariants &^, ^4,19 ^9 »w{? ®^q coincide with these 
arbitrarüy given functions of x. MoreoveTj ttie most generai System of 
differential eqimtions, which has (he same prqperty, can be obtained^ front 
fhis uniqmly determined special one, by a transformcUion of the form 

y^ari + ßt, ^ = yi? + *& aS^ßy=^0, 

where a, /3, y, 8 a/re arbitrary functions of x. 

We shall have occasion^ later^ to complete Üiis theorem, which 
is of fondamental importance. For the present we shall merely make 
use of it to prove that tfie invariants &^ 0^.^, ©9, ©^o, together with 
{hose formed from them by repetitions of the Jacöbia/n process, constitute 
a functianaUy complete set of invariants. Let / be any invariant. 
Then the aboye theorem shows that I can be expressed in terms of 
^4f ®4i; ^e> ^10 ^^^ ^f *^® derivatives of these quantities. For, the 
System of dififerential equations can be transformed into one whose 
coefficients are given by (102), and the invariant I may be compated 
in terms of these. We have 

8SJ (1; + l)q>'Sj8t - vq)"&^dt, 

as the infinitesimal transformations of ®y and @/. An absolute in- 
variant depending upon S^. , . (9^^, 0^' . . . S^q must therefore satisfy 
the eqnations: 

(103) + io<3|. + 11®;.,^+ ii®;„^^=o, 

There must be 8 — 2=6 such absolute invariants. Now, we know 
that &^ Ö4.1, Ö9, &iQ and the three Jacölbians of ©4 .with the other 
three are seven independent relative invariants, which give rise to six 
absolute invariants. Therefore, in this case, the Jacobian process 
gives all of the invariants. If the invariant contains also the second 
derivatives of ^4^ . . . &iq, we shall have to integrate a complete System 
containing one more equation and four more independent variables 
than (103). There will, consequently, be three more independent 
invariants (absolute or relative). But these can be obtained from the 
former three by combining them once more with @^ by means of 
the Ja>cobian process. If we continue in this way, we see that the 
number of invariants, containing the derivatives of 04, . . . ^iq up to 
the w** Order, is precisely greater by three than the number of in- 
variants containing the derivatives up to the n — 1'* order. The 
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three new invariants are obtained by combining 0^ with ®q, Q^.^^ Öjq 
n times by means of tbe Jacobian process. 

We leave open ihe question whether all rational inyariants can 
be expressed as rational functions of these fundamental invariants. 
We shall indicate in a different connection, however, how a System of 
invariants complete in this higber sense may be constmcted. 

§ 8. The oovariants. 
We bave seen in § 6; that ihe transformation 

may be chosen in such a way as to make ü^^ ^^^ ^i ^a>iiisb for tbe 
transformed System of differential equations. For this purpose it was 

necessary and sufficient to take ^ and — as tbe two roots of tbe 

quadratic 

(104) -^1^^ + Kl - w«) X + «^12 - 0. 
We bave, on tbe other band, 

zlrj ^ 8y — ß0, J^^ -- yy -\- aZy J -=- a8 — ßy, 
so that 

(105) J^rit = («y - ß0) (- yy + az) 

is an expression whose linear factors are uniquely determined by tbe 
conditions that ü^g and ü^^ shall vanish. Except for a factor, in- 
dependent of y and Zy this expression must therefore be a semi- 
covariant. We proceed to ealculate it. We find from (104) 

wbence 

We may verify directly that 

(106) * C^u^^z^- u^^y^ + (wii - W22) yz 

is a semi'Covariant, in accordance with our prevision. 

Since, for transformations of tbe dependent variables alone, Vik 
and Wa are cogredient with Unt, tbe foUowing expressions 

(107) ^ ^ ^''^* " ^"^' "^ ^^'' "" ^"^*^' 
F = w^^z^ - w^iy^ + (w^ii - w^i) yz, 

wül he semi'COvariants, The weights of C, E, F are 2, 3 und 4 
respectively. 

If then we make tbe transformation 

y =- aiy + iSfc e^yn + ^1} ^ =^ ccd — ßy, 
and denote tbe transformed functions by dasbes^ we shall bave 
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C=^C, E^^E, F^JF, 

so that the determinants 

{CFA^CE-CE' {E'F)^E'F-^EF\ 

^ ^ (F^C)^F^C-FC^ 

are also semi-covariants, obviously of degree four. 
We have further 

and from (42) 

whence _ 

C" C' — - 

^-C + Pn + Pü - ^-^ + Pn+ Pti> 

so tbat 

(109) ö = 2C' + (p„+i)„)C 

is a new semi-eovariant. Similarly we find ttpo ofher semi-eovariants 

(110) H^2E' + ip,,+p,,)E, M^2F' + {p,,+p„)F. 

We have noticed already that we need to consider only those 
semi-covariants and covariants which involve no higher derivatives of 
y and than the first. For^ if sach a fanction contains higher deri- 
vatives ^ we may express them in terms of y, 0, t/, ^ by means of 
the fundamental difiPerential equations and those deduced therefrom by 
differentiation. 

So as to proceed in an orderly manner^ let us first determine 
all independent semi-covariants containing besides y^ z^ xj^ z\ merely 
the quantities |>,jt, |>[it and qu^, We have already foond one such, 
namely (7. We can find another by forming G — E. If we make 
Qse of the equations (32) for Vik, we shall find 

JV^=G^--B-{2l>2,Wi2+l>i2(Mii-tlaj)}^«-{2l>,iWai-ftlKl-W22^^ 

(111) + {2l>2i W12 - ^Pii^2i + (Pn +Ä2) Kl ~ ^2)}y^ 
+ 4wia^/-4u^iyy' + 2(u^^-u^^)(y^ + i/z), 

a semi'Covariant of degree 8 and of weight 3 invölving only the variables 
mentioned. 

The System of partial differential equations, whose Solutions are 
the seminvariants and absolute semi-covariants invölving these variables 
V) ^y ^) ^ Pikf p\ky Qiky is obtained from (18) by adding to the left 
members the terms depending upon the partial derivatives of f with 
respect to y, z, y\ ä, These twelve equations are seen to be indepen- 
dent when these additional terms are written down, alfehough withont 
these terms only ten of them are independent. There are 
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sixteeu independent variables, and consequentlj four Solutions^ i. e. four 
seminvariants and absolute semi-covariants. Of these we know the 
seminvariants I and J. The other two Solutions must be absolute 
semi-coYariants. We have found two relative semi-covariants^ C and 
N. There must be just one more, which might be found by inte- 
grating the System of partial differential equations just mentioned. 
It is more instructive to proceed as follows. Put 

Then it may be verified, either by infinitesimal, or by finite trans- 
formations, that q and 6 are cogredient wiih y and z. In other words 
if y and z are transformed by the equations 

y=^ay + ßz, z ^ yy + dz, ad — ^y 4= 0, 

Q and 6 will be transformed by the same equations 

Q == aQ + ßdy 6 '== yQ + Sä. 
Therefore, 

(113) P=^ZQ-'y6 = 2(j/z - yz') + p^^^ - p^,y^ + (Pn -Pii)y^, 
is a semi'CovaHaM of degree 2 and of weight 1. Moreover it is clear 
that I, Jy Gy P and N are independent of each other, so that all 
semi-covariants involving only y, z, j/', ^, PikyPa, Qik bave been found. 
Equations (112) enable us to write N more simply. We find 

(114) N^2 (Uy^z6 - u^^yo) + (w^ - u^^ (zq + yö). 

In Order to find the seminvariants and semi-covariants involving 
p\\ and g^a besides the former variables, we may set up the System 
of partial differential equations satisfied by them. It is the System 
(25) with the terms in y, z, y\ ^ added. This System contains 24 
independent variables and 16 independent equations. Therefore, there 
must be eight such seminvariants and absolute semi-covariants. But 
we know them already. They are 

I, i', j; J', -K:; ^-9 -^> ^; 

for these are independent, as may be verified without any difficulty. 

In the same way we notice that there must be 12 seminvariants 

and absolute semi-covariants involving the further variables pf^ and 

F 
gl*. They are the above with the addition of J", J", Jf ' and L. ^, which 

obviously also belongs to this same class of semi-covariants, must 
therefore be expressible in terms of these twelve quantities. 

No new semi-covariants will appear if we continue our search, 
and all of the new seminvariants are, as we know, derivatives 

of j, j; Z, i. 
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Put 

GEN 

p^y^ p^^^ p^^' 

so that y, s and v are three independent absolute semi-covariants. 
Then any absolute covariant must be a function of the seminvariants 
/, J, Ky Ly of their derivatives and of y, s, v, The System of partial 
differential equations which they satisfy will be the same as the 
System ' satisfied by the invariants, except for additional terms invol- 
ving derivatives with respect to the three further variables y, «, v, 
This new System, containing as many independent equations as the 
old, but three more variables will have three more Solutions. There 
are, therefore, three independent absolute, or four independent relative 
covariants. These may be found without trouble. We verify easily 
that G is one. We find further, on making the transformation 

that Q and 6 are converted in ^ and 5, where 

(115) 9-\{s + vy\ ^-\,ip + n^\ ^^^y' 

whence we see at once that the semi- covariant P is also a covariant. 
We find further 

80 that jB + 2^ is a further covariaut. FinaHy we have 



whence 
so that 



(10' ' *"(!')* 



C^ "* 7F^ C> ®4 — /«sT &4, 






is a coyariant. These four are clearly independent. We have 
the foUowmg fowr covariants 

(116) Ci = P, Cs, = C, C^ = E+2N, C, = ®^E-®IC, 

aU of whieh are quadratic, and where the index indicates the weight. 
JM oüiers can he esepressed in terms of fhese a/nd of invariants. 
As the three fundamental ahsolnte covariants we may take 
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Examples. 
Ex. 1. Show that the System of differeutial equations 

has no invariants ander ihe transformations 

I « fix), y-^ay + ßz, -0^yy + dz, 

where a, ß, y, 8, f are arbitrary fuuctions of x. 

Ex. 2. Find the invariants and covariants of the above System 
for the transformations 

y = ay, l^ßz, l^f{x\ 

where a, ß, f are arbitrary functions of x. 

Ex. 3. Find the relations between the invariants (79). 

Ex. 4. Show that; if /J ^0, and if the other invariants are 
constants, the System may be reduced to one with constant coef&cients. 

Ex. 5. Find the relation between 

I, r, i"; J, J', J"; K, K'; L; P, C, N, E, F; 
making use of the canonical form for which u^^ = Wg^ = 0. 



CHAPTEK V. 

FOÜNDATIONS OF THE THEORY OF RULED SÜRFACES. 

§ 1. Definition of the general Solutions, and of a fundamental 

System of Solutions of a simultaneous system of two linear homo- 

geneous differential equations of the second order. 

For the sake of brevity we shall speak, hereafter, of the system 
of differential equations 

as System (A). 

According to the fundamental theorem of the theory of differential 
equations, the system (A) defines two functions y and z of x, which 
are analytic in the vicinity oi x^ x^ if the coefficients are analytic 
in that vicinity, and which can be made to satisfy the further con- 
ditions that y, z^ «/ and z^ shall assume arbitrarily prescribed values 
for X = Xq, 

Such a System of Solutions, corresponding to'these four arbitrarily 
prescribed values of y, z, i/, z^ for x = x^, is said to constitute a 
System of general Solutions of system (A). 
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Now let (jfiy 0i) for (i=« 1, 2, 3, 4), be any four Systems of 
Solutions of (A); so that 



(1) 



(2) 



y" + PiiVi +Pii^i + üiiVi + in^i == 0, 



(i=l,2,3,4). 



^/' + PilVl + i>22^/ + 321 y.- + &2^.' = 0, 

Then, denoting by c^, c^y c^, c^ four arbitrary constants, 



4 



« = 1 



will also form a simultaueous System of Solutions. Moreover from 
(2) and 



(3) 



y' -^ciyl, z' ==^CiZi\ 



» = i 



the constants Cj, . . . C4 can be determined in such a way as to give 
arbitrary constant values to y, z, «/, z', for x -= Xq, provided that the 
determinant 



(4) i) = 



does not yanish for x =^ x^ 



yi y^ yz yl 

^1 ^2 ^% ^l 
yi y% 2/3 2/4 



If, therefore, D is not identically zero, 
we can express a general System of Solutions in terms of J/i, . . . y^ 
and i8fi, . . . z^ by means of (2). We shall, therefore, speak of four 
pairs of Solutions (yi, Zi) for which the determinant D does not vanish, 
as a fundamental System of simultaneaus Solutions. 

We may express the condition D =^0 in another way. If D == 0, 
it is possible to find four functions >L, /i, v, q of x, so that the four 
equations 

(5) Xyk + iiyi! + vzk + QZ^ -0 (* =- 1, 2, 3, 4) 

may be verified. 

If (t/A, Zk) form a fundamental System of Solutions ^ it mmt there- 
fore he impossible to find functions X, [i, v, q so as to satisfy (5), or 
what amounts to the same thing, it must be impossible to find func- 
tions a, ß, y, d of X, which satisfy the System of equations 



(6) 



«yi' + /Sy,' + m'+*y*' = o, 
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In particnlar j/i^ . . . ^4 and is^, , . , 0^ must not satisfy two conditions 

of the form 

4 4 

(7) ^c,y,-0, ^c,z,^Q, 






i = i 



where Cj, . . . C4 are constants, tlie same in both equations. 

Suppose now that four pairs of functions (y,-, z^y which verify 
no relations of the form (5) or (6), are given. Then we may always 
determine a system of differential equations of the form (A), of which 
these functions form a simultaneous fundamental system. The coef- 
ficients of this system may be obtained from the eight equations (1) 
by solving for pik and qa, If we write 

a^ 61 CjL d^ 



(8) 



Diflky Iky Ckj dk) = 



a^ &2 ^2 ^ 

«3 ^3 ^3 ^8 
«4 &4 C4 <?4 



(9) 



we shall find 

-DjPii I>(y*", 0k, Vk, ek), 

J>Pii -D(«*", Zi, Vk, «k), 

-D32i = -i)(W, ^*', <^*), 

D = D(yt', et', y^, Zt). 

From these equations we find 

1 dD 



I>Pii I> (Vk, y", Vk, Zk), 

Dpn -DCy*', e", Vk, gk), 

^2i2 — i>{yk, ek',yk, Vk"), 

Dqn D(yt', < yt, e,!'), 



Pix+Pii--^-ä^' 



(10) 

whence 

(11) D = Ce -/(P"+^>«)^*, 

if C denotes a non-vanishing constant. 

If we subject the general Solutions of system (A) to a trans- 
formation of the form 

(12) v='^y + ß^f t = ry + Sz, 

where a, ß, y, d are arbitrary functions of x, then r^ and g will be 
the general Solutions of a system of equations of the same form 
as (A). Moreover, if we put 

(13) rii = «y, + ßZi, e, « yy, + dZi, {i = 1, 2, 3, 4), 

the four pairs of functions (i^,-, g,) will form a fundamental system 

of Solutions for the new system of equations, and its general Solutions 

will be 

4 4 

»• = 1 « = 1 
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ThuB^ if we consider instead of a pair of general solations of (A), 
fonr pairs of solations which form a fundamental System, these are 
transformed cogredienÜj with eacli other and with the pair of general 
solntions. 

§ 2. Geometrioal Interpretation. The integrating roled snrfaoe of (A). 

Let ns interpret {jf^y • • • J/J c^d {z^^ • > • ^4) &8 the homogeneous 
coordinates of two points Py and P, of space. If (A) is integrated, 
we shaU have these qnantities expressed as fdnctions of xx 

yk-fkix\0,^g,(x) (Ä-l, 2, 3, 4). 

As X changes, Py and P« will describe two cnrves Cy and C,] the 
points of these cmres, moreoyer, are pnt into a definite correspon- 
dence with one another, those being corresponding points which 
belong to the same yalne of x, 

But there is a restriction on the point-correspondence between 
these curves, owing to the condition that (yt, 0^ are to be members 
of a fundamental System^ so that equations (6) mast not be yerified. 
Let US write (5) as follows 

Ay* + fty*' = - (vzjt + Q0i!) (Je - 1, 2, 3, 4), 

We haye seen in Ghapter II; § 6 that the qnantities 
*y* + l^Vk Qo - 1, 2, 3, 4) 
represent the homogeneous coordinates of a point on the tangent of 
the curve Cy at Py. Similarly v0k + Q^k are the coordinates of a 
point on the tangent constructed to C» at P«, But, if the aboye 
equations hold, these two points coincide, i. e, the two tangents 
intersect for all yalues of x. 

In Order, then, ihat the curves Gy and G» may he the integral 
cmves of a System of form (A), it is necessary and sufficient that {he 
ta/ngents of these two curves, constructed at corresponding points, shaU 
not intersect. 

In particular, the two curyes may be plane curyes but they must 
be in different planes. 

What is the geometrical significance of the transformations (12) 
or (13)? Let us mark on the two curyes Gy and C, the points Py 
and Pg corresponding to the same yalue of x, and let us join them 
by a straight line Lyg. Then, it is clear that the transformations (13) 
conyert the points Py and P, of the line Lyg into two other points 
Pri and P^ of the same line. Consider the ruled surface S, which is 
the locus of the lines Ly, ss x passes through all of its yalues. 
Since a, ß, y, 9 are arbitrary fnnctions of x^ this transformation 
enables us to conyert the curyes Cy and C» into any other two curyes 
Cj and Cf upon this ruled surface. The correspondence of the points 

W1LCZYN8KI, projeotlye differential Oeomeiry. 9 
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P,^ and P^ remainB such that Üie line joining corresponding points 
is a generator of the mied snrfaoe S. 
A transformation of the form 

where f(jc) is an arbitrarj function, changes the parametric represen- 
tation of the curves in the most general way, without changing 
either the curves themselves or their point to point correspondence. 
Thus, there hdongs to every System of two linear homogeneom 
differentidl eqwdions of fhe second order a ruled surface, which we 
shaU call the integrating nded surface, whose generaiors a/re the lines 
jommg corresponding points of (he two integral curves, This nded 
am face is the same for aü such Systems which can he ttansformed into 
eaiih other by a transformaition of (he form 

v-uy + ßz, 

where a, ß, y, *, f are arbiirary functions of x. 

There is one important restriction however; if (y<, is^ constitute 
a fundamental System 2> must not vanish, i. e. corresponding tangents 
of the two curves Cy and Cg must not be coplanar. Suppose that 
they were, so that four functions A, ft, v, q might be found which 
satisfy the equations (5). These equations may be written 

Jid^Vk + 9^*) = (/i' - A) y* + (p' ~ v)Zk. 

But /iy* + QZk are the coordinates Ujt of a point P„ of Ly», The 

right member gives a second point P« upon Ly», whose coordinates 

are Vk. As ^ changes Pu describes a curve Guy whose tangentS; as the 

above equation shows^ are the lines Lyz^ In this case^ therefore^ the 

ruled Burface is a developable, since its generators are the tangents 

of a certain space curve. K, in particular, P„ coincides with P„ we 

shall have , , , 

fi' — A =» my^y p' — V == (OQy 

where (o is a proportionality factor, i. e. 

iJ Q " IIq' - {Xq - liv) ^0. 

In this case, as x changeS; the point P^ remains fixed^ i. e. the curve 
Cu degenerates into a point^ and the developable into a cone. We 
have found the foUowing result 

The integrating nded surface of a System of form (A) cannot he 
a developable, This is fhe meamng of fhe condition D =^0, 

Incidentally we have found a farther result^ which will be 
usefhl later. If four pairs of fu/ndions (yk^ Zk) satisfy a System of 
ecpkatvms of (he form 
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<14) lyk + iiyj! + v0,.+ (f 111,^^0, (fc -. J, 3, 3, 4), 

cmd if ifk and ss^ a/re interpreted as fhe homogeneous coordinaies of two 
points Py and P,, fhe line, joining corre^ponding points of fhe two 
curves, gener (des a developable; (he guantities 

(15) Wi = ^y* + 9^* (Ä=l, 2, 3, 4) 

ore fhe coordmates of a point Pu of its cuspidcd edge, fhe developabU 
being the locus of the tangmts of the curve Cu described by Pu, If 

(16) ^'9~>(»'^(Ap^/if;)-0, 

Cu degenerates into a point, and the devdopable into a cone whose 
Vertex is Cu* 

While we shall assume that D is not zero for all values of a?, 
it may happeii that for some particnlar yalne x=^aj 

In the yieinity of a generator of this kind^ the ruled surfaoe resembles 
a developable^ in so far as all of ita tangenta along such a generator 
are coplanar. We may say that^ in this case, two conseoutive gene- 
ratorg of the mied surface intemeot^ and speak of the generator as 
a iorsdl generator. More accurately the state of affsirs may be 
described as foUows. If we oonsider the generators g and ^ corre* 
sponding to values of x which differ from each other by an in- 
finitesimal /Ix, the shortest distance between g and g^ will be^ in 
general, an infinitesimal of the order Jx, If it is of a higher order, 
we may say briefly that the two oonsecntive generators intersect. 
Their point of intersection is called a pinch pomt of the surface. 
Both of these names are due to Cayley}) The equation D » 0; there- 
fore^ characterizes those values of x to which correspond torsal gene* 
rators of the ruled surface. 

But this must be taken with a proviso. Since y, * - -y^ are the 
homogeneous coordinates of a point^ it is not admissible that they 
should vanish or become infinite simultaneously. For^ then the point 
would be indeterminate. We may therefore express our result as 
foUows. 

If for a certain mkie of a? «=» a, neither ^i, . . . ^4 nor 0^, . , .g^ 
become simidtaneomly zero or infinite, while ffte determinant D vanishes, 
ihe correspondmg generator of fhe ruled surface is a torsal generator. 

After these remarks it beoomes a simple matter to understand 
an apparent paradox which presents itself in this connection. We 
have Seen in § 1 that 

(17) D^Ce -/^» + A.)*«»^ 

1) Cayley^B principal papers on ruled surfaces are in the Cambridge and 
DnbHn Math. Jonr. vol. 7 (1862), Phil. Trans. (1868 and 1864), Messenger of 
Math. 2«. Series, vol 1% (1682). 

9* 
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Bat we hare also seen in the preceding chapter, that the trans«^ 
formation 

(18) y^^e-^S'-", z^ie-^S'-" 

will convert System (A) into another of the same form for which 
Pii =° J'n "^ ^« ^"^^ transformation woold therefore rednce 2> to a 
mere constant. Bnt^ if D is a constant it cannot yanish for any 
yalne of x^ imless it is zero identically. The torsal generators seem 
to be lost in this process, and this constitutes the paradox just 
mentioned. In the light of onr previons theorem this becomes quite 
clear. If neither y^, . . .y^ nor 0^. . . z^ are simnltaneonsly zero or 
infinite for x^a, while I) = 0, the exponent in (17) must be infinite. 
Therefore, one or both of the exponents in (18) will be infinite, and 
either i^i^ . . • 174 or Si^ . . . S4 or both sets of coordinates will be 
indeterminate for x = a. Shictly speaking, therefore, a transformation 
of the form (18) is legitimate only for such a portion of a mied 
surface as contains no torsal generator. 

We retom to the consideration of the mied snrface S. This 
snrfoce has been defined, starting from a particnlar simultaneons fun- 
damental System of Solutions. Since the members of any other 
fundamental System (ßk, Sj) can clearly be expressed in the form 
4 4 

yk^^CkiViy h=-^Cii0i, (ft = l, 2, 3, 4) 

any surface obtained from iS^ by a projective transformation may be 
regarded as integrating mied surface of (A) as well as 5. 

By means of equations (13) we associated, with each fundamental 
System of the original System of equations (A), a fundamental System 
of the transformed System of equations. It is only for such associated 
fundamental Systems of the two sets of equations that it is true that 
they gire rise to the same mied surface. In general the two inte- 
grating ruled surfaces will be merely projective transformations of 
each other. Let us speak of two Systems of differential equations as 
equivdlent, if they can be transformed into each other by a trans- 
formation of the form (12). We may then state our theorem more 
precisely as follows: 

If two Systems of differential equations of form (A) are equivalent, 
their i/ntegrating ruled swrfaces a/re projective transformations of each 
ofher. Moreover if fhe fundamental Systems of Solutions "be prqperly 
seteded, (he ruled surfaces coindde. 

Gonversdy, if fhe ruled swrfaces of two such Systems coincidcj the 
Systems a/re equivdlent. 

If the mied surface is not of the second order^ this conyerse is 
clear at once. For, the arbitrary functions a, ß, y, S in the trans- 
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form^tion can be chosen so as to ponyert any pair of curves on ihe 
surface; which are not generating straight lines, into any other pair. 
Thus the pair of curves corresponding to the first System may be 
converted into tbe pair corresponding to the second. The independent 
variables of the two Systems of equations will also be expressible in 
tferms of each other, since to every generator of the surface corre- 
sponds a value of £ as well as a value of x. The eqnivalence of the 
two Systems of equations is therefore ensured, if the ruled surface 
is not of the second order. In case of a surface of the second order^ 
this conclusion appears doubtful because such a surface contains two 
distinct sets of generators, and it may happen that the lines joining 
corresponding points of Cy and G, are the generators of one set, 
while those joining C,, and C^ are the generators of the second set. 
In that case the relation between ic and | cannot be established as 
before. Since, however, it is always possible to transform the gene- 
rators of one set into those of the other, by a projective trans- 
formation, the theorem is true also if 5 is a quadric. 

Let any non-developable ruled surface 8 be given. There.corre- 
sponds to it a class of mutually equivalent Systems of linear differential 
equations. In fact it is easy to indicate how a representative of this 
class may be found. Trace any two curves, which are not generating 
straight lines, upon th,e surface. Express the coordinates of their 
points as functions of a parameter Xy in such a way that to the same 
value of X correspond points of the two curves which are situated 
upon the same generator. The System of differential equations whose 
coefficients may now be found from (9), will have 8 as integrating 
ruled surface, and is a representative of the class defined by the 
surface 8. 

Therefore, any non-deodopable rtded surface may he defined by a 
System of form (A). The general theory of such Systems of differential 
equations is, therefore, equivalent to the general theory of ruled 
surfaces. 

Äny eqtmtion or System of equations hetween pa, ga> Pa ßfc.? which 
rem>ains invariant for aU transformations of the form (12), eocpresses a 
projective property of fhe integrating rtüed Sfwrface. 

For, such equations remain unchanged whatever may be the two 
curves Cy and C, upon 8 which are taken as fundamental curves, 
and whatever may be the independent variable x. They express, 
therefore, properties of the surface itself, independent of any special 
method of representation. These properties are projective, because 
the coefficients of (A) are left invariant by any projective trans- 
formation. Gonversely, any projective property of a ruled surface 
can be expressed by an invariant equation, or System of equations. 
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§ 3. Dttalistio iüteti^retationu The adjoiat iystem of (A). 

Instead of interpreting (^i; . . . y^ and {b^^ • • • ^4) as coordinates 
of two points, we may consider Äem as being the coordinates of 
two planes Py and p^. Ab x changes, these planes enrelop two 
developables Dy and D,. Corresponding planes intersect along a 
straight line Ly, whose locus forms a mied sntfitce S, which is lefb 
invariant hj all of the transformatiotis here considered. 

We may combine the two interpretations. At corresponding 
points Py and P« of the two fundamental cnrves Cy and C,, let os 
construct the planes py and p, which are tangent to the mied sur- 
face S. These will intersect along the straight line Ly, which joins 
Py and Pf. The four pairs of coordinates^ determining these planes 
p^ and pgj will form a simnltaneous fundamental System of Solutions 
for a new System of differential equationS; which we shall now deduce 
and which shall be designated as the adjoint of (A). These two 
Systems of differential equations, (A) and its adjoint; will correspond 
to each other by the principle of duality. It is in this way that we 
generalize the Lagnmge adjoint of a single linear differential equation. 

Let 



so that 

(19) B 



Vi K 


Vi «1 




yi V 


Vi f>i 




vi ^.' 


Vi h 


y 


yl »l 


y* »4, 




i 


4 


i VkVt = 


-2' 


»'«» 



*=1 



where 

,2o)^'" + (y«V4)> «^ = -(yiV4)> «*» = + to2^4); «*4 = -(yi' 

the Symbol / i \ 

denoting a determinant of the third order whöse main diagonal is 

It is evident that the homogeneous coordinates of the planes 
tangent to the integrating mied sur&ce of system (A) at the points 
{y^ and {gi) respectively, are proportional to (w,) and (t;<) (cf. Chapter 11, 
§6). 

We shall now prove the following theorem: If the two fu/ndor 
mental curves Cy and (7,, on the integrating rvHed swrface S are tranS" 
formed into two other curves Cy and Cz on Ute surface^ by fhe trans- 
formation 
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(21) yu « a{x)yu + ßix)ikf Hk =- y (a?)y* + S(x)h Qc « 1, 2, 3, 4), 

the devdopahle surfaces formed by the planes tangent to the surface 8 
(üong Cy and G, are transformed hy the eqmtions 

(22) w* = ^ [«(a?) wjb + ß (x) Vi], t?* =- ^ [y (x) ü^ + d (x) vt] 

(Ä=l, 2, 3, 4), 
where 

(22a) ^ = ad — /Jy, 

i, e.y except for the fador /l, hy cogredient transformatiöns. 

Proof. We have, the«ummation every where being for fc =« 1, 2, 3, 4, 

.gg. Suk^k'-^-D, 2;wty*'«0, SukZk^O, Uukyk^O, 

Moreover it is dear that these eight eqnations are just sufficient to 
determine Uu and v^. The yalues (21) of yk and ßu being introdnced, 
the following System, of which again Uk, Vk are the nnique Solutions, 
is obtained: 

-Swt {yyi! + dV + /y* + d'iS*) «» - 2), Huj, (yyjt + izj) = 0, 

f24^ -2?wt {ayi + fiV + dyn + ff^k) =- 0, Zuj, (ayi, + dh) == 0, 

£Vi (f^yu + /S5»' + a'y* + /J'i*) « 2), Svi, (ayt + /Jü*) = 0. 
By direct computation we find 

(25) D=^^D. 

Moreover we have the* relations (23) between the transformed quan- 
tities D, ük, Vk, yk, h, i. e., 

(26) ^^*^*'=-^ = -^/^'^ Züjtyk'^O, Züjth^O, ZÜMSk-^O, 
Zvfzi^O, 2Jvkyk' = I>^D/J^, Uv^z^^O, ^t;*y*-0. 

Multiplying the first four equations of this set in order by 
^f 7i ^^f Y^ <"^^ adding, we find the first equation of the following 
System: 

Zük {yVk + 9'Zk + r'Vk + S'h) = - dD/^^, Zu, {yyj, + dz,) = 0, 

^ ^ 2:MySk+9y + y'yk + 8%)^yI)/J% Zv,(yy, + dh)--0, 
Zvt {ayi! + ßV + a'y* + ß%) = aDjJ^, Sv, {ayj, + ßh) = 0. 

From (27) follows very easily a system of precisely the same 
form as (24), only with 

^(«w* + ßvk) and ^(yw* + dvk) 
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in place of Uk and t?«. But equations (24) were sufficient to deter^ 
mine Ui and Vk completely. Therefore we mnst have 

Uk^-^iccük + ßvjt), Vk-^^(yüjt + dvk) (* = 1, 2, 3, 4), 

which proves the theorem. 
If we put 

(28) 14=^, F» = ^ (*-l, 2, 3,4), 

where the sign of the Square root may be chosen at will, (Uky Vk) 
Are absolutely cogredient with (j/*, Zk)- 

For X » const. we single out a generator of the ruled surface 8 
and we consider two points Py and P« upon it^ together with the 
planes tangent to 8 at these points. The transformation (21) then 
transforms Py and P, and their tangent planes into Py and P« and 
their tangent planes. The transformation (21) is now a linear trans- 
formation^ and from the fact that the tangent planes are transformed 
by the cogredient transformations (22) foUows the well-known 
theorem^ known as Chasle^B correlation^ that the anharmonic ratio of 
four points on any generator is the same as the anharmonic ratio of 
üie corresponding tangent pkmes, 

If yjt and et form a fundamental System of Solutions of equations 
(A) the determinant D does not vanish, i. e., the mied surface 8 is 
a non-deyelopable surface. If the corresponding determinant for Uk 
and Vk be formed, its yalue tums out to be D^, and therefore also 
different from zero. 

We may therefore regard Uk and Vk as constituting a simul- 
taneous fundamental System of Solutions of a pair of equations of 
the same form as (A). We proceed to set up this System of differential 
equations. 

Denote the minors of ^k and y* in D by J* and ly* respectively, 
so that 

4 4 

(29) B=^y,ri,^'2'''^'" 
where 

(30) '^i^ + ^ä'«'^»'^*)' ^^ (yi'^8'^4); % = +(y/V^4); ^4 = -(yi'V^8); 

Then, making use of (A), we shall find 

(31) "^i"" fo-Pu«*-!»««*, (;fc=i 2, 3,4), 
Vk - - 1?* - Äi«» - Ptt^k 

whence 
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,32) + {Oll + P%%)Pn - P\t) ^*; 

. t?*" =» - V - ftifc + A«^* + {(Ai +1>22)Ai -Äi}«** 

+ (l>l2+l>12Al-i>M)«^*- 

By differentiating (30) we find 

V = - Ou + A2) ^* + 2ii«^* - «21«**; 



and from (31) 



^* =- — V*' - Ai^A — P^Vky 



S*= w*'+Ai«**+A2«^*- 

Snbstitating these yalnes in (32) we find that {uij V\) are simuJr 
taneattö söhUions of ihe fotloumg System of egmtions: 

W" + (2pn +i>22) W' +Pi2^' + \p[i + S22 + Oll +i>22)Al}** 
/ggs +{l>i2-2l2 + (i>ll+A2)A2}«^ = 0, 

^' + AlW' + (2A2 +Pll)^' + {P21 - «21 + Oll + A2)Ai}«* 

+ {P'22 + 2ii + Oll + A2) A2 } «? - 0. 
Mareaver (ujt, t?*) form a simdta/neom ftmdamentdl System of (33), 
since, as we have already seen, their determinant does not yanish. 

We shall prefer, in general, to use another System, namely, that 
one whose solntions are the fimctions Uk and Vk defined by equations 
(28). Remembering that 

(34) D = C6-^"+^^^', 

one sees that this other System may be obtained from (33) by making 
the transformation 

u=^ Ue ^^ , V = Ve ^'^ 

The resnlting System is 
ü" +Pn U' +p,, r + {ga + 7 Kl -^,))U+ (q,, + j u,,) V= 

T^' + Ai ^' + A2 y' + (221 + \^i)V+ {«22 + 4 (% - Wu) } y- 0; 

where Ua are the same as the qnantities so denoted previously 
[cf. Chapter IV, equations (20)]. 

A third form, which may be convenient, is obtained by putting 

Its fundamental Solutions are 

A*-5' '** = S (Ä = l, 2, 3, 4). 
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The equations which l and ft satisfy are 

^ggx ^" -1>22^' +Pn(^' - Om - ««)* + (Pu - 212) f^ ^ 0; 

^ #*'' + Ai^' -Äif^' + (i>ii - 221) i - (P'n - in) l^-O. 

We shcM speak of System (36) as tlie System adjomed to (A). Of 
course (33) and (36) hare essentially the same properties as (35). 
Bat the relation of (35) to (A) is somewhat simpler because its 
solntions are absolntely cogredient with the Solutions of (A) under 
transformation (21)^ while those of (33) and (36) are cogredient with 
(A) except for a factor. 

§ 4 Froperties of adjolned Bystems. Beoiprooity. 

The relation of adjoined Systems to each other is a rery close 
one. In the first place üiey have (he same seminvariants and mvariaiHis. 

For, if we form the quantities Ua, Vijt, i/Oa for the System (35) 
and denote them by capital letterS; we find 

(37) t7ii = u^y üij %8> ^21 «*2i> ^22 = Wu, 

and similarly for Fa and Wik» 

The relation bäween Systems (A) and (35) is a reciprocal one, i. c, 
if of injoo Systems fhe second is the adjoined of the first, ffim the first 
is also the adjoined of the second, 

For let US denote the coefficients of (35) by Pa and Qik, Then 

Pik ^ Pik 9 

(38) ^11 = 211 + 4 (%i - ^22)* Q12 = 2i2 + 2 ^12' 

^2 *=* «22 + 4 K2 — «*ii); Qn == «21 + 2" ^v 
But this gives, on account of (37), 

Pik = I^ik) 

2ll='öll+j(^ll- ^^22). 2l2='ft2+Y?7i2, 

«22=^22+7(^^22-^11); «21 = 021+1^21; 

i. e., Pa and qa are formed from Pa and Qa just as Pa and Qa 
are formed from pa find qa» This proves the reciprocity of the two 
Systems. 

From (38) it will be noted that the adjoint System eoinddes with 
the original, if owrf orU/y if 

(39) Mii - W22 = %2 = w,i = 0, 

the meaning of which System of equations we shall find as an immediate 
consequence of this remark. 
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Since — Uk and t;;^ are the minors of 0t! and yt! respectirely^ in 
D, we have 

^Uiy, = 0, ^Vte^-O, ^U,e,^0, ^r,y,~0. 

If tke differential eqnationB for ü and V are the same as tibose for 
y and g^ we taust have 

m --^Cayic, Vi-^ cu^sr* (fc ^ 1, 2, 3, 4), 

where Ca are constants. Bat these expressions, when substitated in 
the preceding equations^ ghow that the curves. Gy and Og are sitoated 
on the same quadratic surface^ and that the line joining the points 
Py and JPg is a generator of this snrface. 

We can therefore say: a System of two linear differential eqmtions 
of fhe second order is idmtical with Us adjoined System^ if and only if 
its integrating nded surface is of the second order. 

If the original System has either the semi-canonical or the canon- 
ical form the same is trae of the adjoined System. 

From our definitions of the qoantities involred we have the foUow- 
ing relations: 

2:0k'Uk--VD, 2:yk'rk^ + YD, 

2yjtO,=^0, 2;y*n = 0, 

2]yk'U,^0, Zzi/Vk^-O, 

where 

(41) n-^^Diyf/y 0k', Vk, ^*). 

It follows from the reciprocity of the two Systems and may also 
be verified directly by diflferentiation of (40) that 

^ ^ ZVj,yj,^% IlVk0k-O, 

where 2) in the first place Stands for 

2>(ü*' n', V,, n); 

but this is the same as (41)^ for 

(43) Z)(W, Yi, Ujt, n) - D(y*', 0,', y*, 0^). 
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Nqw let yjt and 0jk l>e simnltaneonsly transformed into 

4 4 

Vk^^ CkiVif h=^^ CkiZi (Je = 1, 2, 3, 4), 

where Cib^ are coiuitants^ whose determinant does not yanish. We 
may look npon snch a transformation as a. change of the tetrahedron 
of referencO; or eise as a projective transformation of the integral 
curves. 

Eqnations (40) will be satisfied by the transformed qnantities as 
well. Therefore 

where C denotes the determinant of the transformation (44). 

These are of exactly the same form as (40)^ except that Uk and 
F* have been replaced by 

respectively. But on the other band eqnations (40) are snfficient to 
determine TJh and F* as their Solutions. 
Therefore we must have 

(46) üi = -^Vc«F», F^-.-^^'c^F* (Ä-1,2,'3,4), 
or, solying for TJk and F*, 

(46) ^i-^^^*'^" ^»"i^^^*'^' (* = 1,2,3,4), . 
where Cn is the minor of Cn in the determinant 
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We may state our result as foUows: If the d&ments yt and 04 of 
a sinmUaneaus fundamental System of(A.) are made to undergo cogredient 
linear stibstituUons toith canstcmt coeffidents and non-vanishing deter- 
mmants, the corresponding soMions of the adjoined System of differential 
equations also tmdergo mutmihf cogredient linear Siibstitutions wUh con- 
stant coef/icients. The coefficients of the second sä of sfubstitutions are 
the minors of those of the first set in their determinant, divided hy the 
Square root of that determinamt. In a slightly modified sense then, the 
gwmtities (y*, iSj) a/nd (Uk, F*) are contragredient. The quantities 
{ykf ^k) o^ {hf l^k) ^ i^k/Df VkjB) are contragredient in the ordinary 
sense of the ward. 

Upon this theorem rests ihe simple relation between the mono- 
dromic groups and the transformation gronps of reciprocal Systems 
of differential equations.^) 

We may complete the relations (40) in an interesting manner. 
We have 



Vk" + Pnyk + Pii^k + qnVk + «12^* == 0; 
^k + PnVk +Pn^k + qnVk + an^k = 



, . _. r. (*-l;2,3,4). 



If we multiply these equations by Uh and Vk successirely and 
add, taking into account the relations (40)^ we shall find 

4 



'2y,!'V, — p,,VD, 



(47) 



*=l 



4 






*=1 



Also, if (40) and (47) are used, 



1) We shall haye no occasion in this work to discnss these notions. They 
mäy be defined by generalizing the corresponding concepts for a single linear 
differential eqnation. 
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Fiiully, treating (85) m we hare jaat tr«ated (A), we obtain 

(49) 

as may also be seen from the reciprocity of (A) and (85). 

We have seen in Chapter IV Üiat every System of form (A) may 
be reduced to a semi-canonical form cbaracterized by the conditions 
Pik =* 0. We can now show that this transformation oorresponds to 
the detennmation of the asymptotic curres of the integratiug mied 
surface.*) 

As a matter of fact a simpler reduction is sufßciejit to determiiie 
the asymptotic lines. Por, let the given System be transformed into 
another for which merely Pii=Pit = 0, while ^^i *^d jpg, may be 
arbitrary. Then the integral curves Cy and C, on S will be such that 



^u^y^- 


= 0, 


2' ^*y*' 


= 0, 


2' 


U,y," 


= 0, 


*=1 




*=1 




*=1 






l 




4 




4 






^V,g,^0, 




-0, 


2' 

k=l 


ne," 


-0, 



i. e.^ the plane tangent to S at (y^y y^, y^, y^ is the osculating plane 
of the curve Cy at that point, and the plane tangent to S at (^2^1,^2,^8, jstJ 
is the osculating plane of Cz at that point. Therefore Cy and C» are 
asymptotic lines of the surface^ asymptotic curves of the second sd, 
those of the first set being the generators of the surface. 

Jf, then^ in any System of form (A), i>i2=i>2i = 0; *^ integral 
ctf/rves are asymptotic Unes on its integrating rtded surface. 

If a given System (A) has by a first transformation been con- 
verted into another for which p^^ ^Pn = 0, the semi-canonical form 
for which jp^ and p^^ also vanish, may be obtained very easily by 
P^tting 

y^rje ^^ , z^ie ^^ 

Since such a transformation merely multiplies ^i, * . ., ^4 by the same 
factor, and similarly js^i, . . ., ^4, it does not aflfect the significance of 
these quantities as the homogeneous coordinates of corresponding 
points on two asymptotic lines. 

1) A cnrve is an asymptotic line npon a Bnrflace, if its osculating plane, 
at each of its points, eoincides with the plane tangent to the snrface at that 
point. A surface has two families of asymptotic oorves npon it, which eoinoide 
only if the surface is a developahle. 
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If the System (A) is written in tbe Bemi-canonioal form, the most 
general troosformation which leares thifl form inyaoriant was found to 
be [Chapter IV, eqnations (90)] 

where | is an arbitrary fnnction of x, and where a, h, c, d sxe arbitrary 
constants. 

These eqnations sbow^ in the first place, that there exists npon 
the mied snrface a single infinity of cnryed asymptotic lines. Bnt 
farther these eqnations show that the double -ratio of ffie four points 
in which any generator of the surface interseds four fixed asymptotic 
curves of the second set, is constant 

This theorem is due to Paid Serret^), and gives a most elegant 
generalizatiön of the well-known property of a qnadric mied snrface. 

§ 5. The fandamental theorem of the theory of mied snrfaces. 

In Chapter lY, § 7, we have shown that, if the inyariants 9^, 
®4i> ^» and 9^0 are given as fimctions of x, provided that ^4 and 
0^^ are not zero, a System of differential eqnations of the form (A) 
can be written down whose invariants coincide with these arbitrarily 
given fnnctions of x. Its coefficients were given by the eqnations 
(102) of that Paragraph, and all other Systems of the form (A) which 
have the same invariants were found to be eqnivalejit to this special 
System (102). We may now express this theorem in the foUowing 
form. 

// ®4, ®4.i, 09 and ©10 ^^ fl'ivcw as arbUrary functions of x, 
provided however that 0^ and ©^q are not identicaUy egwü to zero, 
they determine a ruled surface uniguely except for projective trans- 
formations. 

This theorem may be regarded as the fundamental theorem of the 
theory of ruled surfaces. 

If we denote the invariants of the adjoint system by 0^, 04.1, etc., 
we find from (37) and (,38), 

(50) ©4« ®4. ®4.i « ®4.i, ©e -= - ®»; . ®io = ®io- 

We may, instead of interpreting Uk, F* as coordinates of planes 
interpret them as point coordinates. Then, the integrating mied snr- 
face of the adjoint system, instead of being the snrface 8 in plane 
coordinates, will be a snrface 8', dnalistic to 8, in point coordinates. 
We have, therefore, the following farther theorem. 

1) P. Serret, Theorie Nonvelle GMomätriqne et M^eaniqne des Lignes k 
Donble Courbnre. (Paris- Bachelier, 1860.) . 
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If the fimdamentcA invaricmts of two ruUd surfaces 8 and 8* 
expressed as functions of the same variabk x, satisfy the relations (50), 
the two surfaces are dtuüistic to eocA oO^er, 

We notice at once a further consequence. The system (A) and 
its adjoint are referred to the same independent variable w. If (A) 
aud its adjoint are equivalent, it must, therefore, be possible to trans- 
form (A) into its adjoint hj a transformation 

(51) U^ay-^ßZy r=^yy + 90, 

involving the dependent variables only. But such a transformation 
leaves the invariants, äbsoltdely nnchanged, Therefore, (A) and its 
adjoint can be equivalent only if 

Moreover, as our fundamental theorem shows, if ©^ =4= ^f ^'^^ ®io =H^> 
this condition &g —» 0, is not only necessary but also sufficient for the 
equivalence of (A) and its adjoint. As (51) shows, thö integrating 
ruled surface of the adjoint will coincide with 8, generator for gene- 
rator. Let us speak of a ruled surface as being identiciiUy seif -dual, 
if a dualistic transformation exists, which converts it into itself 
generator for generator. Then we have seen, that the necessary aml 
sufficient condition for an identicaUy sdf'dual ruled surface is ©g = 0, 
provided that ©^ and ©^o ^^ ^ ^^o- 

We shall find, later, a very simple interpretation for the con- 
dition ©9 =» 0, which will make the truth of this result intuitively 
evident. 

In the case that 

the adjoint System coincides with (A), so that we may put 

Therefore, the quadric surface is identically self-dual in a still more 
special sense. There exists a dualistic transformation which converts 
it into itself, point for point More strictly speaking, this transforma- 
tion converts every point of the surface into its tangent plane, and 
every tangent plane into its point of contact. It is evident what 
this dualistic transformation is; it is merely the pole -polar trans- 
formation with respect to the quadric itself. 

We have proved the fundamental theorem under the assumptions 
&^ ^ 0, ®io 4= 0- ^® shall see that theorem actually breaks down 
if either ®^ or ®io vanishes. We prefer to leave the proof of this 
Statement for a later chapter, as we shall then be able to Interpret 
these conditions geometrically. 
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EzampleB. 

Ex. 1. The equation of a cubic mied surface^ witli distinct 
directrices, may be written x^x^ — x^x^^ -= 0. The two curves (straight 
line directrices); 

^1 = ^2-0, y^'-x^ ^4 = 1; ^i=-l, e^-=^Xy z^^^z^^O-^ 

are upon it. Show that the differential equations of the surface are 

Gompute its iiiyariants. Show that its asymptotic curves are nnicursal 
quartics, which intersect every generator in two points harmonic 
conjugates wiih respect to its intersections with the directrices. 

Ex. 2. If the directrices of tiie cubic coincide (Cayfey's cubic 
scroll), its equation may be written x^ + x^^ (x^x^ + x^x^ «• 0. The 
curves 

yt = 0, % = 0, ^3 = — a:, ^4=1; (directrix), 

z^^-^1, z^^ — Xj ^8 « 0, z^ = a;*; 
are upon it. Its differential equations are 

Its asymptotic curves are twisted cubics. All of its invariants vanish. 

Ex. 3. Find the pinch-points of the above surfaces^ and show 
that the asymptotic curves pass through them (ßnyder). 

Ex. 4, If 

y^^21cl+^1c'x+^lx' + jJcx', 

y^^Jc^ + 2lx+^1ca^, 
Vz'-l + j^^, 

^4 = *. 

and 

Zi^k + -^a^, z^^ 2xy Zq = 1, i^4 = 0, 

the line P^P, generates a developable^ whose edge of regression is 
the cubic 

ß.^l + ^hx + ^x', /3, = * + |a^, /8,=|a;, /}, = !. 

Ex. 5. For the general transformation^ the left members of the 
adjoint System are cogredient with y and z, except for a power of |'. 
They are absolutely cogredient with the left members of the System 
(A). Thence deduce a new proof that (7 is a covariant. 
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CHAPTEE YL 

SIGNIFICANCE OP THE COVARIANTS P AND C. 

§ 1. The fleonode ourve and the fleonodal snrfaoe. 
Consider the quantities q and 6 defined by the equations (112) 
of Chapter IV. If we Substitute y ^Vky ^ = ^t; (* =* 1> 2, 3, 4) in 
these expressions, we obtain 

9u =» 2y^ + p,,y, + ä,.„ ^ 
^^ <y*-2;er;+i),iyt + A,;^*, ^ > ^ > ^ 

whicb quantities may again be interpreted as the homogeneous coor- 
dinates of two points P^ and P<j. Clearly P^ is a point of the plane 
tangent to the int^rating ruied surface 8 of (A) at Py^ and Fa is a 
point of the plane tangent to 5 at P«. 

If the points Fy and P« be transformed into two other points 
Pyy Pj of the line Ly, which joins them, by the equations 

then^ as has already been noted in Chapter lY, P^ and Pa will be 
transformed cogrediently into P^ and Pä, where 

Q^tXQ + ßö, 6=-YQ + Sd, 

i. e. into two other points of the line L^a which joins P^ to Pa, 
Thus, we haye^ by means of equations (1)^ a straight line L^a 

corresponding to every generator Ly, of S. Moreover, there is a 

one-to-one correspondence between the points of these two lines^ 

which we now propose to investigate. 

For this purpose^ suppose that (A) has been reduced to its semi- 

canonical form^ so that Cy and C, are two asymptotic curves of 8, 

and Pii = 0. We shall then have 

Qk = 2y/, 6 == 20i', 
i. e. Pq and Pa are points upon the tangents of Cy and Cg. If there- 
fore^ we consider any point P upon the generator Ly, of 8, the point 
P' of the line L^« which corresponds to it, is situated upon the 
tangent t of the asymptotic curve of 8 which passes through P. 
Now^ as P moyes along the generator Ly, or g of 8, this tangent t 
describes a hyperboloid H, For^ the asymptotic tangent i of the 
point P of jii is determined by the condition that it shall also inter- 
sect ^ and gf\ two generators of 8 infinitesimally close to p. The 
hyperboloid E shall be called the hyperbdaid oseukUmg 8 okmg g. 
We shall speak of those generators of H which are of the same kind 
as ^y as its genercxtors of {he first kind. Then, as P moves along g, 
t coincides successively with all of the generators of the second kind 
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on H. P' is a point of t^ and its loctis is a straight line L^a- 
Therefore^ L^a can only be a generator of the first kind upon H. 

The line L^a is a generator of the first kind ty^an the hypetbdoid 
osctdaMng the nUed surface oicng g. The correspandence between the 
points of g and of L^a is such that the straight lines joining öarrespon- 
ding points are the generatars of the second kind upon the oseuUUing 
hyperbdloid. 

The Position of L^a upon the oscnlating hjperboloid changes 
when the independent variable x is transformed. We haye seen 
in chapter lY^ equation (115); that if we put 

I = !(*), 

^ and 6 are converted into q and er, where 

Q^fifi + 'ny), ^^fip + v^l v^Y 

Glearly, 17 may be chosen in such a way as to make Lga coincide 
with any generator of the first kind upon H. We shaU construct 
the line L^a for every valae of x, and thus get a new rnled surface 
S' associated with S. We shall speak of S^ as the derivative of S 
with respect to x. U 8^ is given, 17 is known as function of x, and | 
is determined save for a linear transformation. The derivative ruled 
surface may, therefore, serve as an im^e of the independent variable. 
This image does not change if x is converted into ax + b where a 
and b are arbitrary constants (cf. Chapter III). 

If the independent variable of (A) is given, the generator Lf^a 
of the derived surface 8^ may be defined directly by a limit process. 
Let US assume pa =» 0, so that Gy and Cm are asymptotio curves 
upon 8. Then 

(f^2f/, 4S^2is\ 

Gonsider the three consecutive generators ^..i, ^q, 94.1 of 5a8 belonging 
to the values of x, 

Xq — z/rr, Xq^ Xq + ^x 

respectively, where Jx is an infinitesimal. Construct the tangent to 
Cy at Py. It meets the three generators g^u gof ff-{-i ^i^ce Cy is an 
asymptotic curve. The coordinates of the three points of intersection, 
Ay B and (7, are 

Vk — Vk ^Xj yuy y* + Vk ^Xy 

so that the point P^ whose coordinates are proportional to yk, is 
the harmonic conjngate of B with respect to A and C. Similarly 
for P«,. Therefore the line L^a may be selected as foUows. We 
consider three generators of the surface 8y corresponding to three 
values of x forming an arithmetical progression of common difference d. 
Upon the hyperboloid, determined by these three lines, we construct 

10* 
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ihe generator which is the harmonic conjngate of the middle line 
with respect to the other two. Ab the common difference d approaches 
the limit zero^ the hyperboloid approaches as a limit the osculating 
hyperboloid, and thefourth generator approaches as a limit the line L^^a* 
Omitting the sabscripts in (1)^ we find by differentiation 

p' - 2j/' + p^^y' + i>„^ + p\^y + p\,z, 
(J' = 2^' + ftjy' + p^^ + p'^^y + i>;,^, 
whence^ making nse of (A)^ 

p' Äij/ -i>i2^ + On - 2ffn) y + Oi« - 2212)^, 

<^ Pnlf - A2^' + bii - 2fei)y + (i?;, - 2q^;)z, 

If the values of y' and / in terms of y, Zy q, 6 be substituted from 
(1); the following equations will be obtained: 

8^26' +p^^Q +i>22<^ = w»iy + %^; 

where i2 and 5 are merely abbreyiations for the left members, and 
where the quantities unt are the same as those which have been 
previously denoted by these Symbols. 

The left members of (2), for ^ = p^, ^«s ^y^, are clearly the 
coordinates of two pointS; one in the plane tangent to 8' at Pg and 
one in the plane tangent to 5' at Pj. The equations (2) show, tiiere- 
fore, that if the planes tangent to S' at Pq and Pa are constructed, 
they will intersect the generator Xy, of iS in the points u^yi + Ui^Zk 
and u^iVk + w^,^* respectively. Or, in other words, the lines joining 
Qk with u^^yi + Uis^A; and 6^ with u^iyk + tf^^^k are tangents of the 
derivative mied surface 8' at Pg and Pa respectively. 

In particular then, if w^g = ti^i = 0, ihe lines which are tangent to 
the asymptotic curves of the surface 8 at Py and P»y are also tangents 
of the derived nded surface 8', But we can find a simpler and more 
fundamental Interpretation for the conditions u^^ = t^i == 0. 

Consider three consecutive generators g-^i, gof 9-^1 ^f the mied 
surface 8. The hyperboloid Hq, osculating 8 sdong gQ, is determined 
by these three lines. On Hq we have a line i^a, or for short Äq, 
which is the generator of 8^ corresponding to the generator g^ of 8. 
Consider a fourth generator g^ of 8, consecutive to g^. The lines 
9o99uffi determine the hyperboloid H^y osculating 8 along ^j. There 
is upon it a line h^ which is the corresponding generator of iS'. Any tangent 
to 8* along h^ must intersect h^ and h^, If it is^ at the same time^ 
tangent to an asymptotic curve of 8 at any point of g^, it must 
intersect also the lines g^i, g^y g^. Such a line must; therefore, 
intersect the five lines ^-i^ g^y g^, h^y \. But since h^ is on the 
hyperboloid determined by g^iy g^, g^y we may suppress h^y since any 
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line intersectmg g^u 9of ffi "^^U also intersect A^* Therefore, we may 
say that snch a line must intersect the four lines g^i, g^j g^, h^* 
But any line intersecting g^u g^^ g^ ^^ ^ generator of the second 
kind of the hyperboloid H^y and any line intersecting g^y gi) K> ^^ ^ 
generator of the second kind on JJ^. 

Therefore any line^ which is tangent to an asymptotic curve of 
iS at a point of g, and which is at the same time tangent to the 
derivative snrface S' at a point of the generator of that snrface which 
corresponds to g, is common to two consecutive osculating hyper- 
boloids of the snrface 8. Or, in other wordS; such a line interseds 
fowr consecutive gener ators of the surface 8. 

There are, in generale two such lineS; since fonr lines in space 
have two real^ imaginary or coincident straight line intersectors. In 
fact^ if lifl2fls are three of the given fonr lines, any line t which 
intersects them, is a generator of the second kind on Üxe hyperboloid 
H determined by Zi^ Z^^ ^s* ^^ ^^ h intersects S in two points. 
Therefore, the required intersectors of l^, Z,, Z,, l^ are those two gene- 
rators of the second kind on H, which pass throngh these two points 
of intersection. They coincide if Z4 is tangent to H. 

We have seen in Chapter IV, § 8, that, if the factors of the 
covariant C be denoted by 1^ and g, so that 



(3) 
where 

the System of differential equations for i; and g will be of the form 
(A) and will satisfy the conditions u^j = ti^i ==» 0. Moreover we may 
see from (44) Chapter lY, that the most general transformation of 
the dependent variables which leaves the conditions u^^ » ti^i ~ 
invariant, may be compounded from 

and 

in other words, the two curves (7,^ and (7^ on £^ are absolutely deter- 
mined by the conditions u^^ =» w^i == 0. 

Therefore, Oie two curves upon 8, which are charaderized hy the 
conditions w^ = t«ji = 0, intersect every generator of the surface in fhe 
two points at whiäi tangents can be dratm, which have four consecutive 
points in common with the surface, . 
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In hie general tiieory of Ühe singnlarities of a surface^)^ Cayley 
denotes a point^ at which a fonr-point tangent can be drawn, as a 
fleenode. The tangent itself may be called the ftecnode tangent, and 
the locus of all of the flecnodes of 8, its fleenode curve, The rnled 
surface of two sheets, the locus of the fleenode tangents of S, shall 
be called its fleenode surface. 

A fleenode tangent is dearly tangent to the asymptotic curve 
which passes through the fleenode. It is not^ in generale tangent to 
the fleenode curve. For, if it were, the fleenode curve would be at 
the same time an asymptotic curve^ i. e. if we identifled this curve with 
Gy, we should have simultaneously 

But from these conditions, we would flnd that q^^ also must vanish, 
so that the first equation of (A) would become 

It, however^ ^i; • . . y« are four Solutions of this equation^ there must 
be two hoinogeneous linear relations, with constant coef&cients^ between 
them. For; such an equation can have only two linearly independent 
Solutions. In other words^ the curve Cy would be a straight line. 

We may recapitulate cur main result as follows. 

The fleenode curve is determined hy factoring {he covariant C. Its 
intersections with the generators of the surface are distinct if &^ =4= 0; 
they coincide if &^ = 0. If the coefficients of System (A) are real, a/nd 
if the sölidions yu and ssh o^^ real, the ftecnode curve intersects the gene- 
rators in recU, eoincident or imaginary points according as 

®,|o. 

If the cmves Cy and G, themsdves are the two hranches of the fleenode 
cutrve, System (A) is diaracterized hy the conditions 

The fleenode tangent is never tangent to a brauch of the fleenode 
curve unless that brauch degenerates into a straight line. In that 
case that brauch is also an asymptotic curvC; and the corresponding 
sheet of the fleenode surface degenerates into a straight line. 

The fleenode curve becomes indeterminate if 



1) Cayley. Mathematical Papers, vol. II, p. 29. 

S) If we speak of the two hranches of the fleenode cnrve, we must gaard 
against possible misanderstftnding of the term. It is merely a word expressing 
the fact that the cnrve intersectB every generator in two points. The cnrre 
need not therefore be a bipartite cnrve. 
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i. e. if 5 is a quadric. That Üds must be sO; is obvions geometrically. 
But even if u^ — u^g, Wjg, t^^ do not vanish identically, there may be 
particiliar values of x for which they do. 

For such generators, the flecnodes are indeterminate. We may 
say that the oscidating hyperbolaid hyperosciüaies the surface, a singu- 
larity of mied surfaces first mentioned by Voss who^ it seems, was 
also the first to consider the flecnode curve>) 

In this connection we notice further that the covariant C yanishes 
identically^ i. e. for all cnrves Cy and C, npon the surface, if and 
only if the snrface is a qnadric. 

In Order to be able to dednce further results from onr con- 
siderations^ it becomes necessary to set np the System of differential 
equations for the derived roled snrface S'. It will be, of conrse, a 
System of form (A) between q and ö. 

We find from (2), solving for y and 0, 

Further, if (2) be dififerentiated, and if the values of i/ and sf 
be expressed in terms of y, z^ q, 6 from (1), we shall find 

21J' = Wii p + tti^tf + (2^1 - %ijpii - t^ijAi) y + (2 w;, -- Wiii)i8 - Mi^^^^^ 

The quantities u\% may be expressed in terms of the quantities pn 
and Va by equations (32) of Ghapter lY. If this be done, if moreoTer 
both members of the equations be multiplied by Jy and if use be 
made of (5), these equations become 

2 Jü' - Ju^^Q - Ju^^6 + t^^E + t^^S = 0, 
^ ^ 2J8' -Ju^^Q-Ju^^6 + t^^B + t^8 = Qy 

where we have put 

kl =- JPn + ^i«^i2 - ^22%; 

,^. <12 = JPl2 - «*llVl2 + Wi2%, 

^1 =» ^Ptl + %% — *^2%; 
*22 — J^i>22 — ««11^22 + **12%- 

Performing the differentiations indicated, inserting the values of 
B and 8 from (2), and coUecting terms, we find the required System 
of differential equations: 



1) Voss. Zur Theorie der windschiefen Flächen, Mathematische Annalen, 
vol. 8. 
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^ ^ 4 Ja" + 2(Jip,i + <„) q' + 2 {Jp^ + 1^) a< + (2 J^^ - Ju^ 

+ tiiPu + tfiPid Q + (2«7i)M - «^«J» + ^iPii + UiPn)<f - 0. 
Let OS put 

-«„»1, + »„%== 2 JAu, -«ii% + Mi,% = 2J^A8„ 
so that 

(10) ^(**"^" + **»i^«) ="*'"' 2(Mu^i + «si^8)--»»i> 
We may then write the System (8) as follows 

Pa =l>a + hk (h * =• 1; 2), 

(12) ^" =" 2U + 2 (^llAl + ^2Al)> ^81 = «21 + 2 (^1^11 + *22Al); 

Qu = 2i8 + 2 (^iPii + hd?n)f Qn = ^29 + 2 (^iPu + ^2l>82)- 

These equationB will be of the greatest importance in a later chapter. 
Our present purpose^ howeyer^ is to eliminate jg, ä^ ^\ 6, 6\ tf '' from 
the eight equations (A), (1)^ (2) and (11), under the assnmption 
W12 — u^x =Äi =Ä2 = Ö. We shall thus find a System of diflferential 
eqnations between y and q^ whose integrating roled sorface is one 
sheet; F\ of the flecnode surface of S, We may find in the same 
way the equations for the second sheet, F^\ of the fiecnode surface. 
We assume, therefore, p^^ "^Pn = ^12 = «<8i = 0. We find, from (1), 

(13) D«-» = C-2y, 
whence by differentiation 

(14) i>J,^' ^ - 2i>,, j/' + 2p\,^ + A, Q^ - p[,Q. 

If we Substitute these yalues into the first equation of (A), we 
shall find the equation 

-i>i2y" + 2(!);, - 212)3/ + P129' -^Pniny - (Pw - 212)9 = o> 

which is one of the required differential equations. 
From (2) we find 

2<y' l>2iP + W22^, 1>12<J ^q' + ^iV- 

If these yalues be substituted into the first equation of (11), we 
shall find 

^Pu9'' + 2(i),,P,, - 2g,,)p' ^ 2Pi,w,,j/ + 2^^012^ 
+ (2i?i2 Qn + P12W22 - Pi2l>i2Äi) ? - 0; 
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which is the second equation of the required sjstem. If the valnes 
of Pji , QiuPi2}Qt2 tmder the special assumptions, p^^ '^Pn *" ^12 ^ ^21 ^ ^> 
be introduced^ we find finally tlie following System of differential 
eqnations for the sheet F of the flecnode surface of S: 

(15) q" + [2(L + 2«) - P«Ax] ^ - 2 Jj c' 

+ [22ii - Pit 2m - 4 Jj 2„]y - ft, ? = 0. 
In preciselj the same way we find the equations of the second sheet F": 

(16) 6^^ + [2(&, + fes) -i>i2i>2i]^' - 2 J^ 6^ 

+ [22L2 -i>21?12 - * J^äsJ^ - «U^ ^ 0- 

In these eqnations Cy and C« are the two branches of the flecnode 
curve of S; Cg and Ca are two arbitrary cnrves on the two sheets of 
the flecnode snrface. It has^ moreoyer, been assumed that in (A)^ 

Äl='JP22==0. 

It may easily be yerifled^ that if the two sheets coincide^ i. e. if 
©4 = 0^ the Single sheet of the flecnode surface is still given by (15); 
if we there put ^22 = Qiv 

Examples. 

Ex. 1. Find the System (A) determined by the two conics 

yi = 0, j/g-l, ^3 = ^^ Va-^^ 

Z^ = 1, ^2 = ^} ^z = ^*; ^4 =* X. 

Determine its flecnode curve and flecnode surface. 

Ex. 2. Splve the same problem for the ruled surface determined 
by the curves 

J/i-'O, ^8-1, ^8 = 0?, ^4 = ^*. 

h = 1> ^2 = ^) ^s = A ^4 ^ ^' 
Ex. 3. Find the asymptotic curves ^ flecnode curve and flecnode 
surface of the integrating ruled surface of 

f -=-ay + hz, ^^ ^cy + dZy 

where a, , , , d are constants. 

Ex. 4. Set up the differential equations for the various classes 
of ruled surfaces of the fourth order (cf. for example Jessop^s Treatise 
on the Line Complex, Chapter V). Determine their flecnode curves 
and surfaces. Also their asymptotic curves. 
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CHAPTEßYII. 

ELEMENTS OP LINE GEOMETRY. 

§ 1. Line ooordinates, oomplezes, oongraenoeB, rnled surfaces. 

A point is determined by three coordinates, a fact, which may 
be expressed in the langaage of Lie by saying that there are cx>^ 
points in space. There are likewise oo^ planes in space. The older 
geometry considered only points as elementS; all other configurations 
being looked upon as being composed of points. The general formn- 
lation of the principle of duality by Poncelet in 1822 led necessarily 
to the consideration of the plane as a space element^ thus giving rise 
to a broader view of the problems of geometry. The idea that the 
straight line may be employed as a space -element was first formnlated 
by Flacker in 1846, and has been of inestimable value for the deve- 
lopment of geometry. Although some of the configurations of line* 
geometry were studied by other mathematicians previous to Plücker, 
it is from the explicit formulation of this principle that the existence 
of line -geometry must be dated. And it is also a consequence of the 
large yiews of Plücker that nowadays geometers are ready to intro- 
duce as element of space any configaration which may happen to 
be especially well fitted for the purpose of the problem in band. 

The first line-coordinates introduced by Plücker were very im- 
perfect. Ji x,yy0 are cartesian coordinates, a line may be (in general) 
represented by the two equations 

x^r0 + Q, y = SS + 6, 

where the four constants r, s, p, tf are characteristic of the line. These 
four qnantities may, therefore, be taken as the coordinates of the line. 
For, to every line corresponds one set of these four qnantities r, 5, q, 6 
and conversely. There are, therefore, «>* lines in space. These qnan- 
tities are the line -coordinates introduced by Plücker in 1846. 

If any projective transformation be made, the line is converted 
into another 

x^r^z + q\ y ^ s^z + ö\ 

Without going into the details of the computation, we must never- 
theless state the result of such a transformation. It is found that 
r', 5', p', <j' are expressed in terms of r, s, q,(S as fractions with a 
common denominator, this denominator and the numerators being linear 
functions of r, Sy q, 6 and of 

ij=^r6 — SQ, 

with constant coefficients. An equation of degree n between r,s,Q,6 
would therefore haye its degree changed by a projective transformation. 
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This disadyantage of the above System of four coordinates was 
avoided by the introduotion of 17 as a fifÜi, supemnmerary; coor- 
dinate. This step was taken by Plücker in 1865. The degree of an 
eqaation between r, s, g, 6, rj remains inyariant under projective trans- 
•formation, and may therefore serye as a characteristic for a con* 
fignration of line-geometry in the same way as the degree or class 
of a surface in point- or plane-geometry. 

But these coordinates remain cnmbersome^ being nnhomogeneons. 
We have already introduced homogeneous line- coordinates in Ghapter II, 
§ 6 in accordance with the general notions due to Grassmcmn, which 
were explained there. Essentially the same line* coordinates were 
employed by Gayley, in 1869, who showed that by means of them 
it becomes possible to characterize a space-cnrve analytically, by means 
of a Single equation. To Cayley, also, is due the quadratio relation 
between the six homogeneous line -coordinates. 

We repeat the definition. Let yi,...y4 and z^y...z^ be two 
points of the line. Put 

(1) ©•* = Vi^k - ykSSi (i, * = 1, 2, 3, 4). 

Since (Oa^O, and o}^ == — Oj^,', we need retain only six of these 
quantities, say 

®12> ®18? ®14; ^29) ^4if ®84- 

?Te define these to be the six homogeneous coordinates of the line. 
he propriety of this definition has already been explained. There 
is a one-to-one correspondence between the lines of space and the 
ratios of the aboye six quantities. There is, of course, a relation 
between these six quantities, since there are not 00*, but only 00* 
Unes in space. This relation has already been foimd to be (cf. 
Chapter II, § 6), 

(2) Sl = a>i2(o^ + (Oi^fo^ + ®u®2s = ^9 

where Sl may be used as an abbreviation for the left member. Gon- 
yersely any six quantities which satisfy (2) may be interpreted as 
homogeneous coordinates of a line. 

It is easy to see that, corresponding to any projective trans- 
formation of space, the six homogeneous line -coordinates (Da undergo 
a homogeneous linear Substitution which, of course, leayes (2) in- 
yariant. 

A line may be determined as the intersection of two planes, 
instead of being considered as joining two points. If ti^, . . . ti4 and 
Vif . , . v^ are the coordinates of two planes which contain the line, 
the determinants 

may also be defined as coordinates of the line. These new coor- 
dinates tik are defined in a fashion dual to the definition of the first 
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set (Oijt, and line-geometry is dearly a self-dual field; its element 
being seif- dual. As a consequeuce of this we shall see that the 
quantities t^ are proportional to the quantities Oim, the indices being 
complementarj. 

In fact^ let the line of intersection of the planes (u), (v), coincide. 
with the line joining the points (y), (z). Moreover, let the plane 
coordinates be chosen in such a way that the relation of united 
Position for a point {x^. . .x^ and a plane {w-^f . . . w^ assumes the 
form 

w^x^ + w^x^ + w^x^ + w^x^ =« 0. 

Then we shall have 

Wi^l + Ws^2 + «*8^8 + '^l^A. = 0; 
^1^1 + «^2^2 + «^SJ/S + «^42/4 *= 0, 
«?1 ^1 + «?2^2 + ^8% + «^4^4 = 0. 

If we eliminate successively u^y te^; u^j u^ from the first two equationS; 
we find 

* + ©12^2 + ©IS Ms + Oi4«*4 = 0, 
©21%+ * +CDj3Ws + ©84^4 = 0; 

Cögi^i + ß)32««2 + * + ©84^4 = 0, ^ 

©41% + ß>42«*2 + 0^48^3 + * .= 0, 

which are the conditions satisfied bj a line (0,^) which lies in a plane 
(uj). The skew Symmetrie determinant of this System of equations 
is equal to Sl^ and; therefore^ yanishes. Of course there is a similar 
System with Vk in place of Uk. Thus we shall have 

CDijMj + CDigMj + CD14M4 = 0, 
©12 «^2 + 0^18 % + ß>14^4 == 0, 

whence^ eliminating (o^^j 

ö)l8-®14=''^42-%- 

In the same way we find the other terms of the proportion 

(4) T12 : ri3 : ^^4 : % : t^ : t^ = O34 : o^g : Ogj : ©14 : ©ig : ©ij, 

which we were to prove. 

The six quantities tu satisfy the quadratic relation 

(5) 2^= ''^12'^84 + ^18 -»^42 + ^14% == 

analogous to (2). 

- ^ Let (yi, . . . j/4), (^1, .. . ^4), y/, . . . y^), {0^, . . . z^) be the coor- 
dinates of four points which are in the same plane. Then 
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= 0, 



which becomes^ after expansion, 

where f t t t t 

(Oik = Vi^k — Vk^iy (Oik = yi0k — Vk^i' 

Therefore (6) expresses the condition that two lines o.i and ioa shall 
intersect. Tliis condition may be written 

(6a) ^«'"^-O. 

^ tk 

We haye seen that the six quantities cd,« determine a line if 
thej satisfy the condition Sl=^Q. Let us adjoin to this relation^ 
which is satisfied by the coordinates of all lines of space, another 
equation between the line coordinates. In Order that this new eqnation 
may be capable of geometrical interpretation^ it must be homogeneous. 
For, since the coordinates tau are homogeneouS; the qnantities CfOik 
represent the same line as Oa if c is an arbitrary constant. . The 
eqnation of a line locus rnnst^ therefore, remain nnchanged if CG)ik 
is pnt in place of o^; i* e. it must be homogeneous. Let 

(7) <|p(ci.*) = 

be such a homogeneous equation, distinct from ß = 0. Then it is 
dear that the totality of lines, whose coordinates satisfy this equation, 
depends upon three independent parameters or, in other words, this 
totality consists of oo^ straight lines. Such a locus of cx>^ straight 
lines has been caUed, by Plüclcer, a line complex, 

If the equation (7) of the complex is algebraic, of the n*^ degree 
the complex is said to be of the n^^ degree. 

We may write (7) as foUows. 

9? {Vi^k - Vk^i) = 0. 

Let US regard J^i^ • . . ^4 as constants. The equation becomes homo- 
geneous and of the n^ degree in z^y.,.z^. Moreover we know that 
if (^e^i, . . . ß^ is a point which satisfies this equation, any point of the 
line joinihg it to (y^, . . . y^ will also satisfy it. The equation represents, 
therefore, a cone of the n^ Order with its Vertex at the point (^i . . . yj. 
In other words: the straight lines of a complex of the n^ degree 
which pass through a given point of space, are the generators of a 
cone of the n*^ order whose vertex is the given point. By means 
of the complex, therefore, there corresponds to every point of space 
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a cone of the n^ order with its Vertex at that point. This cone may 
be called the complex cone of {he point. 

In place of the coordinates ©a we may introduce into (7) the 
coordinates ta which are proportional to them. We shall then find 
an equation of the form 

also of the n*^ degree. By the same reasoning as aboye^ we find 
that the lines of a complex of the n*^ degree, which are situated in 
a given plane, envelop a cnrve of the n*^ class, the complex curve of 
the plane considered. 

The locus of all lines which satisfy two independent eqnations, 
homogeneous in the line coordinates, consists of oo^ straight lines. 
It is known as a congruence, Glearly the lines common to two com^ 
plexes form a congraence. Bnt a congraence need not be the com- 
plete intersection of two complexes, just as a space cnrve need not 
be the complete intersection of two snrfaces. The essential part of 
our definition of a congmence is that it contains oo^ straight lines. 
The locus of oo^ straight lines is a ruled surface, which may or may 
not be the complete intersection of three complexes. 

We shall have occasion to make use of the expression of the 
homogeneous line -coordinates in terms of non- homogeneous point- 
coordinates. For this purpose we need merely put 

^1 = ^; ^2 = y, ^8 = ^. ^4=1; 
so that 

®ij *" ^y ~ ^y? ®i3 '^ ^^ — ^^; ®i4 ** ^ — ^> 

In particular the two points x^ y, z and a/, ify ^ may be infinite- 
simally close to each other, so that 

(ji ^x-\- dXy t/ = y + dy, ^ =^z + de. 

Then the line coordinates become 

xdy — ydXf xdz — edx^ dx, . 

ydz - edy, dy, de, 

in which form they have been employed principally by Lie. If x is 
the independent variable, and ^ and ^ are denoted by j/ and ^, 

they become 

xyf-y, xfl-e, 1, ys!-e%j, y, y, 

in which form Halphm has made use of them. 
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§ 2. The linear oomplez. Null-flystenu 

Let ns consider in greater detail the case in wliich the eqnation 
of the complex is of the first degree. Such a complex is known as 
a linear complex. Let its eqnation be 

There 18 one case^ in which the interpretation of this eqnation 
is obvions. Snppose that the coefficients aa satisfy the condition 

(9) A = aigOg^ + 018^4, + a^^a^^ -= 0. 

Then aik are the coordinates of a fixed line^ and (8) is the condition 
that the line (pik) shall intersect the line {an) [cf. eqn. (6)]. There- 
fore^ if condition (9) is satisfied, the linear complex consists of all 
of the lines which intersect a giyen line^ its axis. The line-coordinates 
of the axis are proportional to the coefficients of the eqnation (8) of 
the complex, taken however with complementary indices. In this 
case the linear complex is said to be a special linear comjoiex. The 
eqnation (8) may be r^arded as the eqnation of a straight line in 
line- coordinates. In the same way any cnrve may be represent^ 
analytically by a single eqnation between line-coordinates, yiz.: by 
the eqnation of the complex made np of all the oq' lines which 
intersect the cnrye. It was principally this fact that lead Gayley to 
introdnce line -coordinates. 

Let A be different from zero. According to the general theorems 
of § \y we know that the lines of the complex, which pass throngh 
any point P, form a plane pencil with its Vertex at P. Let p be 
the plane of this pencil. Then the lines of the complex which are 
sitnated in Py intersect in P. The complex determines, therefore, an 
involntory one -to- one correspondence between the points and the 
planes of space. Moreover, the corresponding Clements are in united 
Position, i. e. P lies in p and p passes throngh P. p is called the 
nvill'pUme of P; P the nvUl-point of p, The correspondence itself is 
nsnally spoken of as a nvU- System, 

It is easy to set np the analytical expression for this correspon- 
dence. Ifj in (8), we introdnce the explicit expressions for (Oa and 
pnt — a24 in place of a^,, we shall find 

(10) +(»18^1+ * -^y9-<hAy4)^2 

+ Ks^l + «23^2 + * - »«494) ^3 

+ («14^1 + ö^s42/2 + »»4^8 + * )^4 = 0- 

For a fixed point (^i, . • . ^4), this is dearly the eqnation of the plane 
which corresponds to it. If u^^ . . . u^ are the coordinates of Ulis 
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plane; they will be proportional to the cöefficients ot 0^, , , .0^ in 
the above equation. 

Whenever the coordinates u^, . . .u^ of a plane are given as homo- 
geneous linear fonctions of the coordinates (c^, , . .x^ of a point; we 
haye a so-called dualistic transformation; giving rise to a one-to-one 
correspondence between points and planes. Let 

(11) QUk « a*ia?i + «AgiCg + a*8a?8 + ak4.x^ (h = 1, 2, 3, 4), 

where ^ is a proportionality factor^ be such a dualistic transformation, 
and let ns assnme that it has the further property that every point 
lies in the plane which corresponds to it. Such is the case^ as we 
have Seen, in the point- plane correspondence determined by a linear 
complex. We must then have 

UiXi + t^x^ + «*3i»8 + u^x^ = 
for all values of a?i, . . . x^. We find immediately 

^n = «S2 = 0^83 == 0^44 = 0, ajfi = — Gilt, 

i. e. the determinant of (11) must be skew- Symmetrie. But this gives 
precisely the point-plane transformation determined by the linear 
complex. Therefore: 

The point-plcme correspondence determined by a linear complex is 
the most generäl dualistic correspondence y for which aU pairs of corre- 
sponding dements a/re in united position, 

We have found that the coordinates («*!, . . . W4) of the plane, 
which corresponds to the point (a?i, . . . x^), are given by the equations 

qUq = a^^x^ + a^^x^ + * - a^x^, 

Put 

Xi = Vi + ^^i, 

i. e. let the point Px describe the line PyP». Then we shall find 

where (t?i, . . . vj and (w^i, . . . w^ are the coordinates of the planes 
which correspond to Py and P^ respectively; i. e. as 9^ point Px describes 
a straight line, the corresponding plane tt4ms about another line as axis. 
This relation between the two Unes is reciprocal. They are said to 
be reciprocal polars of each other with respect to the complex. It 
is easy to show further, that every line of the complex is reciprocal 
polar to itsdf, a^d that every line, which intersects two redproccA pola/rSy 
hdongs to ihe complex. c 
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The determinant of (12) is equal to 



(13) 



0, 






-«187 
-«287 

0, 

»84» 



-«14 

-«24 

-»84 





C»l«»84 + »18»42 + »U»»»)* = ^'• 



The equation of the complex may be written 
(14) 
if we pnt au 



<,» = i 
0, ttik = — djti. A genenJ projective transformation 

4 4 

Vi = ^ hkyk, ^i =- ^ hh^ky 

*=:! * = 1 

transforms the line coordinates (Qu in accordance with the equations 

4 

(15) mn = ^ 6,>&jkv ©Jur, (i, Ä; = 1, 2, 3, 4). 

A«,v = l 

The resnlt of this transformation upon the complex (14)^ will be 
to convert it into 

4 

^[aikbifibkv^^iiv = 0, 

»» *»/*»* = ! 

i. e. into another linear complex whose coefficients aJLt^ 
the equations: 



are given by 



(16) 



a 



'fAV 



^^aalifJ>kvy (^,1/= 1,2 3, 4). 



i,k==l 



If we denote the qnantity A for this new linear complex by A!y Ä'* 
may be written in the form of a skew- Symmetrie determinant cor- 
responding to (13). If we denote the determinant of the qnantities 
hh hy z/, and if we make nse of equations (16), together with the 
rule for the multiplication of determinants, we shall find 

i. e. ^ is a relative invariant of the complex for projective trans- 
formations. 

That a linear complex has no absolute invariant under projective 
transformation may be seen as follows. Let us choose the tetrahedron 
of reference in such a way^ that two of its non-intersecting edges, 
say a?j = ic^ = and x^ = x^^O are reciprocal polars with respect 
to the complex. Then the plane, which corresponds to any point of 
the edge x^^x^^O, must contain the other edge; i. e. for a?i=»a?2«0 
we must find t^^ = u^ = 0, for all values of x^ and x^. But equations 

WiLCZYHSKi, projective diffexentlal Geometry. 11 
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(12) show that this is possible only if a^^ =» ^4 ^ a^^'^ a^i =» 0. The 
equation of the complex redaces to 

«lg cDi, + 0340134 = 
or 

(17) • (Du - Ä;cD84 = 0, 
the inyariant of which is 

(18) Ä Je. 

If J. =» this becomes 

(19) a,„ = 0. 
H A =^0f the transformation 

converts the eqnatiou into 

(20) (Dl, ~ CD34 = 0. 

Therefore, by a projective transformation every special linear complex 
can be conyerted into (19) , and every non- special linear complex 
into (20). 

Li other words^ every special linear complex can be transformed 
projectively into any other, and every non -special linear complex into 
any other non- special linear complex. The linear complex, ffierefore, 
hos no absolute invariant under projective transformatiom. 

Since the eqnation of a linear complex depends npon the five 
ratios of the coefficients aa, it is clear that a linear complex is deter- 
mined, in general, by five of its lines. The exceptional case, when 
fiye lines do not determine a linear complex, will be easily under- 
stood afber the developments of the next paragraph. The complex is 
also determined by a pair of reciprocal polars p,p' and one of its 
lines l which does not intersect p and jp'. For any fonr lines, which 
intersect p and pf, are also lines of the complex. It is also deter- 
mined by two pairs of reciprocal polars. Bot not both of these pairs 
can be assigned arbitrarily. 

For other properties of the linear complex, especially for a 
complete discnssion of the arrangement of its lines, the reader may 
consult: Plücker^s Neue Geometrie des Baumss; Glehsch-Lindemamhy 
Vorlesungen über Geometrie, vd. II; Jessop, A treatise on fhe Line 
complex. 

§ 8. The linear oongraenoe. 

The lines common to two linear complexes 
A = a^^a^^ + a^m^i + «u^u + «js^as + «48«'« + ^i^'si ^ 0, 

Af =- 61, (Dj, 4- 6ija>i3 + 6i4(Di4 + 6js<028 + *42®i2 + hl^tA^^^f 
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form a linear congmence. They belong also to eack of the oo^ 
complexes 

(22) XJ + iiM^O. 

If we denote the invariants of ^ = and M^O hj Ä and B 
respectively, and if we put 

(23) C = Ojafts^ + 0,3614 + «31^42 + (h4pi2 + <^uh» + a^a^si, 
the invariant of (22) will be 

X^A + X[iC + ii?B. 
If, therefore, 

there will be two linear complexes of the family (22) which are 
special. In other words, (he lines of the congruence a/re the common 
intersedors of two straight lines, the directrices of the congruence. 

The directrices of the congruence will be skew to each other. 
For, suppose that they were coplanar. Then every line of their plane 
would belong to all of the complexes (22). But, unless a linear 
complex is special, all of the lines of any plane which belong to it, 
form a plane pencil. Therefore, under cur supposition, all of the 
complexes (22) would be special complexes, i. e. we would have 

In this case, the congruence degenerates into two Systems of 00* 
lines, yiz.: the lines of the plane of the two directrices, and the lines 
through their point of intersection. 
If 

we may speak of a congruence with coincident directrices. Such 
a congruence will be obtained as a limiting case of a congruence 
with distinct directrices if we allow these directrices to approach each 
other as a limit without, however, becoming coplanar. This way of 
looking at such a congruence shows that its lines may be regarded 
as the tangents of a hyperboloid along one of its generators. For, 
these tangents intersect two consecutive generators of the same set 
upon the hyperboloid. The lines of the congruence may, therefore, 
be arranged in a single infinity of plane pencils. The vertices of 
all of these pencils lie upon the directrix. As the Vertex of the pencil 
moves along the directrix, its plane turns around the directrix as axis; 
the point- row and the pencil of planes thus generated are projective 
to each other. In fact they stand in the same relation to each other 
as the points of the generator of a hyperboloid to their tangent planes. 
It is clear now that five lines determine a linear complex, 
provided that they do not belong to a linear congruence. It is also 
evident that four lines, in general, determine a linear congruence, its 

II* 
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directrices being the two straight line intersectors of the giyen four 
lines. There iS; of conrse; an exception if the giyen four lines are 
generators of the same hyperboloid, or if they intersect. 

We give, without proof, a few other theorems which we shall 
employ occasionally. 

Let ^ = 0, M=0 be two linear complexes, and consider any 

fonr complexes 

A + JciM = (i=:l,2,3,4) 

of the pencil of complexes determined by them. To any point of 
Space there corresponds^ in each of these complexes^ a plane. These 
four planes form a pencil whose double ratio is equal to (Jciy\yk^,1c^. 
To any plane there correspondS; in each of these complexes^ a point. 
These four points are coUinear, and their double-ratio is equal to 

We may, therefore, speak of the double-ratio of the four complexes 

defining it to be equal to (^i, Äg, ÄJg, Äj. 

Let two of these four complexes be the special complexes of 
the pencil (supposed distinct). Let the other two be chosen in such 
a way that the double-ratio of the four complexes becomes equal to 
— 1. The two latter complexes are then said to be in invölution. It 
is not difficult to show that the condition for two linear complexes 
in involution is n n 

In the cases in which our former definition breaks down, the equation 
(7 = may be taken as the definition of the involutory relation 
between two linear complexes.^) 

Finally^ we may call attention to the fact that lAe has set up 
a geometry whose dement is the sphere. This geometry is four- 
dimensional as is Flücker^B line -geometry. By making use of a simple 
transformation due to Liey the two geometries may be conyerted into 
each other, a line in one corresponding to a sphere in the other. It 
is a mere matter of conyenience in most cases, whether a giyen ana- 
lytical theorem is to be interpreted in line- or in sphere -geometry. 
In place of ruled surfaces we would haye surfaces generated by moying 
spheres, in place of asymptotic lines, lines of curyature, etc. We 
shall not enter into details, but leaye it to the reader to re-interpret 
the theorems about ruled surfaces in sphere -geometry.*) 

1) This idea of two linear complexes in inyolntion is dne to Klein. Math. 
Ann. vol. 2 (1870) p. 198. For a proof of the above theorems cf. Lie-Scheffers^ 
Geometrie der Berührungstransformationen, pp. 296 — SOO. 

2) For a convenient treatment of this subject, cf. Lie-Scheffers, Geometrie 
der Berühmngstransformationen, pp. 463 et seqn. 
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CHAPTEE Vm. 

THE EQÜATION OF THE RULED SURFACE IN LINE 
COORDINATES. 

§ 1. The differenüal equation for the line ooordinateB. 

We retnni to the consideration of a System of differential equations 
of the form (A), and pnt 

(1) (Oik = tfi^k — Vki^i, 

so that cja will be the Plückerian coordinates of the generator Ly, 
of the integrating mied surface. Of conrse the identical relation 

(2) ^li^^U + ®18®42 + 0^28^14 ~ 

will hold. 

Gorresponding to the infinite group G composed of all of the 
transformations 

(3) y^€cy + ßsi, i = yy + *^, S = | {x\ 

the fonctions mn will be transformed in accordance with the eqnations 

(4) p =» (ad — ßy) (0 = <p(0, S «= | (x). 

Now the six line coordinates (Oa will satisfy a linear homogeneons 
differential equation of the sizth order^ say 

(5) Po(dW + PiCd(5) + P^(o(^) + PgöW + P^o" + PgCD' + Pe« = 0, 

where P^, . . . Pe are fonctions of the coefficients pa, g,* of (A). 

Clearly, the invariants of the linear differential equation of the 
sixOi Order y which the line coordinates of a generator of the integrating 
rtded swrface of System (A) satisfy , will also he invariwnts of System (A), 
cmd conversdy. 

We have found in Ghapter II; a System of rational invariants 
for (5); complete in the sense that every other rational inyariant can 
be expressed rationally in terms of them. We may, Oierefore, conr 
sider the problem of finding such a System of invariants för System (A) 
a>s essentially solved. 

We proceed to set np the differential equation (5) in a special 
form. Let us assume that the System (A) is written in the semi- 
canonical form^ and let (y, g) and (i/^ %) be any two simultaneous 
Systems of Solutions of this System ^ so that 

^' — ftiy - fe2^; fi" =" fei^ - &2t 
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Then put 
(7) 



m^ffi — eij = (yt). 



We wish to find Übe differential equation satisfied by ca. We find 
from (6), 

(8) (i?y")- + 2u®> ('?«") = + 2m®j (Sy") = -2u'»> (5«") = -?»i"»> 
where we have pnt for abbreviation 

In general we have denoted bj (aß) the expression 

aj8 — ab, 

obtained from the term actually written by snbstractmg a correspondiug 
tenn, in which the Greek and Roman letters are interchanged. 
Put 



(9) 



w « t/' - 2 (g,ig„ - jigjai) fo + (fti + j„) V, 



Then we shall find from (7), by snccessive differentiation and by 
making nse of (8) and (9)^ 

If we eliminate the fonr determinants (17/); etc.; we find the 
required differential eqnation of the sixth order for o, Tiz.: 

(11) w, g-;,, 3;,, -3;,, -^ -0, 

oj', -1, 0, 0, +1 

where q, t, w, tf are defined by eqnations (9). 
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§ 2. Condittons for a mied snrfaoe whose generaton belcmg to 
a linear oomplez or a linear eongmenee. 

Eqnation (11) iS; in generale of the sixth order^ so that the six 
line coordinates will be linearly independent. It may^ howerer, reduce 
to ihe fiftli Order. In that case there must be a linear bomogeneons 
relation witb constant coefficients between the line- coordinates, i. e. the 
mied surface must belong to a linear complex. 

If we recnr to equations (9), we see that the only one of the 
quantities q, t, w, t/, which contains <o^^\ is q. The eqnation (11) will, 
therefore, reduce to the fifth order, if and only if the minor of q 
in (11) is zero, i. e. if 

(12) 2i,-ä«. ü[v Sn =0. 

Bnt the invariant ^/ of System (A) rednces to the left member of 
(12), except for a nnmerical factor, if (A) is reduced to its semi- 
canonical form. 

Therefore, the condüion {hat a rtded surface may belong to a 
linear complex is 



(13) 



®9==^ = 



Wll - ^2, 



% 



Vi> 



U^ 



«^18; 



i/jl 



Wil — W, 



m; 



W. 



12; 



W, 



Sl 



= 0. 



If the linear complex, to which the generators of the surface 
belong, is special, additional conditions must be fulfilled. The surface 
has, in that case, a straight line directrix. This straight line directrix 
is clearly both a brauch of the flecnode curve and an asymptotic 
curve upon the surface, so that we shall have 

if the directrix be taken as fundamental curve Gy. If the surface 
does not belong to a second linear complex, the invariant ©^ must 
be different from zero. For eise the second branch of the flecnode 
curve would also be a straight line, coincident with the first, and the 
surface would belong to a linear congruence with coincident directrices. 
We shaU, therefore, have 

«♦i2=^i>i2 = 0; ^11 ~ ^5,2 =4= 0, 2i2 = 0, 

whence follows v^^ = 0, and therefore 

(14) ö, + 0, 19,0 = 0. 

The conditions (14) are therefore necessary for a rukd smface with a 
straight line directrix. They are also sufficient. For, let them be 
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satisfied. Then the two branches of the flecnode cvare are distinct; 
and if -v^e identify them with ihe integral curves Cp and C« of System 
(A), we shall have 

so that 

If ©IQ = 0, we must, therefore, have either v^^ or v^^ equal to zero. 
But 

(15) ^'* ^^^2 + (Pii - Psa) %2 - JPi2 Kl - ^il 

% == ^^n - (Pii - i>22) ^1 + i>2i Kl - «^22)- 

We find, therefore, either p^^ or p^^ equal to zero, i. e. either Cy or 
C, is a straight line. 

Of course ^ also vanishes in consequence of these conditions. 

If the mied surface belongs to a linear congruence with distinct 
directrices, it has two distinct straight line directrices npon it^ so 
that System (A) may be reduced to a form for which 

JPl2=«*12 = 0, jP8i=W21 = 0, Mii-Wj2=fO. 

In this case we shall find farther 

% == ^21 == ««'u = ^21 = 0, 

so that aU of the minors of the second Order in the determinant ^ 
will yanish; as weU as ©^q. On the other hand, suppose that all of 
the minors of the second order in ^ are zero, while @^ does not 
yanish. Identify Cp and Gg with the (distinct) branches of the flecnode 
curye. We shall haye 

«*12 = «*21 = 0, «*ii — W22 + 0. 

Two of the minors of ^ reduce to 

Kl - «*22) «^12 and (^11 - «15,2) Vji, 
so that we must haye 

^12 = «^21 = 0. 

But, from (15), we now find p^^ =i?2i = 0; i- ®- ^u ^^^ ^» *^® *^^ 
distinct straight lines. 

Therefore, Oie conditions, necessary and suffident for a mied 
swrface with two distinct straight line directrices, are that aU of the 
minors of iJie second order in (he determinoM J shall vamsh, white 
04 + 0. 

This result may be obtained in another way. The equation (12) 
shows, that if a ruled surface belongs to a linear complex, and if 
the corresponding System (A) is written in the semi-canonical form, 
there is a linear relation with constant coefficient» 
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« (jii - q^) + Iq^ + c&i = 0, 

between the coefficients of the System; and it is for this reason that 
the first fonr eqnations of (10) sufßce for the elimination of the fonr 
determinants {rif/)^ etc. Bnt; if there is a second linear relation of 
this kind^ the first three eqnations of (10) will suffice for this elimi- 
nation^ so that the differential eqnation for cd will rednce to the 
fonrth Order; i. e. the mied surface will belong to a linear congruence. 
On the other hand the conditions for two such linear relations between 
9n ~ Q.n} 9i2; &i ^^^ precisely these, that the minors of the second 
Order in J shall all vanish. 

If the mied surface bdongs to a linear congruence wüh cainddent 
diredrices, the minors of A miist again vanish, as fhe last consideration 
shows. But ©4 mmt cäso he isero, 

We may show this directly. Of course &^ mnst be zero, since 
the two coincident directrices of the congruence are identical with 
the two branches of the flecnode curve, which must therefore coincide. 
Let Cy be this straight line^ so that 

-Pia == Wi2 = 0. 

Let Cm be any other curve of the ruled surface. 
Since &^ yanishes, we shall have 

«*ii - w,2 = 0. 

We find as consequences of these relations 

«^ii-% = 0, v^^O, u?ii-«?83 = 0, ic^ia^O, 

so thaty in fact, all of the minors of the second order in z/ must 
yanish. The quantity u^^ will not also be zero unless the surface 
is a quadric. 

Gonyersely let us suppose that all of these minors yanish^ and 
that ^4 also is equal to zero. Take for Gy the fiecnode curye, so that 

«*ij == «*ii - «*22 =- Oi «*21 + 
assuming that the surface is not a quadric. One of the minors of 
^ reduces to 

so that j)^2 B 0; i. e. Cy is a straight line. Moreoyer both branches 
of the fiecnode curye coincide with it It must therefore be a double 
directrix of the ruled surface. 

The further case that presents itself in the theory of linear 
congmences, in which its directrices are coplanar, has no interest for 
US. For the lines of such a congruence are either all of the lines 
of a plane, or all of the lines through a point. A ruled surface 
belonging to such a congruence would therefore be either a cone, or 
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ehe its generators wonld enyelop a plane curve. In either case the 
mied surface would be developable; but a developable cannot be the 
integrating mied surface of a System of form (A). 

If a mied surface belongs to three independent linear complexes 
it is a quadric. We know already that the conditions for this are 

Wn -^i^ u^2 =- w«! == 0. 

In this, as in the preceding case, all of the invariants are zero. 

We may recapitulate the results of this paragraph in the following 
theorem. 

The necessary and mffident conditions for a mied surface hdonging 
to a Single linear complex, which is not special, are 

©,H=0, ^ = 0, ©10 + 0, 

white dU of the minors of the second order in J do not vanish. If 

white {he other conditions remain fhe same, the complex is special. The 
surface belongs to a linear congruence tvith distinct directrices if all of 
the minors of the second order in ^ vanish, white ©^ is different from 
isero, The directrices of the congruence coincide if ©^ also vanishes. 
In fhis latter case {he Sfwrface is, er is not a quadric aocording as the 
equaMons 

«*ii - «<a2 = «*i2 = t*ai = 
a/rcy or are not satisfied. 

Suppose ^ =* and ©^ = 0. We may put u^^ = u^^ — u^ = 0, 
and assume w^j =^ if the surface is not a quadric. We find from 
z^ = 0, 

which equation reduces to 

SO that j>i2 must vanish, and Cy be, therefore, a straight line. We 
have the following theorem, due to Voss}) 

If the two branches of the flecnode curve of a ruted surface hdonging 
to a linear complex coincide, it is a straight line. 

This gives a simpler test than that given above for a mied sur- 
face belonging to a linear congruence with coincident directrices. 

We found in Chapter V, § 3 that the identically seif- dual sur- 
faces were those for which ©^ = 0. We may, therefore, express this 
result by saying: a rukd surface, wi{h two distinct branches to its 
flecnode curve, is identically säf-dwü, if and only if it belongs to a 
non-specicd linear complex, 

1) Voss. Mathematische Annalen, Bd. YIU p. 92. 
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The proof of this theorem howeyer is not qoite oomplete, since 
we had assnined not only ©^ 4= 0, but also ©^^ 4" 0. We shall now 
consider Üiese exceptional cases. We shall see at the same time Üiat 
the fundamental theorem, that a mied surface is determined nniquely 
bj means of its inyariants^ actually ceases to be true in these cases. 

First, let ©4 + 0, &^^ » 0. The ruled snrface 8 has a single 
straight line directrix, which we may identify with C^ We shall 
then haye 

JPij =» Wu = ö; whence q^ = 0. 

Let Cm be the second branch of the fiecnode curre of 8 distinct from 
Cy. Then 

But, multiplying y and z by properly chosen functions of x, we may 
foriher make 

so that the system (A) assumes the form: 
f + iiiV-O, 

The non-vanishing invariants ^4, &^.^ and 0^ being given as fdnetions 
of X do not determine ^219 which may still be chosen as an arbitrary 
fnnction of x. This arbitrariness does not disappear eyen if the 
independent yariable of the System, which is still capable of arbitrary 
transformation, be chosen in a determined fashion. We may determine 
it so that, withont disturbing the other conditions, 

Wji — t«j2 = 1. 

We shall then have 

1 

but p^i remains an arbitrary fnnction. Now, the most general trans- 
formation, which leayes all of these conditions inyariant, is 

i = ±x + const., y = ay, "z = ft^e, 

where a and h are constants. Eyidently such a transformation cannot 
remoye the arbitrary ftmction ^^i- Therefore, if ®4=|=0, Öj^ = 0, 
the invariants do not suffice to cha/racterize the ruled surface. 
The adjoint system of (16) is 

(17) 

The independent yariable is the same for both Systems. Moreoyer 
both Systems are referred to their flecnode curves. Therefore, the 



F"+Aif7'+i|)',l7 + j„F-0. 
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only transformationS; which coold transform (16) into (17)^ must be 
of the form either 

or 

Moreover a and d must both be constants, so as to preserve the 
conditions i>ii=i>38 = which are satisfied in both Systems. Since 
&2 =H Su; ^^ ^^^ transformation caimot accomplish this. The second 
can, if and only if p^^ = 0^ i. e. if G» also is a straight line. The 
roled surface has two distinct straight line directrices, and therefore 
belongs to an infinity of non- special linear complexes. This completes 
the proof of our theorem about identically self-dual surfaces, if ®^=f=0. 

If 0^:=Q^ we must have^ in the case of an identically seif- dual 
surface ^9 = as in the general case. But this gives either a ruled 
surface belonging to a linear congruence with coincident directrices 
or eise a quadric. In all of these cases the surface belongs to an 
infinity of non- special linear complexes. 

Therefore, a rvHed surface is identicaUy sdf-dtuü, if and only if 
it belongs to at least one non-speddl linear complex. The dualistic 
transformation which converts it into itself^ generator for generator, 
is that which consists in replacing every point of space by the plane 
which corresponds to it in the complex. 

The invariants do not determine the surface, if &^ = 0. We may 
assume in this case 

^12 = «*ii — ^2 =i>ii =i>22 = ^y 
so that Cy is the flecnode curve. We may assume further 

Pn = 0, 
so that Gs is an asymptotic curve, and the independent variable 
may be chosen so as to make 

We find for the coefficients of a System (A) satisfying these conditions 

i>ii = 0, Pii = f{x), gii = 0, ai2 = 2JPi2' 

(18) 1)81 = 0, Ä2 = 0, &i = -|«*2i=f^(«); «22 = 0, 

if ®g ^ 0. Of the two functions f and g one remains arbitrary. 
Moreover, the most general transformation, which leaves the above 
System of conditions invariant, contains only arbitrary constants, and 
cannot, therefore, remove this arbitrary function. 

1) Bqnation (61) of Chapter IV shows how this may be done. 
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K ©6 also vanishes, we find either w^j = 0, i. e. S is a quadric, 
or p^ = 0, so that S belongs to a linear congraence with coincident 
directrices. In either case all of the invariants yanish. 

We may, therefore, complete our fdndamental theorem negatively 
as follows. 

The ruled surfaces, for which the two hranches of the flecnode cmve 
coindde, cmd those which have a straight line diredrix, form cm exception 
to the fundamental theorem which states that a ruled swrface is deter- 
mined hy its invariants, up to a prqjecHve ira/nsformaMon. 

§ 3. A fanoücn-theoretio applioation. 

Consider a homogeneous linear diflferential equation of the w*** order 

(19) !,(,)= + ^/-rlv + ... + ^„,==O, 

and let ^i^ * • . Vn form a fundamental system^ so that 

(20) D(yO = (f = l,2,...w). 

Let the coefficients jPi, . . .i>n of (19) be uniform functions of Xj 
and let o; =» a^ be a singular point of one or all of the coefficients. 
If the complex variable x describes a closed path around one of 
these points afi, y^, , , . pn will; in general undergo a linear Substitution 
with constant coefficients^ changing into 

9k=^xt>m (ä; = 1,2,...m), 

where the determinant \Xki\ is not equal to zero.^) Denote this 
Substitution by A/i, so that we may write 

(21) Sk = Äf,yk. 
Now, put in (20), 

(22) yk==^€Cu(x)fi,==8ri,, (k^l,2,...n), 

where again the determinant | oat | is different from zero, and where 
ccki(x) are uniform functions of x. Then rji,.,.rjn will satisfy a 
System of n linear differential equations of the «*^ order, obtained 
from (20) by the transformation (22). 

This System of dijBFerential equations has the special property 
that, when x describes a closed path around ainfifji,,,, rin undergo the 
linear Substitution , 

whose coefficients are uniform functions oi x. i^i, . . ..i/n are, there- 
fore, a special case of what the author has called A functions. In 

1) Fachs. Crelles Journal, vol. 66. 
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fact, a System of functions fs^, . , ,Zn is knowB as a ^ fonction if 
je^^y . . . 0M are nniform; finite and continaoos for all values of the 
complex variable Xj except for certain yalues, say a^^ o^; • • • ^; ^^^ 
if, when x describes a dosed path aronnd one of these points eyy,..Zn 
undergo a linear Substitution, whose coefficients are uniform fimctions 
of x}) 

In the case « = 2 we can now write down the conditions under 
which a System of di£ferential equations of form (A) will have this 
property. There must exist a transformation 

which converts the System into 

^ ^ §"+1)6' +35 = 0, 

so that ri and £ satisfy the same linear differential equation of the 
second order. But for this latter System we find at onee 

(24) Wii - ^2 = ^IS = ^21 = 0. 

an invariant System of equations, which must therefore hold of the 
original System (A) as well. The integrating ruled surface must, 
therefore, be a quadric. The curves C; and Ci; are clearly any two 
generators of the second kind. It is evident that the conditions (24) 
are also suffident for a System (A) of the required kind, if we do 
not insist upon the condition that the coefficients of the Substitution 
S shall be uniform functions of x, and still speak of the functions 
y and as A functions. 

We may, therefore, say that a System of form (A) gives rise to 
a binary System of A functions, if and only if its integrating ruled 
surface is a quadric. 

Ezamples. 

Ex. 1. If a ruled surface belongs to a linear complex, its dif- 
ferential equations may be put into such a form that 

i>ii=i>22 = 0; %2 = Wäi = 0> |^«const., 
provided that ^4 and 0^^ do not vanish. 

Ex. 2. The points of the straight line y^ = 1, y^^x, ^8 = ^4*"^? 
are joined to those of the conic 

^* == a*o + <**i^ + ^H^^ (* = 1; 2, 3, 4). 
What are the conditions under which the ruled surface thus generated 
has a second straight line directrix? 



1) WOczynski. Am. Jonr. of Math. Vol. 21, pp. 86—106 (1899). 
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CHAPTEß K. 

THE FLECNODE CONGRUENCE. 

§ 1. The developables of the oongraenoe and its fooal suxfiaoe. 

In Gliapter YI^ the covariant P led to the consideration of the 
hyperboloid Hy which osculates a giyen mied surface 8 along one of 
its generators g, It was fonnd that Üie generator h of the ruled 
snrfiAce 8\ the derivative of 8 with respect to Xy was a generator of 
the first kind upon H. There is an oscnlating hyperboloid JET for 
each generator g of 5; and upon each of these hyperboloids there is 
a Single infinity of generators of the first kind. The totality of these 
generators consists^ therefore^ 6f oc^ straight lines; we shall speak of 
this congruence; composed of all of the generators of the first kind 
on the oscnlating hyperboloids of /S, as the flecnode congrumce of 8, 
and denote it by the letter F. The reason for choosing this name 
for the congruence^ will appear in the conrse of the präsent chapter. 

The ruled surfaoe 8\ the derivative of 8 with respect to x, is 
always a surface of the flecnode congruence^ one of its generators 
being situated upon each of the oscnlating hyperboloids of 8. Clearly^ 
unless all of the oscnlating hyperboloids coincide^ i. e. unless 8 is 
itself a quadric^ the congruence F does not degenerate into a single 
infinity of lines. A transformation | = S (a;) of the independent variable 
transforms the surface ä' into another ruled surface of the congruence 
Fy since it transforms q and 6 into 

(1) Q^jiQ + vy), ^=|-(<^ + ^^), v=-Y' 

Since the coordinates are homogeneous, the factor |' is of no im- 

portance, and two transformations, which give the same value to iy, 

give rise to the same ruled surface of F. In other words, a linear 

transformation . . , 

I =» aa; + 6, 

where a and b are constants, does not affect the derivative ruled sur- 
face. On the other band, rj being an arbitrary fanction of Xy any 
etirface of the congruence Fy which has one generator on each 
oscnlating hyperboloid of 8, may be regarded as the derivative of 8 
with respect to an appropriately chosen independent variable, excepting 
only 8 itself, for which rj would have to be equal to infinity. 
Equations (8) of Chapter VI reduce to the form 

if J = 0. In that case, therefore, the derivative surface 8^ is developable 
[cf. Chapter V, equations (14)]. This conclusion would seem to be 
doubtfal if, besides J^Oy the conditions 
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were satisfied. We may, however, see directly that the condition J=0 
always gives rise to a developable surface for ä'. In fact, we have 

If 04 =f= 0, the two branclies of the flecnode curve are distinct. If 
we identify them with Gy and C^, we shall have u^^ = ü^^ — 0. If 
J yanisheS; we must therefore have either u^^ or u^^ equal to zero. 
In either case, eqnations (2) prove that 8^ is developable. 

If ©4 = 0, the flecnode curve has only one brauch, say Cy, so 
thattfi2 = 0. But from @^=^J=Q then follows Wjj=w^jj = 0, so 
that again /S' is developable. 

In aU cases then, if J^O fhe derivative of S mfk resped to x is 
devehpahle. One may easily see that it J =^0, S^ is not developable, 
for in that case the planes tangent to 8' at Pg and Pa intersect 
the line Ly, joining Py and P, in distinct points, as is shown by 
eqnations (2). 

We shall, therefore, obtain all developable surfaces of the congmence 
r, by finding the most general transformation | = | (x), which reduces 
the seminvariant Jto zero. But according to equation(51) of ChapterlV, 
the most general Solution of the differential equation 

(3) 4{i,x]' + 2I{lx} + J^0, 

is the most general independent variable for which J=0. To reduce 
J to zero we may, therefore, take for | the general Solution of either 
of the two eqnations 

(3a) {|,^}=,:il±V5, (3b) {Ix}^^^^, 

where 

&^ = P- 4e7; 

Although each of the eqnations (3 a) and (3 b) is of the third 
Order, we obtain in this way only two families of <x>^ developable 
surfaces, as we should. For, as has already been remarked, all values 
of I which give the same value to 17 belong to the same developable 
surface 8\ As a matter of fact, eqnations (3 a) and (3 b) may be 
written , — , , — 

and these are of the Bicconti form, so that the anharmonic ratio of 

any. four Solutions is a constant. 

We have therefore proved the following theorem: 

To every rtüed smface 8 ihere bdongs a congmence F determined 

by its osctdating hyperboloids. This congmence contains two famüies 
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of devdopable surfaces, which coindde if and only if 0^ = 0, i, e., if 
and only if üie two branches of ffie flecnode curve of 8 coindde, To 
determine any devdopable stirface of the congruence, it is necessary a/nd 
suffident to find a Solution of the equation 

and to take Ms Solution | = | (a?) as ihe vndependent variable of the 
defining System of differential equations, The derivative of 8 with 
respect to | wiU then he a developdble surfacey and aU developäble sur- 
faces of the congruence may he öbtained in this way. Moreover, any 
four devdopables of the same famüy intersect all of the asymptotic 
tangents of 8 in point rows of Ihe same cross-roitio. 

Let US suppose that the variable x has been so chosen as 
to make J^=0. Then the line L^a^ joining P^ and Pa generates 
a developäble surface of the congruence T, and Cq and Ca are two 
curves on this surface. Let us assume that 0^ ={= 0^ and that Gy and 
Ct are the two (distinct) branches of the flecnode curve on Ä Then 

SO that either u^^ or ti22; ^^^ ^^^ both, will vanish. Suppose that 
^11 == 0. Then, according to (2), 

i. e., ii Pi^ 4* 0, Pa is a point on the tangent to the curve Cq described 
by P^. In other words, Gq is the cuspidal edge of the developäble 
surface. If i)i2, together with u^^^ were zero, Gy would be a straight 
line, and the curve Gq would degenerate into a point of this line. 
The developäble surface would be a cone. 

If %i =4= 0, ti28 niust vanish, and then Ga is the cuspidal edge of 
the developäble surface. This ambiguity corresponds to the fact that 
every line of the congruence belongs to two of its developäble surfaces. 

But, if Py and P, describe the flecnode curves on S, P^ and Pa 
are points on the flecnode tangents. We have called the ruled sur- 
face of two sheets, generated by the flecnode tangents of 5, its 
flecnode surfa^cCy so that we have proved the theorem: the focal surfaces 
of the congruence F are the two sheets, P' and P", of the flecnode 
surface of 8. 

For, the focal surfaces of any congruence are the loci of the 
cuspidal edges of its developäble surfaces. The theorem is true also 
if ®4 = 0, only in that case P' and P" coincide.^) 

1) Por a clear treatment of the general properties of congmences, the reader 
may consult Barboux Theorie des surfaces, t. II, chapter 1. Gompare also 
Wüczynski^ Invariants of a System of linear partial differential eqnations, and 
the theory of congmences of rays. American Jour. of Math. vol. XXVI (1904) 
pp. 319—860. 

WiLCZYKSKl, projectiye differential Geometry. 12 
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We may also prove this theorem geometrically. Let g^, g^gi^ g^j etc., 
be consecutive generators of the mied sorface 8. The hyperboloids 
H^^H^, etc.; osculating 8 along g^y g^ etc., are determined respectively 
^y g^j 9u 9t] 9u 9%y 9zy öte. The flecnode tangents ^/, f^\ along 
generator g^y are the two straight lines intersectmg g^j giy g^t g^. The 
flecnode tangents f^', f^" of 8, along g^, intersect g^, g^, g^,g^] f^\ f^" 
intersect g^, g^j g^, g^] etc. Therefore, g^ intersects f^, f^', f^y fl as well 
^s fi\ f^\ /s" fl\ i. e., four consecutive generators of each sheet of the 
flecnode surface of 8, This shows that each of the sheets F^ and J?"" 
of the flecnode surface of 8y has 8 itself as one of the sheets of iis 
flecnode surface. The congruence P is made up of the generators of 
the first kind on the hyperboloids H^^H^y etc. H^ and H^ intersect 
along the four lines g^yg^yfiyti- S^ and Äj intersect along g^yg^y 
f%f fi'} ^^' Therefore, a generator of the flrst kind on H^ can meet 
a generator of the first kind on JB^ ^^7 along one of the lines f^' 
or /i". Moreover, at every point of f^' and ^i" two such lines actually 
do meet. It is clear then, that the cuspidal edges of the developable 
surfaces of the congruence F must lie on one or the other of the 
two sheets of the flecnode surface of 8. This completes the synthetic 
proof of our theorem. 

But we have also seen that each sheet of the flecnode surface of 
8y has 8 itsdf as om of the sheets of its flecnode smface. 

To proye this analytically as well, we recur to the System of 
differential equations for F\ which was set up in Chapter VI, equa- 
tions (15). 

Denote by U,* the quantities formed from this System in the 
same way as are Ua from (A). Then we shall flnd 

(4) U,,-0, U,, 4(gr'„-3;,) + 8(ffu-«M)J*' 

Vit 
Wii- 1122 = 4(^11 -gas,), 

which equations are also valid for ®^ = 0, in which case q^^ == g^. 
Therefore, the curve Cy is flecnode curve on J?" as well as on 8. 
If the two bramhes of the flecnode cwrve are distinct on 8, they are 
also distinct on F' and F", for q^^ — g,j does not vanish under our 
assumptions unless ^4 = 0. To complete the proof that /S is a sheet 
of the flecnode surface of F^, we have still to show that the flecnode 
tangents to F^ constructed, of course, along Gy are the generators 
of 8, But the flecnode tangent to the surface JP" at a point Py of 
the flecnode curve, is the line joining it to the point, whose coordi- 
nates are obtained from System (15) Chapter VI in the same way as 
the coordinates of P^ are obtained from System (A). But the co- 
ordinates of this point are 
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i. e.^ Ulis point is on the generator of the surface S which passes 
through Py. This completes the proof of our theorem if p^^ =4= 0. 
But if i>i2 vanishes, together with u^^, F^ degenerates into a straight 
line^ and any mied surface made up of lines intersecting it may be 
called its flecnode surface. The theorem may, therefore, be regarded 
as yalid in all cases. 

The curve Cy is one brauch of the flecnode curve of F\ The 
other may be found by putting 

(5) r=U„y-(U,,-U,,)(», 

this being the second factor of the covariaut C of the surface F'. 

The flecnode tangents to F* along this curve generate the second 
sheet of the flecnode surface of JP'; but this does not in general 
belong to the congruence JT, — never in fact, as we shall see, unless 
jP' degenerates into a straight line. 

The flecnode surface F^ may be of the second order. This is 
so if, and only if, 

But this requires g^ — q^^ to vanish, which condition, together 
with those already fulfiÜed, gives 

i. e., only if fhe nUed swrfo/ce S is of the second order, com a sheet of 
its flecnode swrface he of ike second order. Its flecnode surface in that 
case is the surface itself, generated however by the generators of the 
second set. 
If we put 

.gv ^1^12 - W22t?u = 2J^^i, Wait^sa ~ ^23% == ^^hu 

— «^11 ^12 + %2% = 2 j;,i2^ — ^11% + ^12^21 = 2dr^2, 

we have seen, in Ghapter VI, that the equations of the surface S^ become 

^ ^ ij" + P219' + P22<^' + Q^l9 + Ö22<J = 0, 

where 

Fik ==Pik + ^ikf 

Qu = 211+-^ ihiPn + hiP2i\ Ö21 -Q2i+^ i^iPn + ^Pii\ 

Qu = 2l2 + "2 (^lPi2 + ^12ft2); Ö22 = 222 + 2" (^1^" + ^^Pii)' 

Let US denote by Utk the quantities which are formed from 
System (7) in the same way as are the quantities Uut from (A). 
Then we shall find 

12* 
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JU^^^Ju^^ +-2 Ka^^ii - «^ii««'«) - 3J'Ai2, 

(9) JU^i^'Ju^i +|KiW?22 - ^%Wn) - SeTAgi, 

J{ün - U^i)^J'(^n - Wb2) + I Kl ««^12 - Wi2 W^21 + «^11^^22 " ^2«<'ll) 

— 3 J (An — Ajg). 

If we assume u^ = w^i '^ ^j ®4 + 0, the curves Cy and C, are 
the flecnode curves on S, and the curves Cg and (7^, on the derived 
surface S\ are the intersections of this sur&ce with the flecnode sur- 
face of S, It may happen that Cq is one brauch of the flecnode 
curve of 8\ This is so if , and only if , U^^ = 0. In other words, 
the derivative of S has a brauch of its flecnode curve on the flecnode 
surface of 8, if one of the two conditions 

Wi2 = [712 = or Mgl = E^gi = 
is satisfied. 

There exist two famüies of oo^ non-devdopahle mied surfaces of 
the congruence F each of which has one hrcmch of its flecnode curve on 
the flemode surface of S. 

This we shall now proceed to prove. Assuming «^ ^= 0, U^^ = .0 
will be a consequence of u^^ = 0, if 

(10) «'i,-3%5=Ö' 

as is shown by (9). The equation w^g = is leffc invariant by an 
arbitrary transformation of the independent variable. If then Cy be 
taken as one brauch of the flecnode curve on S, the curve C^ will be 
a brauch of the flecnode curve on 8\ provided the independent variable 
be so chosen as to satisfy the equation 

«/ 
or, making use of (49), (53) and (54) of Chapter IV, if 

(11) w,, + 2v^ri - 3t;i3 J+2{|,;}I+4{|,a;}2 ^' 

which equation is of the second order with respect to iy. This proves 
our assertion, that there exists a family of oo^ ruled surfaces in the 
congruence I, each such that one of the branches of its flecnode curve 
lies on F\ There is another such family connected with the other 
sheet jP" of the flecnode surface. The surfaces of the second family 
are determined by the equation 

which is obtained from (11) by permuting tiie indices 1 and 2. 
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It may happen that the derivative of 8 has both of the branches 
of its fiecnode curve ou the flecnode snrface of 8^ one on each sheet. 
If thifl is so (assnming 0^^ ^ 0), we bave gimnltaneoaslj 

whence 

^19 - 3%-j= 0, w^i ~ 3%y = 0. 

But^ since J is not zero, this gives 
which together with u^ = u^i = 0, makes 

«*11 - ^i %2 ««21 



Vi. — t;,a V.s^ t?o 



0. 



^11 ^22 ''U ^21 

Wll - Wm «'is «^21 

Bat this is the condition nnder which 8 belongs to a linear complex 
(Chapter VIII). The converse is also true, i. e., if z:/ = and ®^x=j=0> 
a double infinity of surfaces 8^ exists^ each of which has the property 
in qnestion. For, eqnations (11) and (12), will then be identical, the 
two (distinct) branches of the flecnode curve on 8 being taken as 
fundamental curves. 

If however 0^ vanishes, we may still assume w^ = 0, whence 
follows in this case u^^ — u^^ = 0. The flecnode snrface F ot 8 has 
only one sheet^ and in order that both of the branches of the flec- 
node curve of S' may be ön F, they must coincide. We must then, 
in this case, choose the independent variable so as to satisfy the 
simultaneous conditions 

%2 == ^12 = Wii - Wj, = ü^i - ü^t = 0. 
The first three give 

so that either t^^i ^^ Pu ^^st vanish, i. e. 8 is either a quadric or 
has at least a straight line directrix. In either case, the other condition 
wiU also be satisfied, without specializing the independent variable 
in any way. In other words, not only a double inflnity, but all mied 
surfaces of F will have the property in question. The same is true 
for 0^ =f= 0, if t7i2 == t?2i = 0. 

We have the following theorem: 

If there exists a nüed swrface of ffie flecnode congntence F, different 
front 8, which has bofh of the branches of its fl&snode curve on the 
flecnode snrface of 8, one on each sheet, fhen the surface 8 belongs to a 
linear complex. 

Conversdy, if 8 belongs to a linear complex, but not to a linear 
congruence, ffiere wül be <x>^ ruled surfaces in its flscnode congruence 
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tohich have ühe reguired property. If S hdongs to a linear congruence, 
Ulis is tme not merdy of oo^ btd of aU nded surfaces of the flecnode 
congruence which, in ihis case, coincides mih the linear congruence to 
which 8 hdongs. 

If ^ does not yanisli identically^ it will; in generale vanish for 
particular values of x. If the flecnodes on a generator of 8y cor- 
responding to a particnlar value of o; = a for which ^ = 0, are 
distinct, one of two things mnst take place Either the oscolating 
hyperboloid hyperosculates the surface along that generator^ or eise 
the two flecnodes corresponding to o; = a on the derivative are on 
the flecnode surface of /S, one on each sheet. For, if we take w^j = ti^^ = 0, 
the condition that /i yanishes gives either 

for rr = a. 

In the first case, the osculating hyperboloid hyperosculates the 
surface. In the second case, any Solution of (11) will, for x = a, also 
satisfy (12), i. e., for x = a the simultaneous conditions 

will he satisfied, i. e., P^ and P^, two points on the flecnode surface 
of 8, will be on the flecnode curve of 8^. One sees at once how 
this is to extended to the case when ®^ = 0. 

Equation (11) can be integrated once. Since we have u^^ = w^i = 0^ 
we find [Chapter IV, equations (32) and (39)]; 

^12 i>i2 Kl - W22); «^11 - ^22 = 2 (u[, - wi,), 

Divide both members of (11) by v^^* We find 

Moreover, since u^^ ■=* ^21 ™ 0, we have 

-^ = «*ii + ^2? *^ = % ^22- 
Therefore, we obtain by integration 

where c is a constant. Of course (12) may be treated in the same 
manner. 

We have seen that there exist cx)^ ruled surfaces of the con- 
gruence F, the flecnode curve of each of which has one of its branches 
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npön one of the sheets of the flecnode sarface of 8. The question 
ariseS; wheiJier among these there exists one (there cannot in general 
be more than one) whose flecnode snrface has one of its sheets in 
common with Üiat of S. 

Let US suppose that F' is at the same time a sheet of the flec- 
node snrface of 8 and of 8', Then Gy and G^ are flecnode curves 
on 8 and 8' respectively, so that we shaU have w^, = 17^ = 0. But 
more than that^ the flecnode tangent to 8^ at any point of G^ mnst 
be a generator of F\ i. e., must pass through Py and P^. In other 
words; the conditions 

mnst be simnltaneonsly fnlfilled, where k and q are some (as yet 
unknown) functions of x. Bnt we have 

Pik = Pik + Xikf 

so that onr second condition becomes 
or 

(An - f*) p + Ai2<^ = (^ - wii) y- 

But, except for singolar yalues of x, Py, Pq and Pa are not 
collinear. Therefore we must haye 

which last equation, together with u^^ = 0, gives % = \i J J^ 0. 
But ^12 = ^12 = is satisfied by either jp^j = 0; in which case F^ 
degenerates into a straight line, or by 

«*12 = ^11 — ^22 = 0. 

But since ü^^ must also vanish, we must have also w^^ = 0, which, 
if p^^ Jp 0, gires the additional condition u^^ = 0, i. e., 8 must be a 
surface of the second order. 

We have proved the foUowing theorem. If the swrface 8 is not 
of the second order, and if its flecnode surface hos a sheet F' which 
does not degenerate into a straight line, no other rtded smface of the 
congruence F hos F^ also as a sheet of its flscnode swrface. Or, in 
other words, the second sheet of the flecnode surface of F' does not 
belong to the congruence F 

If F^ does degenerate into a straight line, every ruled surface 
of r clearly has this straight line as a degenerate sheet of its flec- 
node surface. 
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We haye seen that F^ may degenerate into a straight line. It 
is, in general; a roled sürface. Gan it be a deyelopable surface? If 
it were developable^ according to equations (15) of Chapter VI, p^^ 
would have to vanish. But the simultaneous conditions i>i2=%2=^Ö, 
would make Cy a straight line. Therefore: if a sheet of a fiecnode 
stMface is deodopahh, it degenerates into a straight line. 

This is a generalization of the result which we found in Chapter VI; 
that the flecnode tangent is taogent to the flecnode curye only if 
the latter is a straight line. For, in that case, the flecnode curve 
would be also an asymptotic curve, and the flecnode tangents along 
it would form a developable. 

§ 2. Correspondenoe between the ourves on a ruled surfaoe 
and on its derlTative. 
Assuming again w^g "^ ^21 ~ 0; ^^ ^^^ 

But we can always choose the independent variable so as to 
make w^ 4- Wgj = I vanish. According to (51) of Chapter VI, it is 
only necessary, for this purpose, to take as the new independent 
variable any Solution of the eqfuation 

(14) 4{|,a;} + J=0, 
which gives the condition 

(15) 2(2V-^') + i'=0 

for iy. This is of the flrst order and of the Biccati form, so that 
the anharmonic ratio of any four Solutions is constant. The con- 
ditions P12 = Pgi = prove that Cq and Ca are asymptotic lines on 
/S'. Moreover, if jPi2 ^^^Pn *^® ^0* ^^^^ ^^^^ ^ *^® above equations, 
i. e., if S is not contaiued in a linear congruence, it is not only 
sufßcient, but it is necessary to make u^^ + w^g vanish so as to have 
Pjg = Pg^ = 0. We have the following theorem: 

If 8 is a rtded surface tvith two distvnct branches to its flecnode 
cwrve and not hdonging to a linear congruence, there exists just a Single 
inflnity of ruled surfaces in the congruence F, whose intersecHons with 
the two Sheets of the fl^ecnode surface of 8 are asymptotic lines upon them, 
They a/re the derivatives of 8, when the independent variable is so diesen 
as to make the seminvariant I vanish. Moreover, the point-rows, in 
which any fowr of these surfaces intersect the asymptotic tangents of 8, 
all have the same anharmonic ratio. 
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In Chapter IV, § 6, we considered a canonical form, to which 
System (A) can always be reduced, namely that, for which 

We can now say thatj if a System (A) is written in Us canonical 
form, its integral curves are asymptotic lines on üs integrating rtded 
smface, and its derivative wifh respect to x is ciUhy the two sheäs of the 
flecnode surface of S älong asymptotic lines. 

If Ö4 ^ 0, since 

J also will Tanish for the canonical form, so that in this case the 
surfaces just mentioned tmU coincide tvUh the {single) family of devdopable 
surfaces of the congruence. 

If ^12 == JPai ^ together with u^^ = w^i "^^i ^® flecnode curve 
of S consists of two straight lines, and every mied surface of the 
congraence has the property in question. The redaction to the 
canonical form must, therefore, haye a difiPerent significance in this 
case. To find it, let ns assume that the cnrves Gy and G» are asymp- 
totic lines on 5, bat not at the same time flecnode cnrves, i. e., let 
them be any two asymptotic lines different from the straight line 
directriees. Then p^^ and p^^ will vanish, while u^^ and w^i <io i^ot. 
We may, moreover, also assnme ß^ ==i>22 ™ ^9 ^^ *^*^* System (A) has 
been reduced to the semi-canonical form. 

The conditions, which are necessary aad sufficient to make S 
belong to a linear congruence, are that all of the minors of the second 
Order in ^ must yanish. Three of these minors are 

Kl - W5J2) % - M12 Kl - V22); Kl - W22) «^21 - wai Kl - ^22); 

^12%-«^l%- 

Since we have assumed pa = 0, 

Ua = — 4gfa, Va = — 8g{i, Wa = - 16 gl*. 

Inserting these values in the above minors of d, and equating them 
to zero, we find that the ratios 9i2 : &i ^ Sn ~'?22 i^ust be constants. 
If they are, the other minors will also yanish. 
We may, therefore, put 

(16) &2 = «2. Q21-H 211-222 = ^2. 

a, &, and c being constants, so that our system (A) has the form 

y" + 2iiy + «2^ = 0, 

^ + oqy + q^z = 0, 
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If we compute the coefficients P^ and P^i of the derived system 
from (8), we shall find 

(18) p^.^a -^^^^+^^^S p,,»6.:z^ii:+l^. 

Pi2 will be zero, if and only if the ratio g^ : g is a constant, i. e. if 

where A and /i are constants. We shall then have 

qi2=-a(it, q2t = h[it, äu = H «22 = (^ - «/*)*; 
so that Pgi also is zero. If, therefore, the independent variable be 
chosen in such a way that there is a linear relation between q^^ and 
222 of the form 

(19) ^qii + ßq^=0, 

where a and ß are constants, whose ratio only is of importance, the 
curves Cq and Ca on 5', which correspond to the cürves Cy and 0» 
on 8, will be asymptotic curves.^) But (19) is the special form to 
which the equation 

(20) awii + ßu^ - 

reduces when (A) is reduced to its semi-canonical form, and j is 

an essential constant. If au^^ + ßu^2 ^^ ^^t zero, the transformation 
I = |(^) makes it zero, if ^(x) satisfies the equation of the Biccaii 
form, / 1 \ tn 

c^%i + M2 + 2(« + /J)(V-ti2') = 0, iy=|y. 

This equation is of the first order, but contains in its coefficients 

an arbitrary constant -^» We find, therefore, 00* Solutions for ly, i. e. 

there are cx)^ ruled surfaces of the congruence which have the property 
that two of their asymptotic curves correspond to two of the asymp- 
totic curves of S. 

But we see that, in this case, all of the asymptotic curves of S^ 
correspond to those of 8. Therefore: if a mied surface 8 is contained 
in a linear congruence, there eocists a d&Me infmiiy of nüed surfaces 
in ffiis congruence whose asymytotic lines correspond to ihose of 8. They 
a/re obtained by takvng fhe derivative of 8 toUh resped to an independent 
variable, which is chosen so as to make 

where a:ß is an arbitrary conslaM, 

1) If c 4= 0, the ratio a : ß cannot be eqnal to — 1, since the equation 
2ii "$» ^ remains invariant for all transformations | = £ (o;). We may always 
assTune c4=0, so that the curves Cy, d and the directrices do not divide the 
generators harmonically. 
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Let the independent variable be so chosen. The planes tangent 
to 8^ at Pq and Pa intersect Ly, in, the points P« and P« respectiTely, 
where 

[cf. Ghapter VI, equ. (2)]. Under the condition (20) the curves Cu 
and Cp described by P» and P« are again asymptotic curves. According 
to Serret^s theorem, the anharmonic ratio of these four curves is 
constant. It is found to be 

-ab (cc + ft' 
c« aß ' 

a function of the ratio a:ß, For the canonical form this double 

ratio becomes 

-lab 



The <x>^ surfaces of the congrueme, whose asymptotic curves correspond 
to ihose of 8, may therefore be a/rranged in a Single infinity of one- 
parameter famüies, Each famüy is charadxrized by (he vcilue of (he 
roitio a:ß^i.e.by the double- ratio of the four asymptotic curves 0^, C,, Cu, Cf,. 
Äny fom surfaces of the same famüy intersect all of the asymptotic 
tangents of 8 in point-rows of the same cross-ratio. 

The significance of the reduction to the canonical form has now 
been made clear, also in this case. 

Let US suppose that the asymptotic curves Cq and Ca of 8' 
correspond to Cy and Cs, and that the differential equations for 8' 
assume the semi- canonical form simultaneously with those for 8. In 
other words, let the simultaneous conditions 

Pik- Pik = 
be verified. Then we shall have 

Xik = 0, 
whence, since J=^0, the surface 8^ not being developable, 

Vik = 0, 

so that the quantities Ua and, therefore, qtk are constants. All the 
minors of the second order in jd will vanish. We have, therefore, 
a special case of a ruled surface 8 contained in a linear congruence, 
determined by a System of equations 

(21) f + quy + qi2^-0, ^' + fei^ + «22^ = 0, 

where the quantities j,* are constants. Conversely, if (A) has the 
form (21), the equations of the derivative surface 8^ are actually in 
the semi-canonical form. But more than that, the di£Perential equa- 
tions of 8' are identical with those of 8, so that the surfaces 8 and 8^ 
are projedive transformätions of each other. 
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Denote by S" the derivative of /S' with respect to Xy the second 
derivative of Ä Then the generator g" of 8" joins the points 



(22) 



Ol ö. inen une generator g oi o joms me pc 
2(>' + AiP + Pii^ =- Wjiy + Wi,^ + X^iQ + Ai2<y; 

obtained from the equations of 8^ in the same way as are (» and a 
from the eqnations of 8, But clearly, ^r" coincides with g if and 
only if Xii^ = 0. Since we assume J =f= 0, these conditions are eqni- 
valent to Vik « 0. These equations form a seminvariant System; 
i. e. if they are satisfied for a pair of curves Cy and Cz npon 8^ they 
are fulfiUed for any other pair of curves on 8, the independent variable 
not being transförmed. The conditions pa = may be satisfied 
without transforming the independent variable. We shall then find 
also Pik = 0. Every nded surface 8, which hos a second derivative iS" 
coinciding with 8 itself, may therefore he defined by a System of form 
(21) wiffi constant coefficients. If fhe independent variable is so diosen 
that its second derivative 8" coincides mth 8, fhe first derivative 8' is 
a prcjective transformation of fhe original surface y and its a>sympMAc 
lines correspond to those of S. 

We proceed to find the explicit equations of these ruled surfaces. 

Let US assume that the two straight line directrices of 8 are 
distinct. Since they will be obtained by factoring the covariant Cy 
whose coefficients in this case are constants, we may write (21) in 
the form 

(23) f + Qny-Oy ^^ + q,,0=^Oy 

where q^^ and q^ are non-vanishing constantS; and where 

since we have assumed J =^0 and 0^ ^= 0. The integral curves of 
(23) are the straight line directrices of 8, Let the edge x^=^x^ = 
of the fundamental tetrahedron of reference coincide with Cy, while 
the edge a?! = a^ = coincides with C,, We may then put 

y^^e^-'y y,«^*^ Vs^Oy y^-0, 

^1 =0, ^j = 0, ^3 = e'-^'y z^ = 6'*** 



where 



If we put 



::)-±^, :'y±v-- 



3^22- 



where a and ß are arbitrary functions of x we shall obtain {x^y . . .x^ 
as the coordinates of an arbitrary point of the surface. We find 

Xi = ac*"»*, 0^2 == «6'**% x^ = ße'^^y x^^ = /Sc'"**. 
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The relation between x^, . . . x^, obtained by eliminating «, /S, x 
from these equationS; will be the equation of tbe mied surface S. 
It is 

or more briefly 

(24) rci^iu/ - x^^x^f" = 0, 

where X and /i are constants. 

If the directrices of the congruence coincide, we may write (21) 
in the form 

(25) !/' + 2nJ^ = 0, ;e^' + feiy + än^-0, g,,+0, 

where Cy is the straight line directrix^ which we shaU again identify 
with the edge x^^x^^O of the tetrahedron of reference. We may 
therefore put 

^1 = ^+"% y^^c-'-', 2/8 = 0, y^ = 0, 
where 

We shall then find 
so that 

x^^ße^% x^^ße-^'^ 

will be the cöordinates of an arbitrary point of the surface. By 
elimination we find 

(26) 2^11 {x^ x^-x^x^)^ q^^x^x^ log J 

as the equation of the sur&ce. 

From (21) we find that y and /g separately satisfy the differential 
equations 

y^*^ + («11 + in) f + (Silin - 2i2fei) y == 0, 

^^*^ + («11 + in) ^" + (iiiin - iiiin) ^ = 0. 

Since any asymptotic line may be found by putting 

u=^ay + IZy 

where a and h are constants, we see that all of the asymptotic curves 
of the surface satisfy the same linear diflferential equation of the fourth 
Order with constant coefficients. We shall, in the theory of space 
curves, speak of such curves as anharmonic curves, and may therefore 
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express our result as follows. Every nUed surface, which hos a second 
derivative coindding with itsdf, hos fhe property (hat cM of its asymp- 
totic lines are anha/rmonic curves with the same invariants. 

Ezamples. 

Ex. 1. Prove that for every mied surface 8 there exist oo* deri- 
vative surfaces 8^, snch that one asymptotic curve on 8' corresponds 
to one on 8. Find the condition that there may be two asymptotic 
curves on 8 and S' which correspond to each other. 

Ex. 2. Find the conditions that a brauch of a flecnode curve 
of 5" may correspond to an asymptotic curve of S; that both branches 
of the flecnode curve on S' may so correspond to asymptotic curves 
of Ä. 

Ex. 3. According to the general theory of congruences^ the two 
families of developable surfaces intersect jP' and F" along conjugate 
curves. Prove this directly. 

Ex. 4 ^ The cuspidal edges of one of the families of developables 
form a family of oo^ curves on F\ Gonsider the family of oo^ curves 
conjugate to the first. Its tangents will form a congruence^ one of 
the sheets of whose focal surface is F\ Find the other sheet. Simi- 
larly for F". 

Bemark. This problem is a geometrical formulation for the 
Laplace transformation of a partial differential equation of the form 

for which cf Darlxmx, Theorie des 8mfaces, vol. II, Chapter I. The 
repetition of this transformation will give a series of covariants, in 
general infinite in number. An extensive theory is thus suggested. 
In particular the question arises whether these surfaces thus obtained 
from jP' and F" are, in general, ruled surfaces, and if not, under 
what conditions they will be. 

Ex. 5.* Another question, closely related to the preceding problem, 
concems the general theory of congrnences. We have found a con- 
gruence JT, whose focal surface is a ruled surface. We suggest the 
general problem: to investigate the properties of congrnences whose 
focal surfaces are ruled. For the case of a W-congruence, which is 
at the same time a congruence of normals, this problem may be 
solved without difficulty (cf. Bianchi-Luhxt. Vorlesungen über 
Differentialgeometrie, Chapter IX). 
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CHAPTEB X. 

THE PLECNODE CONGRUENCE (CONTINUED). 

§ 1. The derivative oubio cuxve. 

If «1 and Ui are arbitrary, «i y^ -f a^iSk will represent the co- 
ordinates of an arbitrary point on the generator g of the mied surface, 
where (y*, js?*) for J = 1, 2, 3, 4 are four simultaneous Systems of 
solntions of our system of differential equations^ whose determinant 
does not vanish. We shall nsnally write a^y + a^sf, suppressing the 
index h, as has been done occasionally in previous chapters. Of course^ 
ihis is essentially a form of vector analysis^ which enables ns to make 
one eqnation do the work of four. The point a^Q + cc^ö of the cor- 
responding generator g' of 8\ will then be snch^ that the line joining 
it to cc^y + 020 is a generator of the second kind on the hyperboloid 
H osculating S along g. Therefore^ if /S^ and ß^ are arbitrary^ 

will be an arbitrary point of H. 

If we choose the tetrahedron Py P, Pg Pa as tetrahedron of 
reference, we may choose the homogeneous coordinates in such a way, 
that an expression of the form Xy + ^^ + vq + x6 will represent 
the point x^ = X, a^g = ft, x^ = v, a;^ = x. We have then 

^i = ßi^f ^2 = ßi^7 ^3 = Aai; ^i^A«» 
as the coordinates of an arbitrary point on H, and therefore 

(1) XiX^ — X2XQ = 

as {he equation of H in ihis System of coordinates. 

Let US consider now the hyperboloid H', which osculates S' 
along gf. The coordinates of Pq and Pa were obtained from the 
System of differential equations defining 8 by forming 

Q = 2y + p,^y + p^2^, <y = 2/ + p^^y + p^^z. 

We shall obtain the coordinates of two points on a generator ^" 
of the derivative of 5' with respect to x, by applying the same 
process to the equations (8) of Chapter VI, which define S\ The 
ruled surface Ä", thus obtained, shall be called the second derivative 
of 8 with respect to a?. Its generator ^f" is then a generator of the 
hyperboloid W which osculates 8^ along ^. The following quantities 

(2) 2(>' +Pii9 + Pi2<y -- Wii» + «*i2^ + Ki9 + ^^y 
2ff + Pjip + Pg,(y = %!/ + Waa^ + ^i9 + ht<^ 

are the coordinates of two points on ^\ 
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These equations show that ^^ intersects g^ if and only if 

^1^ "" ^12^1 = 0; i- ®- if -K^ =» ^11^22 "" ^12^21 = ^^ provided we assnme 
that 8^ is not developabk; so that J =|= 0. By changing the independent 

variable one can always change K into K such that £ = 0. The 
differential egnation^ which ^ mnst satisfy so as to make £ » 0, is of 
the second order. Therefore, ihere exist oo* non-devdopable rvHed swr- 
faces in the congruence F, eadi of which, when considered as the first 
derivative of 8, gives rise to a seoond derivative whose generators inter- 
sect the corresponding generators of S, 

Let ns consider any point on jf, whose coordinates are s^q + b^ö, 
The corresponding point on ^" will be given by 

Therefore, the expression 

*l(«lWii + «2^21)^ + *i («iW,2 + «2^22)^ 

+ [*l(«i^ll + «2^1) + *2«l]9 + [*l(«1^2 + «2^2) + *2«2]<y 

will, for arbitrary values of «1, «2> '1^ *2; represent an arbitrary point 
of JT. If we introduce again our special System of coordinates, 
we have 

^1 = %1*1«1 + %*1«2> ^8 = ^11*1 «1 + ^1*1*2 + *2^i; 

a?2 =- Wi2*i«i + ^2*1*2; ^4 = -^1*1*1 + ^2*1*2 + *2*2; 

as the coordinates of an arbitrary point of jBT'. If we eliminate 
dj, dj, «1, «2; wö find fhe eqtmtion of H': 

K2^1 - <*21^) [J^A - (^12^,2 - ^2«*12)^1 + (^12«<21 "" ^2^11) iT^] 
(3) 

+ (% ^1 - WjiiC2) [^^3 - (^1%2- ^1«*12)^1+ (^11^21- ^1 Wll)a?2] = 0. 

We shall mostly assnme that Py and P, are the flecnodes of ^, 
supposed distinct, so that u^^ » t«2i = 0, and (3) simplifies into 

(oa) 

+ W11W22 K2^1^4 - %^2^3) = 0. 

It is easy to see from (3 a) that H^ cannot coincide with H, nnless 
iS is a quadric. 

The hyperboloids JS and jE' have the straight line g^ in common. 
The rest of their intersection is therefore, in general, a space cubic. 
We shall call it the derivative cubic, and discuss some of its properties. 
It is interesting to notice that we öbtain in this way associated with 
every nded surface, surfaces containing a Single infinity of twisted cubics, 
We shall consider some of the properties of these snrfaces. 
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Let US again assume &^=^0 and let Py and P, be the flecnodes 
of g. Then, it follows from (1) and (3 a) that we may take 

x^^-^ Ai,<^* + Wilmas (An - h%)* + ^i< 

as the parametric equations of the cubic. From these^ the following 
corollaries foUow at once. If X^^ — A^^ = 0, {he derivative cubic, and 
fherefore the hyperhdloid H\ intersects g in two points which are har- 
monic conjugates with respeä to the flecnodes. If 

(^11 ^2) + ^^12^21 ~ ^9 

{he cubic is tangent to g. The congruence F contains 00* swrfaces S' 
corresponding to each of {hese properties of the derivative cubic. Por, 
the corresponding equations for iy are again of the second Order. 

The equation of a plane which is tangent to H^ at a point 
{^i> ^'; ^s'; ^Dy ^y *^^ ^» being flecnodes, is 

[- 2X^^u\^x^ + u^^u^^ (All - X^;)x^ + «*n«*l2^4 ]^i 
(6) + iu,,u^ (All - -^2)^1' + 2^81 wjio;; - MfiMM<]^2 

- u\^u^^x^x^ + WiiwJgjTi'aj^ = 0. 

Consider the two points of gf" which correspond to Py and P,, viz., 

-Pi" - Kl, 0, All, A12), -P2" = (0> ^,9 hxy ^2). 

The equations of the two planes tangent to iS" or £' at these points 
respectively, are 

— MgjAigOJi — WiiAjjÄJj + ^11^28^4 = 0, 

They intersect g, i. e., the line x^^x^^O, in two points 

Pi - (^11^22, - W22A12, 0; 0); A = (^lAi; - ««22^11; 0, 0), 

which coincide, if and only if ^,1^22 — ^12^1 ~®> ^- ®v ^^ ^^^^ ^^^y 
if ^f" intersects g, as is moreover geometrically evident. Pi and P, 
are harmonic conjugates with respect to the flecnodes if A,i A^j + Aij A^i =0, 
i. e., wnder this condition the planes, tangent to ffie second derivative at 
the pointß which correspond to the flecnodes of g, divide {hese flecnodes 
hannonically. 

The line P, Pg has, besides P^, another point in common with 
fl'. Its coordinates are found to be (0, W22?^i;0)- Similarly PpPa 
intersects J5P in a second point (u^, 0, 0, A^). Join these two points. 
The coordinates of any point on the line joining them will be 
(/iU]i, ku22, AA31, /ttAis), where Xifi determines the position of the 
particular point. It is easily seen, by substituting in (3a), that this 
line is entirely on J5' if An — Ajg = 0, and in no other case, provided 

WiLGZTKSKi, projeotire differential Geometrj. 13 
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that /S' is not developable. We have therefore the following result. 
Corresponding to every point of 8 we have a point of 8\ If each of 
the two flecnades an a generator gofShe joined to the point of 8' whidh 
corresponds to the ofher, fhe two straight Unes thus öbtamed interseä the 
hyperhohid W oscvHating 8^ cUong ^ in two new points. The Ivne join- 
ing these latter points lies entirdy on H\ if W interseds g in two points 
which are harmonic conjugates with resped to the flecnodes. The converse 
of the fheorem is also true. 

Let ns introduce the following abbreyiations: 

Ä = 2u^,u^, (ui, - u,^), ^ = Bt,^ + 2Ct^t^ + Bt^\ 

(6) 1 

-B = ^12 «S»; C = - (Wiif?22 - W22«^ll); I> «^21^11, 

and let ns write the parameter t of the cubic cnire in homogeneous 
form. Then we may write instead of (4), 

X, = At,\, X, = {Bt^^ + 2Ct,t^ + Bt,^)t, = ^t^, 
^ ^ x^^ Ät^t^^, x^ = {Bt^^ + 2Gt^t^ + Bt^^)t^ = ^^2. 

If the cubic degenerates^ each irredncible part will be a plane 
curve (a conic or a straight line). If; therefore^ the cubic degenerateS; 
it must be possible to satisfj the equation 

a^x^ + a^x^ + «siTg + a^x^ = 0, 

for all values of t^it^^ the coefficients being independent of ^^r^,. If 
we Substitute in this equation the yalues (7)^ and equate to zero the 
coefficients of t^^, t^^t^, etc., we find 

(8) 03-5=0, a^B^O, a^Ä + 2a^G+a^B=0, a^A+a^B + 2a4C = 0. 

Let US assume first that neither B nor B vanishes. Then a^ = a^ = 0, 
and J. = 0; for, if Ä were not zero, we would have also ai = a2 = 0, 
i. e., there would be no plane containing the (supposedly) degenerate 
cubic. But from J. =» follows either w^ —^i=^0, which would 
make 8 a quadric, or eise m^ or u^ would vanish, which however 
contradicts the assumption that B and B shall not be zero. 

Let US now assume 5 ={= 0, 2) = 0. Then Oj, = 0, and either 
^11 ^^ ^21 i^^st vanish, i. e., either 8^ is developable or 8 has a 
straight line directrix. Similarly if JB = 0, D 4= 0. Finally if 5 = 0, 
2) = 0, either 8 has two straight line directrices, or eise it has one 
while Ä' is developable. We have, therefore, the following theorem. 
If a rvHed surface, wiüi distinct branches to its flecnode curve, has one 
or more straight line directrices the derivative cvibic dlways degenerates. 
In all other cases, the ordy way to öbtain a degenerate derivative cubic 
consists in taking as derivative rtded smface of 8, one ofthe devdopables 
of the congruence F. 
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Another question at once suggests itself. To every valne of x, 
i. e., to every generator of 8 there belongs a derivative cubic. In 
generaly the cnbics belonging to values of x, dijSering from each 
other by an infinitesimal Sx, will not intersect. Their shortest 
distance will be an infinitesimal of the same order as dx. It may 
happen however that, for an appropriately chosen variable^ this 
distance becomes infinitesimal of a higher order, or as we may say 
briefly, that consecutive cnbics intersect. We ask now: is it possible 
to choose the independent variable in such a way that every pair of 
consecutive derivative cnbics may intersect? 

By putting y^ifk, jer = ^* (ä = 1, 2, 3, 4) in 

we obtain the coordinates of any point P^ on the cubic. As x 
changes we go from one cubic to another; as t^it^ changes we go 
from one point on a certain cubic to another point of the same curve. 
Equation (9) gives therefore, if both x and t^ : t^ be taken as variables^ 
the locus of all such points P^, i/e., the surface generated by all 
of the derivative cubics of 8 If t^^it^ be chosen as a function of x, 
a curve is picked out upon this surface. Let us difiPerentiate 
totally^ i. e.^ assuming that t^ and t^ are functions of x, and consider 
the quantity $.^^^ 

dx ' 
where dx is an infinitesimal. This wiU clearly represent the coor- 
dinates of a point on the adjacent derivative cubic determined by 
the Parameters x + dx and tjt -h dhldxdx. If the original cubic and 
this second one, infinitesimally close to it^ intersect, it must be pos- 
sible to choose tji as functions of ic in such a way, that the corre- 
sponding points of the two curves shall coincide up to infinitesimals 
of higher than the first order. Therefore dOjdx must differ from a 
multiple of * only by an infinitesimal quantity. Proceeding to the 
limit we must therefore have 

(10) Jl-»*- 

We find by differentiation 
(10a) + z [At,t^ [t,' - ip„f, - ii,„ t,) + 1 ^t*,,«,] 

denoting as usual differentiation by strokes. 

13* 
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If we Substitute in (10) we find the following four equations: 
(8) [(«,V + it%)^ + Ay «1 + Mi> (ti'-jPiiti-^Piit») 

0) [{t^t,' + t,'t,)Ä + Ä't,Qt, + Akt, (V-Iä,«! -\ptit) 

(c) \ Ati% + t (</ - |i)ii*i - ^Piik) + i>'ti = aHu 

(d) ^Ät,t,' + ^ (V - \p,^t, -|ft,<,) + i/h = »*<»• 

If we mnltiplj both members of (a) by ^, of (b) by — <,, and add^ 
and if we treat (c) and (d) in Übe same way, we find 

(e) Ät,t,* (V - \p,,t, - \p,,t^ - Ät,% (V - ^p,,t, - ^p„t,) 

(f) ft, (t,' - ^p,,t, - ^p,,t,) - i,t, (v - |ft,<, - ^p„t,) = 0. 

Let US assume first ^ »f» 0. Diyide both members of (f) by if, 
and compare with (e). We find 

i. e.; either 5 is a quadric, or eise either t^ or t^ must yanish iden- 
tically. Assume tj^ = 0. Then (e) is satisfied. From (f) we should 
find jT^i = 0; for ^ cannot be zero^ since the ratio t^it^ ^^ ^® parameter 
which determines a point on the cubic. But from ti^^ = Ai = 
followsfurthert?2i=0,i.e., 2)=0, sothatinthiscase^—JB^* + 2G^i^=0 
contrary to our assumption. It is, therefore, impossible to satisfy (11) 
ezcept by putting ^ = 0. According to (c) and (d) this giyes either 
^^ = 0, or ^ = 0, or Ä = 0. Assume J. 4= and say t^ «= 0. All 
equations (11) are now satisfied. But from ^i=0, V' = follows 
2) = 0; i. e.; either u^^ or v^i must Yanish, i. e., either 8 has a straight 
line directrix or eise S' is developable. If however -4 = 0, either 8 
is a quadric or eise 8' is developable. 

In connection with our last theorem, we may therefore say: It 
is impossible to choose the surface 8' of ihe congruence F in such a way 
{hat consecutive derivative cubics may intersed, except in {he trivial cases 
when the cubics are degenerate, 

If in (9) we put ^ » 0, we obtain the locus of the intersections 
of the oubic with the generator of iS to which it belongs, i. e., a 
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certain curve cutting every generator twice. This may be an asymp- 
totic curve. It is, in fact^ if the farther conditions 

(12) 2V -PiJi - Ai^ ^ ^hy 2V -PiA -Pnh = ^^^ 

are satisfied^ where cd is arbitrary. For^ as (10 a) sbows^ the line 
joining Pit> to P^ + ^^'d«, i.e., the taügent to this curve, is then a 
generator of the second kind on the hyperboloid osculating 8 along 
g. In other words it is a tangent to an asymptotic curve of Ä 

In general, of course, the conditions (12) and ^ » can not both 
be satisfied at once. The question is: when are these conditions 
consistent? We find from (12) 

^x =i [Oll + ^)h +P%xh\y V = i I>i2^i + (i>22 + ^)h\ 

Let US Substitute these values of t^ and t^ in the equation dtlf/dx=-0. 
We shaU find 

[B' + B(p,, + <o) + Gp,,]t,' + [D'+Dij>,, + a>) + Cp,,W 

+ [2C' + Bp,, + Dp^, + C(p,^ +p,, + 2cj)']t,t, = 0, 

which compared with ^ == gives, 

B'+B{p,, + (o) + Gp,^^tB, 

B'+D{p^^ + a>) + (7i>2i ^ tD, 
20' + Bp,^ + Dfti + COPa + Pa, + 2a)) = 2t(7, 
where r is a proportionality factor. Eliminating r, we find 

(a) 2 (B'C -JBC) + BC (i>n - A2) •+ (2 C^ -BB)p,, - B^p,^^ 0, 

(13) (b) 2{B^C-BG^) + DC{p,,--p,,) + {2C^-BB)p,,-^B^p,^^0, 
(c) J5D' --B'D + BB (ft, -!>,,) + G{Bp,, - Bp,,) « 0. 

We may always assume that our System of differential equations has 
been so written that l>u— i>22 = Ö. Equations (13) may then be 
regarded as three homogeneous linear equations for l,i>i2)l>2i- Their 
determinant must therefore be zero. This gives rise to three alter- 
natives: either (7^- BB or C or BU - B'B must vanish. 

Consider first the case C^ — BB =- 0. Equations (13) become 

2(J5'C~50')-5X=0, 2(2)'C-2)CO-2)'i>i2 = 0, 
^ ^ BB' ^B'D + CBp,^-CBp^,^0. 

If we multiply both members of the first two equations hj CD and 
•— CB respectively, add and make use of C^ =^ BB, we find 

2G\BB' - B'B) + G\CBp,^ - CBp^,) = 0, 

whence, if (7 4=0, 

- 2 {BB' - B'B) + CBp,^ - CBp^^ = 0. 
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But if we consider the last equation of (14), this gives J5D' •— 5'JD=0, 
Dp^^ — 5^21 = 0, which last equation may be written 

i. e., the sorface 8 has at least one straight line directrix. 
In the second place let (7 = 0. Then (13) becomes 

According to the first two eqnations 8 must either have at least 
two straight line directrices, or eise u^i + u^^ must be zero. The 
third condition gives, on substituting the values of B and 2), 

if we assume that 8 has no straight line directrix, so that v^^ and 
v^i are not zero. By integration we find 

^^ = con8t., 
whence, since u^ + W22 ** ^ ^^ ^^ ^^*®®; 

^ = const. 

But if we Substitute into the condition -^ = for a surface belonging 
to a linear complex the assumptions w,2 = Mji =JPii — ftf = 0, which 
we have made, we find either u^^— t^^ = 0, i. e., 5 is a quadric, or 
PiiPii "" PiiP2i "^ ^f i- ®-; P12/P21 ~ ^^^^^' Therefore we see that if 
O => 0, iS either has straight line directrices, or at least belongs to a 
linear complex. Moreover, if 8 has no straight line directrices, the 
independent variable must be so chosen as to make u^^ + u^^ vanish. 

If finaUy BN -B'B^O, we find from (13) either (7 = 0, 
which leads us back to the case just considered, or eise Dp^^ — Bp^^ 
must vanish, which gives again a surface 8 with a least one straight 
line directrix. 

In all of these cases the surface 8 belongs to a linear complex. 
If we leave aside the trivial cases, we may say that if a ruUd swrface 
helongs to a linear complex, and if the independent variable is so chosen 
that Wii + «22 = 0, the surface of derivative cubics determines an asymp- 
totic curve upon it which interseds every generator twice. 

We have seen in Ghapter IX, that there exists in the congruence 
r a Single infinity of ruled surfaces Ä' for which u^i + Wgj = 0. They 
are those ruled surfaces of P, whose intersections with the flecnode 
surface of 8 are asymptotic lines upon them. But we can also 
characteriee them hy saying that such a surface is made up of the 
lines of F which interseä any asymptotic curve on the flecnode surface 
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of Ä In fact, if we assume Mjj = Wj^ == 0, p^^ =i>22 =" 0, we may 
write the equations of the sheet F^ of the flecnode surface as foHows 
[cf. Chapter VI, equ. (15)]: 

(15) (»" + [2(L + fe2) -ÄsAi]/- ^^^q' 

+ [2ffu -i>i222i - ^;|;«ii] J' ~ 288? = 0. 

If Wi, + 1*22 ^ ^) *^® coefficient of y' in the second equation vanishes, 
which proves that the curve G^ is an asymptotic curve on F. But 
from equations (16) of Chapter VI we see that Ca is then also an 
asymptotic curve on F^\ 

The asymptotic curves on jP' cmd F" must, fhereforey correspond to 
each offier, The congruence F is a so-caUed W-congrueme}) 

We may now state our theorem as follows: In order thdt the 
sfwrface of derivative cubics may intersect the mied swrface 8 in an 
asymptotic curve, 8 must hdong to a linear complex. Mareover, its 
derivative rtded surface must intersect the flecnode surface of 8 äUmg 
cm asymptotic curve, 

The asymptotic curve on 8, thus determined, is unique. For the 
ratio B: Df which determines it, cannot he changed by any trans- 
formation of the variables which preserves the conditions 

Pii -JPaa == «*i2 = «*2i = «*ii + u^2 = 0. 

We may, therefore, take any asymptotic curve of the flecnode surface 
and consider the ruled surface of F made up of the Lines which 
intersect it. We obtain thus as a consequence a single infinity of 
surfaces made up of derivative cubics. AU of of these intersect 8 
along the same asymptotic curve. 

But we notice further that C = 0. Therefore, this asymptotic 
curve intersects every gmerator in two points which are harmonic con- 
jugales wUh respect to the flscnodes. We shall meet this special asymp- 
totic curve again in a later paragraph. 

Another question suggests itself. Is it possible to choose the 
independent variable of our system in such a way that the derivative 
cubics shall be asymptotic lines on the surface generated by them? 

In Order to answer this question, we must first find the coordi- 
nates of the osculating plane of the cubic at any one of its points. 
For the moment we prefer to take the equation of the cubic referred 
to a non-homogeneous parameter t^ i. e., in the form 

Xj,'-=Ät^ x^^Ät, Xs='Bt^ + 2Ct^ + m, x^ = Bt^ + 2Ct + D. 

1) Cf. BiancM-LuJcat, Vorlesimgen über Differentialgeometrie, p. Slö, for the 
general theory of TT-congraenoes. 
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(16) 



Its intersections with the plane SUiXi = 0^ whose coordinates are 
(Wj, . . . «ij, will be given by solving the cubic equation 

Bu^t^ + (Äu^ + 2Cu^ + Bu^)t^ + (Äu^ + 2Cu^ + Du^)t + Du^ = 0. 

The three roots of this cubic must coincide if the plane is an 
osculating plane of the cubic curve. They must, therefore, also satisfy 
the equations obtained from the above by twofold diflferentiation 
with respect to t This gives the following conditions: 

SBUf^t + ÄUi + 2Guq + Bu^ = 0, 

{Äu^ + 2Cu^ + Bu^)t + Äu^ + 2Gu^ + Bu^ = 0, 

{Au^ + 2Cu^ + Du^)t + 32)1*4 = 0. 

Of course, only the ratios of w^ . . . w^ are of interest, so that we may 
multiply ««1 . . . W4 by a common factor if we please. We find 

u^ = BH^- ZBDt - 2CD, w« = AD, 
u,=^2BCt^+^BDt^-D^, u^ ABt^, 

as the coordinates of the plane osculating the derivative cubic belong- 
ing to the generator g at the point whose parameter is t, or in 
homogeneous form, 

u^ = B\^ - SBDt^t^^ - 2CDt^^, Ws = ^^t%% 

14^ = 2BGt^^ + SBDt^H^ - D%^y u^ ABt^\ 

We have abeady made use of the expression 

as giving the coordinates of a point (t^ : t^) of the cubic curve which 
belongs to the argument x, or as giving the coordinates of a point 
{x, ti : ^) of the surface formed by the aggregate of all of these curves. 
The plane which is tangent to this surface at the point {Xjti'.t^) 
must contain also the point ^^ : ^ of the adjacent cubic, i. e., the 
point whose coordinates are given by 

wherC; in forming dO/dXyX,ti and ^ are regarded as independent 
variables. The tangent plane must therefore contain the point whose 
coordinates are d0/dx. We have 

dx 



(17) 



+ tf 
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The point, whose coordinates (li, . . . IJ are the coefficients of 
y,0,QfO in this expression, is in the tiEmgent plane of the point 
(x, ti : tf). Jff tiierefore, the enbic cnrve is an asymptotic line npon 
the Borface, its oscnlating plane nrnst contain the point (|,, . . . |J, 
i. e., we mnst have 

(18) «J, + M2I, + «sl, + Mj4 = 0. 

We find 

li = «,.^*i' + (2^' + 2»nC- Äp,,)t,\ + («„D - Ap,;) t^t*, 
Is = «„D<,» + {u^B - Äp,,X% + (2Ä' + 2m„C - Ap^;)t^t,% 

^ ^ +(2iy-Dp,,-2Cp„)t,t,^-Dp,,t,» 

I4 = - Bp,,t,' + (2B' - Bp,, - 2Cj,„) t,% 

+ (^ - Dl>„ + 4C - 2Cp„)t,t,> + (22y - Di)j,)<j». 

If these Talues, and the Talaes (17) for u^, . . ., u^ be sub- 
stituted in (18), and the coe£Gcient8 of ti*, t^'^t^, etc., be sncces- 
sirely eqnated to zero, the following seren eqnations make their 
appearance: 

«uB» + AB^p^ = 0, 

B\2A' + 2m„C - Apii) + 2BC(u„B - Ap^t) 

-AB(2B'-Bp^-2Cp,,) = 0, 
B^Ui^D - Ap^^ - 3B«Dmu + 2BC{2A' + 2u„G - Ap^) 

+ iBI)(u^B-Apj3)-AB{A-Dpa+4C'-2Qp„)=0, 

- SBD (2A' + 2uuC - Apu) - 2BGB («u - M,g) 
(20) +%BB{2A + 2m„ C - Ap^) 

+ AB(2B' - Bp^^ - AB{2Bf - Bp„) = 0, 

- 3BD(muD - Apu) -2CB(2A' + 2miiO - Ap^) 

+ 3B2)««M - D\u,,B - Ap^,) 

+ AD(A-Bp,^ + AC'-2Cp,;) = 0, 

~2CD («iiD - Apii) - B* {2A! + 2u„C- Ap^) 

+ AB {2 Bf- Bp,, - 2Cp,^) = 0, 

-«„D»-^i)*i>ji = 0. 

Let US assume that both B and D are different trom zero. Then 
the first and last eqnations give 

Mll«JS«M + 2MuMm («u - U,i)Pu = 0, 
«*11«M«'»1 - 2MiiMm («u - Mgs)!»»! = 0> 

or 

«11 «^s («11 - «5«)i>« = «11«^» («11 - ^i)Pn =- 0. 



202 X. THE PLECNODE CONGRÜENCE (CONTINÜED). 

But all of the possibilities here snggested give zero yalües to either 
B or Dy or both, except u^^ — W52 =^ 0* ^ which case 5 is a quadric. 
But this is only apparently an exception^ arising from the fact that 
in this case the flecnode curve is indeterminate. If two of the straight 
lines of the second set be taken for the curves Cy and Gsj we have 
in this case also B = D = 0. 

There remain two possibilities. IfJB = D = Oallof the equations 
(20) are satisfied. If Ä' is not developable, S must belong to 
a linear congruence. If /S' is developable, it is sufficient for 8 to 
have one straight line directrix. In either case the derivative cubic 
degenerates into a straight line, and is therefore obviously an asymp- 
totic curve upon the surface of cubics. 

Finally, it might happen that one only of the two quantities B 
and D is zero. Say JB = 0, D 4= 0. Then the first four equations 
of (20) are satisfied. The other three become 

"- 4wiiC» + ^Di?i2 + J.* = 0, 

- 2CwiiD - B(2A! + 2u^^C ~ Äp^^) + Ä(2B^ - Bp^^) = 0, 

— WjjgD - ^i>2i = 0. 
Prom the last of these we find 

whence, since B =^0, follows u^^ = 0, and therefore A = 0. The 
second equation now gives us C = 0, which also satisfies the first. 
We have again 8^ a developable surface, so that the cubic degenerates. 
Therefore 

ITie derivative cubics of a nded surface are asymptotic curves t4jmi 
the surface formed by their totality, only in the trivial cases when Üiey 
degenerate into straight lines. 

§ 2. Null -System of the derivative onbio. 

A twisted cubic always determines a null-system, i. e., a point- 
to- plane correspondence with incident Clements. Geometrically this 
correspondence may be constructed as follows. An arbitrary plane inter- 
sects the curve in three points. The three planes, which osculate 
the curve in these points, intersect again in a point which is situated 
in the original plane. This is the point which corresponds to the 
plane in the null-system of the cubic. 

We shall now set up the equations for this nuU- System. For 
this purpose it is more convenient to use the equations of the cubic 
referred to a non-homogeneous parameter t. 

Let 1^1, ^, ^3 be the three values of t which correspond to the 
three points in which the plane 
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v^Xi + v^x^ + v^x^ + v^x^ = 
interfiects the cnbic. Then t^^t^fts are the roots of ihe cubic equation 
Bv^t^ + (Av^ + 2Ct?3 + Bv^t^ + (Äv^ + Ih^ + 2Gv^t + Bv^ = 0. 
Therefore we shall have 

If we solve these equations for vjv^y Vg/vj, vjv^, then make 
them homogeneous^ and multiply v^ , , . v^ hj the common factor A, 
we shall find 

v^ 2GB + B't,t,t,^BB{t^ + t, + Q, v,^AB, 

^^^^ V, B^ + 2BCt^t,t, + BB{t,t^ + y^ + t^t^\ v^ ABtJ^t,. 

The coordinates of the planes which osculate the curve in the 
three points t^, ^, t^, are, according to (16), 

uf^^BHJ^-3BBt,'-2GB, uf =^ AB 

(1c=^\ 2 Z) 
uf = 2BGtl+iBBtl--Bi', u^l^^-ABt^ ' ' 

Let x-^j , . ,x^ be the coordinates of the point of intersection of 
these three planes. We mast then have 

2«fa;, = (fc-1,2,3). 

Solving these equations we find 

(22) ^-Mk + h + k\ 

x^ = ^Bt^t^t^ + 2C(t,t^ + y^ + y,) + B(t^ + t, + g, 

^i = Sit^h + hk + ^1^) + ^G(fi + ^2 + h) + 3D, 

and a simple calcnlation will show that SViXi ^ 0, i. e., as we have 
stated^ the point of intersection of the three osculating planes lies in 
the plane of the three points of oscnlation. 

In our null-system then, the plane (21) and the point (22) cor- 
respond to each other. To find the explicit equations for this cor- 
respondence, we need only eliminate t^y t^y t^ between equations (21) 
and (22). Denoting by o and o' two proportionality factors, we find: 
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(23) 



0»»!= « +4:(C*-BD)Xi+ ABxs —2AGXi, 

rovjj = _ 4 (0* - BD)Xi + 



(24) 



« 


+ 2AGxg — ADx^, 


2ACX3 


+ » + A^x^, 


ADx^ 


- Ä*x, + *; 


ADv^ 


+ 2ACVi, 


2ACva 


- ABv„ 


« 


+ 4:iC-BD)v^ 



c:)v^= 2ÄCx^ + 

(o'a^ = — A^v^ + * — 
m'x^ = - ADv^ + 2^(7!?g + 
(D'a;^ = - 2ACv^ + it JSvg - 4 (C« - SD)t;3 + ♦ • 

But^ associated with the nall-system^ we haye a linear complez^ 
made np of all of the lines which pass through a point and lie at the 
same time in the plane corresponding to this point in the null-sTstem. 
Introdnce line coordinates by pntting 

where x^. . . x^ and j/i . . . ^4 are the coordinates of two points on the 
line^ and where v^ , . ,v^f w^ . , .w^ are the coordinates of two planes 
containing the line. Then the equation of ihe complex may he written 
m either of the forms 

^ ^ -2AC(o^^'-AD<o^-A^(o^=^0, 

^ -2AC(o[^-AD(o[^-A^a)[^==0. 

This complex becomes special if A^BD = 0, i. e., only if the cubic 



To the flecnode P^ (x^ = x^ = x^ = 0) corresponds the plane 

[0, - 4 (0* - BD\ - AB, 2AC]. 

Therefore, if C^ — BD = 0, i. e., if ihe derivative cubic is tangent to 
the generator g, fhe corresponding plcme passes through g. li C ^ 0, 
i. e., u^Ju^i = const. the plane passes through PaBy Therefore, if 
the intersedions of the cubic with g and the flecnodes form a harmonic 
group on g, the plane corresponding to eacJi flecnode passes through {hat 
point of the derived ruled surface which corresponds to the other. 

§ 3. The osonlating linear oomplez. 

There is another linear complex associated with erery generator 
of a mied surface, eyen more important than the one just considered. 
A linear complex is determined by five of its lines, provided that 
these haye no two straight line intersectors. Let us consider fiye 
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generators of a ruled surface^ g and fonr others. As these four 
generators approach coincidence witli g^ a definite linear complex will 
in general be obtained as a limit. We sliall speak of it as the linear 
complex osculating S along g. 

Instead of determining the complex by five consecntive generators 
of 8y it will be advisable to determine it by means of two pairs of 
lines whicb are reciprocal polars with respect to it. Two such pairs 
are obvionsly constitnted by the flecnode tangent of g and of another 
generator infinitesimally close to g. Let ns denote by g^y fx\ fx, gJ 
the generator of 8^ the first and the second flecnode üuigents 
and the generator of S\ which belong to the argument x. Similarly 
we denote by gx+ix, etc., the corresponding lines belonging to the 
argument x + Sx^ where dx is an infinitesimal. 

Clearly fj and fx are the directrices of the osculating linear 
congruence, (determined by four consecutive generators). Therefore, 
all lines intersecting fJ and fj^ belong to the osculating linear com- 
plex; whose equation must, therefore^ be of the form 

(27) a(Di3 + 6©42 = 0. 

Ghange the parameter o; by an infinitesimal quantity 8x, The 
flecnode tangents fx+6x and fi-^-dx must again be the directrices of 
a linear congruence contained in the complex. We have 

Vx+dx = J/x + yJSXf Qx+öx = par + QjSxy etc. 

If we Substitute the values of y', q\ etc. from Chapter IV equations 
(112) and Chapter IX equations (2)^ we shall find 

2yx+dx = 2y + (p -p^^y -Pi^^)8x, 

20x-^dx = 2;8f + (tf — i^aiy — P22^)*^; 

2Qx+dx = 2p + (wuy + u^2^-PnQ -Pi2^)Sx, 
26x+Sx==26 + (%y + u^sf —p^iQ —P2i<J)S^, 



wherC; of course, u^^ and u^^ may be equated to zero^ since C^ and C, 
I are the two branches of the flecnode curve. 

Now clearly; the coefficients of y, 0, q,6 in the expressions 

Qx+^x + ^yx+äx and 6x+$x + Mx'\-ix 

will be the coordinates of two arbitrary points P^ and P^, situated 
on fx+dx and fj^^x respectively. If (27) is the equation of the 
osculating complex, the plane which corresponds in it to P^ must 
contain P^ for arbitrary values of X and fi. This consideration will 
enable us to determine the ratio a:b. 
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We find first, remembermg that w^g = ^ai = 0, for P^ and Pg 
the coordinates: 



^2 



Xa. 



Pi l2A + (Mii-Apii)*a; 






-i>21*^ 



2 + (-l>22+^)*^ 



But, if we denote by w^, . . ., m^, the coordinates of the plane 
which eorresponds to the point x^j , . .^x^ in the linear complex (27), 
we find 

% == — arTg, ^2 = + ^^4> W3 = aa?i, ^4 = — fta^j. 

Substituting for x^y,,,yX^ the coordinates of P^, and writing 
down the condition that Pj shall lie in the plane corresponding to 
Pi, we find that we mnst have 

a(ft - A)i?2i + 6(A - ft)i)i2 - 

for arbitrary values of X and /i, i. e., aih^p^^ip^^. 

Therefore, {he equation of the oseulating linear complex, in the 
System of coordinates here employed, is 

(28) l>l2Ol3+i>2lO42 = 0. 

The point -plane correspondence, determined by this complex, is given 
by the equations 

(29) %=jPi2a;3, u^ p^^x^, u^ p^^x^, W4==JP2i^2- 

Let US consider a point on the generator g. There will corre- 
spond to it, in this complex, a plane, obvioasly containing the 
generator itself But to every point of g there also eorresponds an- 
other plane through g, yiz., the plane tangent to the ruled surface 
at that point. Glearly, there will exist in general two points on g 
at which these two planes will coincide. We shall call them the 
complex points of g, and their locus on S, the complex curve of the 
surface. We proceed to determine the complex points of g, 

The plane corresponding to any point of g, (x^, x^, 0, 0), in the 
oseulating linear complex, has the coordinates 



(30) 



Ml = 0, W2 = 0, W3 = —PiiX^, W4 =i?2irc2. 



The coordinates of the plane, tangent to 8 at the same point, are 
found most easily by Computing the equation of the plane tangent to 
the oseulating hyperboloid H at that point. They are (0, 0, a^g, — x^). 
This plane and (30) coincide if and only if — i?i2^i-Äi^2 =^2'~"^ii 
i. e., if 

(31) 



jPi2^i^-äiV = 0. 
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This shows that Oie complex points and {he fkcnodes form a harmonic 
graup on every generator of the swrface. 

I£ in (7) we put u^^ + w,« ~ Ö, we find that the derivative cubic 
intersects g precisely in the complex points. Therefore: if fhe sur- 
face S' of the congruence F is so chosen that ü intersects the flecnode 
surface of 8 in a/n asymptotic curve, the surface of derivative cubics 
will intersect S along its complex cwtve, If 8 is contained in a linear 
complex, the complex curve is at the same time an asymptotic cmve. 

This last statement follows from our previous results, but may be 
verified directly as follows. We notice in the first place that, under our 
assumptions, the factors of the QXfTQBAon p^^z^ — p^^y^ determine the 
complex points. Let us assume p^^ — p^^ = 0, which we may do 
without a£Fecting the generality of our argument. Then the condition 

^ == for a linear complex becomes — = const. K we now make 

we find that, in the transformed System of differential equations, 
^12 "== ^1 = O7 ^0 coefficients of this transformed System being 
denoted by Gh*eek letters. But this proves that Cy and Cj are 
asymptotic lines on 8. It is geometrically evident that the tangents 
of this asymptotic curve will be lines of the linear complex. 

lAe apparently was the first to notice the existence of this 
special asymptotic curve on a ruled surface belonging to a linear 
complex. He proved, in 1871, that its determination requires no 
integration, and that all other asymptotic curves may be obtained by 
quadratures.^) These latter remarks we can also verify at once from 
our theory. Pica/rd found the same theorems independently in 1877.*) 
These results on the determination of all of the asymptotic curves 
by quadratures if one of them is known, follow at once from the 
fact first noted by Bomiet that their equation is of the Eiccati form, 
and had already been explicitly formulated and applied to special 
surfaces by Clebsch.^) It seems that Voss^) was the first to notice 
that this asymptotic curve and the fiecnode curve divide the generators 
of the surface harmonically. Cremona^) however had already made this 
Observation in the special case of a unicursal surface with two straight 

1) Lie, Verhandl. d. Ges. d. Wiss. Christiania (1871), Mathematische Annalen, 
vol. 6 (1872). 

2) Picard, These, Paris (1877). See also Darboux Bulletin (1877), p. 335, 
and Annales de TJ^cole Normale (1877). 

3) Clebseh, Grelle's Journal, vol. 68. 

4) Voss, Mathematische Annalen, vol. 8 (1876). 

5) Cremona, Annali di Matematiche (1867—68). 
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line directriees. Halphen and Snyder^) extended this theorem of Cre- 
mona^s to all snrfaces with two straight line directriees. The general 
notion of ihe complex curre^ its relation to the derivative snrface and 
to the sar&ce of derivative cnbics seem to occnr for the first time 
in a paper by the author.') 

There always ezists a pair of points harmonically conjngate to 
each of two given pairs. We see that the pair 

(32) Ä,y» +!>««* 

is thus situated with respect to the flecnodes and the complex 
points. They are^ therefore, the double points of an involution of 
which the flecnodes and the complex points are two pairs. We will 
call them the involute points, their locus the invdtUe curve. Of course 
these three pairs cannot be real at the same time. 
Consider the covariant of weight 7, 

(33) Ct^&^E^&^C, 
where 

c « Mi8^> - w^iy* + Kl - ^2)y^7 E = %^* - «^21 y^ + (% - ^n)y^' 

We have seeij. in Chapter IV that C, is a covariant. Moreover it 
reduces to (32) under our special assumptions. Therefore^ (he factors 
of the comricmt @^E — G^ C give the expressions for fhe involute points 
in invariant form. If 

(34) »>« - ®4t^,2 -= 0, e^u,,^®^v,,^0, 

the combined locus of Cy and C^ constitutes the involute curve. If 
however 

(35) W^i - Wjj == 0, Vii — t728 = 0, 

then Cy and C, together constitute the complex curve. 

We can also write down a covariant whose factors give the 
complex points. It is found by expressing the conditions that a 
quadratic in y and shall represent points which divide the pair 
of the flecnodeS; and the pair of involute points harmonically. We 
find in this way, that the factors of 

(36) [(wii - W22) «^12 - (% - «^22) W12] ^' + [(^11 ~ wjj) % 

- (%-«'22)«*2i]»* + 2[Wia!;,i-w,it;Jy^ 
represent ihe comptex points. 



1) Halphen, BuU. Soc. Math, de France, vol. Y (1877). Snyder, Bulletin of 
Am. Math. Soc, vol. V (1899). 

2) Wilczynski, Transactions of the American Mathematical Society (1904), 
vol. 6, p. 243. 
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We can easily show that the deriyatiye cubic cannot intersect g 
in its involate points unless iS is a quadric. Moreover, if the deriva- 
tive cnbic intersects g in two points which are harmonic conjugates 
with respect to the complex point^ 8 can only be a qnadric. The 
cubic may^ however^ intersect g in two points harmonic conjugates 
with respect to the involute points, provided that u^^ + w^^ « 0, i. e., 
provided that 8^ intersects the flecnode surface of 5 in an asymptotic 
curve. It then passes through the complex points. 

It is further clear, geometrically as well as analytically, that the 
two complex points can coincide only if 8 has a straight line directrix 
or if the flecnodes coincide. They become indeterminate if 8 has two 
straight line directrices. The involute points coincide if ö^ =j= 0, and 
if 8 has a straight line directrix. They are indeterminate for &^ » 0. 

To every point P' of ^' there corresponds a plane in the 
osculating linear complex, as well as the plane tangent to /S' at P'. 
When do these planes coincide? 

Let the coordinates of P' be (0, 0, a^ cc^). The plane, corresponding 
to P' in the complex, has the coordinates (cc^p^^, — cc^p^v 0, 0), so 
that it contains g'. The coordinates of the plane tangent to iS' at 
P' are, of course, the same as those of the plane tangent to fi"' at P', 
which may be obtained from (5), viz.: (wnWgj^a^, -— «^n^w^ai, 0, 0). 
These planes coincide if and only if 

The corresponding points ou g are again harmonic conjugates with 
respect to the flecnodes, i. e., those asymptotic tangents of 8 which 
join g to the points of ^, the planes corresponding to which in the 
linear complex are the planes tangent to 8^, are harmonic conjugates 
with respect to the flecnode tangents. 

The planes which correspond to these two points of ^, in the 
null-system of the cubic, do not contain ^'. 

§ 4. Relation of the osoolating linear oomplex to the linear 
oomplex of the derivative oubio. 
The equations of the two complexes are 
a^ == 4 (C^ - BD) CÖ12 + ÄB(Oi^ + AB(D,^ 
(37) + A^(o^^ + 2^C(Ö23 - 2AG(D^^ - 0, 

Their simultaneous- invariant is 

(38) - 2^11^23 (t*H-Wg2)'(%l + Ws2)Pl2P2l/) 

which, leaving aside the cases when 8^ is developable or when 8 has 
one or more straight line directrices, vanishes if and only if u^^ + t«2a= 0. 

1) Cf. chapter VII, § 8. 

WiiiCZYMSKli projectire differential Geometry. 14 
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Therefore, üie oscukUing linear complex and (he cotnplex of fhe derivor 
tive cabic are in invölution if fhe first derivative ruUd surface cuts out 
asymptotic curves on ihe flecnode smface of S, and Ute cubic passes 
through the complex points of g, Some of our previous theorems are 
consequences of this. 

The two special complexes which are contained in the family 

XSl^ + iiSl^ = 0, 

where X and (i are constants^ are those for which 

or^ discarding again the case when S has a straight directrix^ 

- 12 Wii» 1*22^ Kl - «*22)* ^* - 2 Wii W22 Kl - «^22)* Kl + ^22) A^ + ft* = 0. 

They coincide if 

V W22* Kl - «^22)* Kl + «*22)' + 12 wii' W22' Kl - ^22)* = 0; 

i. e., if S' is developable, if S is a quadric, or if 

(39) Kl + ^227 + 12^11^22 = 0. 

We can always choose the independent variable so as to satisfy this 
condition. In faet; if we change the independent variable bj putting 
| = |(a;), according to ChapterlV, equations (49), we shall have 

(«*11 + «*22)* + 12^11 1*22 == 0, 

if ^ be taken as any Solution of the equation 

(40) 64f*« + 32 (wii + W22) f* + (wii + ^22)' + 12^11 W22 = 0, 
where 

Therefore, there eodst two famüies of 00^ ncm -developable nüed 
swrfaces in the congrtience F stich that the linear congruence, common 
to ihe oscidating linear complex of S and the linear complex of the 
derivative cubic, shaU have coinddent diredrices. Any four surfaces of 
one famüy intersect all of the asymptotic tangents of 8 in a point row 
of constant anha/rmonic ratio. The two families never coincide unless 
G^ » 0; i. e.; unless the flecnode curre intersects every generator in 
two coincident points. But in this case the congruence is not defined. 
If S has a straight line directrix this congruence is degenerate. 

The coordinates of the plane, which corresponds to a point 
(xi, x^, 0, 0) of jr in the null-system of the cubic, are 

4:(C^-BD)x^, -4(C^-BD)x^, -ABx^-2ACx^, 2ACx^ + ADx^. 

This plane contains g if and only if (7* — BD = 0, i. e., if the 
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derivatiTe eubic is tangent to ^. It will coincide with the plane 
tangent to iS at this point^ if farther 

- ÄBx^ — 2AGx^ = (ox^j 2AGx^ + ADx^ = — odx^, 
where co is a proportionality factor, or 

ABx^ + (2AC+(o)x^ = 0, (2AC + (o)Xi + ADx^ = 0, 
whence foUows o = — AG or — ZAG. We have therefore 
x^ix^ G:B=-D:G or x^ix^^ G:B = D:G. 

These points are. harmonic conjugates with respect to the flecnödes. 

Therefore, if (he derivative cubic is tangent to g, üiere are two 
points of g whose tangent planes are the planes cqrresponding to them 
in the nidl-system of the cubic. These points and the flecnödes form a 
harmonic group on g. They never coincide with the complex points 
nnlesB the mied surface has a straight line directrix. 

The planes^ corresponding to a point of g in the null -System of 
the cubic and in the osculating complex^ coincide if 

G^-BD^ 0, 

(AB - op^)x^ + 2AGx^ = 0, 

2AGxj^ + (AD - (op^i)x^ = 0, 

where cd is a root of the quadratic 

(41) ö« + 2 tiiit«„ (Wii - M„)' Kl + u^)(o- 12mi,» Wjj» (wi, - u^^y = 0, 

neglecting again the case when 8 has a straight line directrix. These 
two points of g coincide if (u^i + u^y + 12miiW22 = 0. 

More generally^ if we write down the conditions that the same 
plane shaU correspond tö a point (x^ ^2; ^9 ^4) ^ ^^^ osculating 
linear complex and in the complex of the cubic, we shall obtain as 
the locus of these points two straight lines, the directrices of the 
congruence common to the two complexes. These conditions are as 
foUows; Xi . . . x^ must satisfy the equations: 

* +4(C^-BD)x^ + (AB-'(op^^)x^ - 2AGx4^ = 0, 

- 4(C« - BD)xi + * + 2ACx^ -{AD- (op^;)x^ « 0, 

- {AB-(op^^)xi - 2AGx^ + * + A^x^ = 0, 

2AGx^ + (AD - (Djpai) x^ - A^x^^ + * =0, 

the Tanishing of whose skew- Symmetrie determinant gives for co the 
quadratic equation (41), which may also be written 

(41 a) (AB - (op^) (AD - mp^^) + 4A' (G^ - BD) - 4^«C« - 0. 



(42) 



1 
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Let (Ol and (d^ be the two roots of this equation. If we eliminate 
a?8 from the first two, x^ from the last two equations of (42), if we 
make use of (41a) and assnme that neither Ä nor C^ — BD is zero, 
we shall find 

- (AB— (OkPii) ^1 — 2ACx^ + J?x^ = 0, 

~ 4 (0* - BB)x^ -{AB-^ o*i>i3)rc3 + "iACx^ «0 ^^^' ^)' 
whence 

- 2C(^B-cö*i>isj)iri - A^ABBx^ 

(43) + A {AB - (Qj^jß^;) x^ =0, (A = 1, 2), 

- {AB - ©Ai^ijj) iCi - 2^(7 a?8 + A?x^ = 

the equations of the two directrices in simpler form than in (42). 

A line joining the point {x^ x^, 0, 0) of g to the point (0, 0, x^, x^) 
of g* is a generator of the second kind on S, It is not difficult to 
see that it will intersect the directrix (43) if and only if 

(44) - (AB - (OkPi^yx^^ + 4tA'BDx^^ = 0. 

Hence, the two points, in which either of the directrices of the 
congraence common to the two complexes intersects the osculating 
hyperboloid, determine npon this hyperboloid two generators of the 
second set which are harmonic conjugates with respect to the flecnode 
tangents. 

It also follows easily that the two pairs thus obtained, one 
corresponding to each directrix, coincide only if 

i. e., if the directrices themselves coincide. Further, if one pf these 
pairs intersects g in the inyolute points, the same is tme of the other 
pair, so that this can only happen if the directrices coincide. FinaUy, 
such a pair of generators of H can pass through the complex points 
only if S has a straight line directrix, or if S^ is developable. 

The line joining the points (0?^, 0, x^, 0) and (0, x^, 0, ^^3) is a 
generator of Üie first set on H, The coordinates of an arbitrary 
point of this line are (Ix^, [ix^, Xx^y M^s)- This line wiU, therefore, 
intersect one of the directrices of the congruence if XiyX^,X,(i can 
be determined so as to satisfy the equations 

X [- 2 C{AB- (Dip,,)xi + A{AB--(Oip,,)x,'] ~ AiiABBx^ = 0, 
- X {AB - Gj,Pi2) ^i + l^{- 2ACxi + A^x^) = 0, 
which gives either J = 0, AB — 0*^12 =* 0, or 

(45) 4 {C^ - BB)x^ - ^AGx^x^ + AH^^ = 0. 

The first two cases give either a surface S with a straight line 
directrix, or eise a developable surface S\ Leaving these cases aside, 
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we notice that (45) does not contain ook so that if the line on H 
here considered intersects one of the directrices it intersects the other 
also. Combining this with our previous result, we see that the 
foUowing theorem holds. 

The four points in tvhich the directrices of the congrueme, common 
to the oscdcding linear complex cmd Oie linear complex of the derivative 
cuhic, intersect the osculating hyperboloid can he grouped into two pairs, 
such üiat the line joining the members of each pair shaU he a generator 
of the first set upon the hyperhdoid Upon this generator üiis pair of 
points, together with the intersections of the generator müi the flecnode 
tangents, form a harmonic group, 

The plane, corresponding to a point (x^, x^, 0, 0) of g in the 
null- System of the cubic, intersects the flecnode tangents 

f in the point [ABx^ + 2AGx^, 0, 4.{G^-BD)x^, 0], 

/•" in the point [0, 2AGx^ + ADx^, 0, 4:{0^ -BD)x^]. 

The line joining these points is a generator of H, if either 

J. = 0, or (7»-J52) = 0, or Bx^^-Dx^^^O, 

Therefore, {here exist in generdl two points on g, harmonic con- 
jugates with respect to {he flecnodes, stich that the planes, corresponding 
to them in the ntdl-system of the derivative ctibic, pass through a 
generator of the osculating hyperboloid. K the cubic is tangent tp g 
the nnll-plane of any point of g contains a generator of H, riz.; 
g itself. If -4 = likewise, all points of g satisfy the condition of 
the theorem. Their null -planes all pass through g\ 

§ 5. Various theorems oonceming the flecnode surfaoe. 
The prinoipal surfaoe of the oongraenoe. 

Let US consider the planes which osculate the flecnode curve of 
S at Py and P,. We have, of course, u^^ = u^i = 0. If x^, x^,x^, x^ 
are the coordinates of an arbitrarj point of the plane osculating Gy 
at Py, we have for the equation of this plane 
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But 

2y*' = (>* - PnVk - Pii^ky 2zi = 6k- PnVk - Pn^k, 

- yk^= PiiVk +Pi2^k + QnVk + Qifi^ky etc. 

If we assume again Pii=P22 = 0, and Substitute into the above 
equation^ it becomes 



214 X. THE FLECNODE CONGRÜENCE (CONTINÜED). 



0. 



Vi, »2; 

9l-A2^1; 92-JPl2^2; •• 

Bat if we iDtroduce again ihe fandamental tetrakedron PyPjtPffPa, 

this reduces to 

(46a) p^^x^ + i?i2« x^ - 2q^^x^ = 0. 

In the same way we find the equation of the plane osculating C, at 

P, to be 

(46b) i>2ia?i - 2q^^x^ + p^^^ x^ = 0. 

To these equations must be added the conditions u^^ »= ti^i = 0^ if 
Cy and Cm are the two branches of the flecnode curve. 

Let US assume that this is the case. The osculating planes at 
Py and P, intersect along a straight line^ whose intersections with 
the osculating^ hyperboloid may now be found. IS x^ . . , x^ are the 
coordinates of one of these points of intersection^ we find 

i>12l>21*^4 = -JPl2l>21^1 + 232ll>12^8; 

where the ratio of x^ : x^ is determined by the quadratic 

(48) (Pii^Pn^ ~ 4^18221)«,,« + 2 {p^^q^^ + PgiJPw)^!^» - JPi2l>2i^i* = 0- 

Therefore, if Pi2qn +jP2i3'i2 = 0, i. e., if p^sPii = const., (he two 
generators of fhe first kind on H which pass Oiroiigh these points are 
harmonic conjugates with respect to g and ^, If 

(49) (jPi2?21 - P21«12)' + i>i2' Ai' = 0, 

<Äc intersection of the two osculating planes is tangent to the hyperboloid, 
This latter property is obviously characteristic of a class of mied 
surfaces^ and can be expressed in invariant form. 

We may find the invariant expression for this condition by 
making use of equations (102) of chapter lY. We there found that 
the coefficients of System (A) could be expressed as functions of the 
invariants, if the System is supposed to be reduced to the form 
characterized by the conditions m^ = w^^ = and p^^ = ^^2 == 0- '^^ 
is precisely the form in which we have supposed System (A) to be 
written in deducing (48) and (49). If we Substitute the values of 
Pi27 Piv Qiif ?2i f^om the equations just mentioned into (49); we find 

(49a) ©/(9,^ + 16ö,o* = 0, 

while JP12P21 becomes ^- We have, therefore, the following results, 

which may also be verified a posteriori. 
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If the independent variable i$ chosen so fhat -^=^consty ihe 

generator ^ of the first derived smface is the harmonic conjugate of g 
with respect io the two generators of the same hind on H whicJi wre 
determined by ihe points^ in which the line of intersection of the two 
oscvioMng planes of the flecnode curve, intersects H. 

J/* ©4«©9*+ 16öio' = 0, ^ ruled mrface 8 hos the foUomng 
charaderistic property. The planes^ which osculaie the flecnode curve at 
the two points of its intersection with any generator^ intersect in a line 
which is toMgefd to the osctdating hyperböloid. 

The plane oscolating the flecnode cnrve at P, interBects the 
flecnode tangent f" which passes throngh P, in the point (P,2q^2jO,Pi2)' 
Similarly, the plane oscnlating Cg at P« intersects f in the point 
(2&1, 0, jpji, 0). Therefore, the Une joining these points is a generator 
of H if and only if Pi2Qn ""äi2i2 ~ ^f ^- ^-f ^^ ^ belongs to a linear 
complex. In other words: the points in which the two pla/nes, osctdat- 
ing the flecnode cwrve at üs points of intersection with any generator y 
intersect the flecnode tangents are situated upon the same generator of 
the oscuUtting hyperböloid if and only if the surface bdongs to a linear 
complex. 

To each of the two planes (46 a) and (46 b) corresponds a point 
in that plane by means of the osculating linear complex. These 
points have the coordinates 

i-Pi2Piv - 22i2, 0, -jpij) and (ßq^^, p^^p^^, p^^ 0). 

We find that the line joining them intersects H in two points, which 
form a harmonic gronp with the first two, if 8 belongs to a linear 
complex. It is tangent to H if (49) is satisfied. Therefore, if the 
two planes, osculating Ihe flecnode curve at its two points of interseäion 
with a generator, intersect in a line which is tangent to the osculating 
hyperholoid, the line joining the two points of these planes, whidi 
correspond to them in the osculating linear complex, is also tangent to 
the osculating hyperböloid, a/nd conversdy. 

We have seen that, under the assumptions 

«*12 = Wjji =jpn ^p^ = 0, 

the equations of the sheet JP' of the flecnode snrface assume the 
form (15). Let us denote by U»* the quantities formed for this 
System according to the same law as are the qnantities Ua for the 
eqnations of 8. Then we shall have, [cf. equations (4) chapter IX], 

U,, = 0, U,, 4(2,/ - q„') + 8 Üu^läuMi, U,,- U,, =• 4 («,,- q„). 

The curve Gy is a brauch of the flecnode curve on I^' as well as 
ön 8. The other brauch is the locus of the point 
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Now if the transformation | = |(a?) iß made, q is converted into 

Q-jiQ + Vy)? allere i? = y • 

Therefore, if a transformation 1^ = ii(x) be made such that the 
derivative surface of 8 with respect to S^ may cut out upon JP' the 
second brauch of its fiecnode curve, S^ must be so choseu that 

(50a) ^^^ gu^g»/ ^2g^- 

2ii~"2ij Pii 

Similarly the second branch of the fiecnode curve on JP" will be 
obtained by putting 

(50b) ^^_ gi/-g«/ _2^» 

The two surfaces of F thus obtained coincide only if 8 belongs to 
a linear complex, i. e., fhe second hranches of the fiecnode curves on the 
two sheets of the fiecnode surface of 8 correspond to each oüier only if 
8 belongs to a linear complex, 

We have seen that the plane osculating Cy at Py intersects /*" 
in the point ^Qi^^ + Pii(f' The corresponding point on /*', i.e., the 
point obtained by finding the intersection of /*' with the correspond- 
ing generator of H, is given by ^Qi^V "^ Pt^Q* ^® ^^ * surface 
of r which intersects /*' and /*" in these points by making a trans- 
formation of the independent variables for which ly == 2 — ; or if we 
denote this special value of ^ by i^^, ** 

If we now denote by rj the expression 

we find 
and similarly 

This gives us an important result. For, we have occasionally made 
use of a normal form for our system of differential equations, in 
which ®4 = const. But in order to have ©^ = const., we must make 
precisely the transformation determined by i^. On account of its 
importajice, we shall call the surface of F which is thus obtained, 
the principal surface of the congruence, and the curves in which it 
intersects the two sheets of the fiecnode surface of 8 their pri/ncipal 
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cwtves. We see then that the principal surface may be constructed 
as foIIowB. 

We consider the flecnodes Py and P^ of g, fhe pkmes py and p, 
osctüating ffie fkcnode curve at ihese points, and the points P' and P" 
upön {he flecnode tangents f and /*" whose loci are the second branches 
of fhe flecnode curves on fhe two sheets F' and F" of fhe flecnode 
surface. The plane py interseds f" in a certain point to which 
corresponds a point on f such fhat fhe line joining {hem is a generator 
of the osculating hyperböloid, This latter point togeßier with P' con- 
stitufe a pair, such that ü^ harmonic conjugate of Py wüh respect to 
it is the point in which the principal surface intersects f, The inter- 
section with /*" is found in the same way. 

We might also say^ that in this way there is determined^ upon 
the generators of Hy an involution whose double elements are g and 
the generator of the principal snrface. 

By combining a number of our previous results with the notion 
of the principal surface, we obtain a number of theorems, which 
may be easily verified. They provide interpretations for the vanishing 
of certain invariants, and therefore fumish characteristic properties 
of certain families of ruled surfaces.' 

To prove these theorems it is sufficient to express the conditions 
in terms of the coefficients p^y q^ and then introduce the invariants 
by means of the equations (102) of chapter IV. 

^f ®i5 = 0, ®4 H= 0, ffie principal swrface is the harmonic conjugate 
of S with respect to the two ruled surfaces of the flecnode congruence 
which cut out the second branches of the flecnode curves on F* a/nd F^', 

Jjf ©41 = 0, or ®6®4 — 9^10 = 0, the principal surface intersects 
F^ and P'" along asymptotic curves. 

If 0|.i — 64^4^ = 0, the principal surface is devdopable. 

If ©15* — ©9* ©4* = üie principal sfwrface intersects one of the 
sheets of the flecnode swrface along the second branch of its flecnode 
curve. It thus intersects boüi sheets if ©15 = ©9 = 0. 

Our construction of the principal surface becomes indeterminate 
if 8 has two straight line directrices. If we assume that Cy and G^ 
are two asymptotic curves upon 8j we may put, in this case, 

i>.* = 0, 3^12 = ag, &! = &?; «11 — &2 = ^3'; 

so that ©4 is a constant, if and only if g is a constant. 

The planes tangent to S' at P^ and Pa intersect PyP» in the 
two points u = q^^y + aqz, v^bqy + q^^z 

respectively. The point Pu' determined by 

is a point upon the tangent of (7„ at Pw If the independent variable 
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is trausformed by putting | = S(a?), the curve Cu is converted into 
another curve ^ and the point P»' is transformed into another point 
of its tangent. But the aboye equation shows that P„' lies in the 
plane 'Py'P^'Pa if and only if g' = 0, i. e. if and only if the indepen- 
deht variable has been chosen so as to make /S' the principal snrface 
of the congruence. P„' will then be in the plane PgP^Pa. This 
property may serve^ provisionally^ to characterize the principal snrface 
in this case; another simpler interpretation will be given later.^) 

§ 6. The ooTariant 0» for B^ 4= 0. 

We have interpreted geometrically all of the fundamental 
covariants^ except C^. With the notions, now at our disposal^ we 
may also find the significance of this covariant. It is equal to 

(51) C, = E+2N, 

[cf. Ghapter 17 (116)], where E and N are defined by the eqoations 
(107) and (114) of Chapter IV. We may write 



(52) 



SO that 

(53) 

where 

(54) 



E = 



N = 



(«u -«»»)<> + 2«!,«, y 

2MM9-(««ii-MM)tf, H 



Ct = ue - ßy, 

a = 2 («11 - «8,)(» + 4«ijff + y («11 - v„)y + %«, 
/J - 4Mgi(» - 2(mii - Mj,) tf + «„y - Y (t»ii - »m)«. 



The coTariant C,, therefore, determines a raled snrface 2, whose 
generator is obtained by joining the points P« and Pp detennined 
by (54). Onr interpretation of the covariant Cg will consist in giring 
a constmction for this snrface. 

The snrface 2 is not like the deriyatiye snrface 8' of 8 depm- 
dent npon the choice of the independent rariable. In £act, it may 
be easily verified that the transformation | <= |(a;) converts a and /) 
into a and ß, where . 



a = (|^a, 



/J = (-|^A 



so that the points P« and P^ are left inTariant. A transformation 
• of the dependent variables 



1) Chapter XIV, § 6. 
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transforms a and ß cogrediently into 

ä «= ?« + mft /? = na + r/S, 

so ihat there is a one-to-one correspondence between the points of 
ihe generators of 8 and 2. 

We may, therefore, in order to determine the surface 2 choose 
the cnrves Cy and G» of 5, and the independent variable in any way 
that may be convenieni We shall assume G^ ^= 0, so that the 
flecnode curve of 8 intersects the generators in distinct points, and 
identify Cy and 0« with the two branches of the flecnode curve, so that 

We shall farther assume that the independent variable is chosen in 
such a way as to make ®^ == 1, or more specifically (since %, = Wai = 0), 
so that 

The derivative surface 8^ of 8 with respect to o; is then the principal 
surface of its flecnode congruence. We flnd, with these assumptions, 

(55) a = 29-i>i2^, ß 2<y+i>3iy. 

We have, on the other band, 

whence 

(56) y = 2y' + piij/ = (> - i)is,^, d = 2/ + i),s,^ = <y - p^^y. 

The point Py is obviously the intersection of the tangent to the 
flecnode curve at Py with the line P»P^, while P^ is the intersection 
of the tangent to the flecnode curve at P, with the line PyPa- 
But we have from (55) and (56) 

* = - Y (i* +Piiy)y ^ — \iß -Pny)7 

so that the points Py and P^ are harmonic conjugates with respect 
to Pa and Pg on the line P^Pq, while Pd and Pa are harmonic 
conjugates with respect to Pß and Py. 

The generator of the surface 2 is now completely determined 
by the following construction. 

Let Py and P, he fhe two flecnodes, supposed distinct, on a given 
generator of the ruled surface 8, and let Pg and Pa be the points 
corresponding to Py and P, respectivdy upon the principal smrface of 
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the flecnode congruence of S. At Py, as well as at Pg, ffiree important 
lines intersed, viz,: the generatovy the flecnode tangent, and the tcmgent 
to the flecnode cwrve, AU of fhese are in the plcme tcmgent to the swr- 
face 8 at üieir point of intersection. In each of fhese plane pencüs we 
construct a fomih lim, {he harmonie conjugate of the generator tmffi 
respect to the offier two. Each of fhese lines meets the line joining fhe 
point of ihe principal surface, which corresponds to {he flecnode con- 
sidered, to {he o{her flecnode. The line, which joins {he two points of 
intersection, Pa and Pß, öbtained in ühis way, is {he generator of Z 
which corresponds to {he given generator of 8. 

Examples. 

Ex. 1. If 8 has two straight line directrices, 2J coincides with 
the principal surface of R 

Ex. 2. If a ruled surface belongs to a linear congruence with 
distinct directrices, every asymptotic curve intersects each generator 
in two points which divide the flecnodes harmonically. (Gremona, 
Ralphen, Snyder,) 

Ex. 3.* Find the conditions that an asymptotic curve, flecnode 
curve, involute curve, complex curve of 8 corresponds to one or the other 
of these curves on 8\ Investigate these correspondences in detail. 

Ex. 4. The covariant Cg can vanish identically, only if S is a 
quadric. 

Ex. 5.* Set up the dififerential equations of the surface 2, and 
find the conditions that it may belong to a linear complex, a linear 
congruence, or be a quadric, etc. . . Express these conditions as 
invariant conditions for the surface 8. 



CHAPTEß XI. 

RULED SÜRFACES WHOSE FLECNODE CURVE INTERSECTS 
EVERY GENERATOR IN TWO COINCIDENT POINTS. 

The formulae and the theorems developed in the preceding 
chapter are not directly applicable to the case when ®^ = 0, i. e., 
when the flecnode curve intersects every generator in two coincident 
points. The general notions, employed tiiere, may however be applied 
to this special case as well, and give rise to a number of interesting 
and important considerations. 
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§ 1. The ooYaxiant C^. 

The interpretation of the covariant C^ given in the last chapter 
is complete for the case 0^ =|= 0. It breaks down absolutely for 

This coyariant is 

(1) C3 = «^ - ßy, 

where 

W 1 

We have 

®4 =- Kl - %2)' + 4Wi2%i - 0. 

Let US assTune that the curve Cy is the flecnode curve, so that u^^ '= 0. 
We shall then have also w^ — u^ = 0. Further we may assume 
1>ii==Pm = 0. 

We have therefore 

whence 

(3) «=i>i2««2i2/; /3 = 4w2i() + V2iy-i>i2W2i^- 

K a transformation of the independent variable be made by 
putting 1 = 1(5;), we find that for the new system of differential 
eqnations 

^21 = (^8(% - 4^21^); ^ =y ^^ 

Therefore, if u^^ =4= 0, i. e., if S is not a quadric, we can always 
choose ri in just one way so as to take v^^ = 0. We obtain, therefore 
a perfectly definite surface of the congruence F, which we will call 
its prindpai surface, and which we shall characterize geometrically 
farther on. 

Let US assume that the variable x has already been chosen in 
such a way that S', the derivative of 8 with respect to x, coincides 
with the principal surface of F. Then t?2i = 0, and (3) becomes 

cc = i^ia^iy, ß^4:U^^Q- i)i2 %i^ -= u^J, 
where 

We have fiirther in general 

Q=^2f/ +p^^y+p^^z, 
whence 
2j/-^-i)i,^. 

1) Chapter IV, equ. (63). 
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The point, whose coordinates are y^j . . ., y/, is, therefore, obviously 

the intersection of the tangeut to the flecnode curve with the line j 

PgPq, The point Pß whose coordinates are giyen by jS^ . . . /J^ is i 

also on the line P»Pqy and the cross ratio of the four points PqPßP,Py' j 

is — • The point P« obviously coincides with Py. j 

The nUed swrface which the covariant C^ adjoms to 8 may fhere^ 
fore he defined as föUows. In the plcme tangent to 8 at its flecnode 
Pyj constmd a Um passing through Py simJi {hat ü, together unth the 
generatoTy the flecnode tcmgent and the tangent of the flecnode curve shaU 

constüute a plane pencil whose a/nharmonic ratio is j* 2%e locus of 

{hese lines is the required ruled surface. Moreover the points of amy 
generator of this swrface arcy hy means of the covariant C^, put into a 
one-to^one correspondence mÖi those of g, The lines jdning corresponding 
points pass Üvrough P^, üuxt point of the prindpcU surface of the conr 
gruence F which corresponds to Py. 

It only remains to give a characteristic geometric property of 
the principal surface of F. For this purpose let us assume^ in addition 
to our preyious hypotheses^ that C, is an asymptotic curye on 8, i. e.^ 
let p^i == 0. Then. 

2(5" = w;,y + (u[^ -^u^tPu)^+^(^2i9 + «*ii<^); 
and ^ , 

The first equation shows that the tangent to the curve Ca at P„ 
intersects the generator g of 8, Denote this point of intersection by 
Pf/. The locus of the point Po* is therefore a curve on 8, Ca'. Its 
tangent at P^' is obtained by joining P^' to the point Pa" defined 
by the second equation (4). But this equation shows that Pa" is in 
the plane P^P^Pa if and only if v^^ = 0. Put 

then Pt is a point on P^Pa such that the line joining it to Pa' is a 
generator of the hyperboloid H osculating 8 along g. We see that 
the tangent to Ca' always intersects P»Pt, and that Pa" coincides 
with this point of intersection if and only if v^i = 0. 

The principal surface of the congruence F is therefore defined 
by the following statement^ which is merely provisional^ however, as 
we shall find a simpler interpretation later.^) 

We draw upon the ruled surface 8 any asymptotic line G, and, 
upon any surface S' of the congruence F, the curve Ca which cor- 

1) Chapter XIV, § 5. 
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responds to it, P, and P^ being corresponding points of the two 
curves. The tangent to Ca at Pa always intersects the generator g 
of Sf which passes through P,y in a certain point Pa'^ whose locus 
gives a curve Ctf upon 8. Upon /S' a point Pt is constructed such 
that the line PtPa' shall be a generator of the hyperboloid osculating 
S along g. The tangent to Ca' at Pa' intersects the line P,Pr. If 
the independent variable has been chosen in snch a way that S^ is 
the principal surface of the congruence, the point P^/' will coineide 
with this point of intersection. 

§ 2. The derivaÜTe oonio. 

In the general case, where 9^ =f= ^y ^^ hyperboloid H osculating 
8 along g and the hyperboloid H! osculating 8^ along ^ intersect 
along ^ and a space cubic, which we haye called the deriyatiye cubic. 
Moreoyer, this cubic does not degenerate unless either 8 has a straight 
line directrix or 5' is deyelopable. 

In the present case^ howeyer^ H and W haye besides ^ the 
straight line f in common, i. e., the flecnode tangent passing through 
Py. The rest of their intersection is, therefore, a conic which we 
shall call the derivative conic, 

We proceed to proye these Statements and to deriye the equations 
of the deriyatiye conic. Taking as tetrahedron of reference the 
tetrahedron PyP^PqPaj the equation of J? is 

x^x^ x^x^ = yjy 
and that of W 

as we haye shown in Ghapter X, equations (1) and (3). 
In our case we may put 

«*12 = %1 - ^22 = 0, e/ = <, 

whence 

(5) % - v„ = 2i>i2M2i, t;ij, = 0, % = 2w;i-(i>ii-i)„)ws,i 

and 

^Jhi WiiVii, 2JX^ = 0, 

2 JAgi « Mgi 1722 — Mii %, 2 JA22 = — ^11^22- 

We find, therefore, for W the equation 
or 



(6) 
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(7) Ju^^ (x^x^^ — x^x^) + wfi (In — Xga) x^x^ — Jw^iir^aj^ 

+ Mi^i - «^11^21 (^1 - ^2»)] ^2' = 0; 
while ihe equation of H is 

Both equations are satisfied by x^^ x^^Oy as well as hj x^^x^^Q^ 
which proves that ^ and f are lines upon both of tliese Hyperboloids. 
They must therefore haye also a conic in common; whose plane must, 
according to (7), have the equation 

If we put for abbreviation 

(8) A == «*ii (^11 - Xj^), B^- Wii Ajji + W21 (in - X^), C = u^^u^^, 
whence 

(9) u^^A+p^,C = 0, 

we have^ therefore, as the equations of the derivative conic 

(10) Äx^ — Bx2 — Cx^ = 0; x^x^ — X2X^^= 0. 

We may also express the coordinates of any point on the conic 
in terms of a parameter t. Any point on the hyperboloid H can be 
represented in the form 

X^ = Ut, X2 = ty i^3 = W, X^ = 1. 

This point is, moreover, a point of the conic if the condition 

Aut -Bt-C^O 
is satisfied, whence 

C + Bt 

If we Substitute into the abqve equations for x^. . .x^ and multiply 
by At, we find 

(11) x^=^t{C+ Bt), x^ - At^ x^^A + Bt, x^ = At 
as fhe pa/rametric equations of the conic, or in homogmeous form 

(12) x^ = t^ty x^ == Atj^y x^ = t^t, x^ = Atyt^, 
where 

(13) t=^Bt^ + Ct^. 

The conic, of course, always passes through P^. The first question 
which we naturally ask is this: when does the conic degenerate into 
a pair of lines? Clearly this can only happen if the plane 

Ax^ — Bx^ — (7a?4 = 

intersects the hyperboloid ^ in a pair of lines, i. e., if it is tangent 
to H. Moreover since this plane contains P^, it must in that case 
contain at least one of the two generators of H which pass through 
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P^. If it contains that one which passes also through Fa we must 
have (7=0, i. e., since u^^ ^= (S not being an quadric), Wj^ = 0. 
iS' must therefore be a developable. K, however, this plane contains 
the other generator through P^, namely that one which passes 
through Py, we must have J. = 0, which gives either w^ = as 
before or eise p^ = 0, in which case the flecnode curve Cy would be 
a straight line. 

Therefore, the derivative conics degenerate if cmd ofdy if the swr- 
face S hos a straight line directrix, or eise if the derivative of S tvith 
respect to x is one of {he devdopahle smfaces of the congruence F. 

By an investigation similar to that in Ghapter X, we obtain the 
forther result: 

Two consecutive derivative conics never intersed tmless they de- 



§ 3. The developable surfaoe generated by the plane of the 
derivatlTe oonio. 

As X changes, the plane of the conic Cx envelops a developable 
surface, the equations of whose generator we shall now proceed to 
determine. 

Let US form d9/dx under the assumption that t^it^ is independent 
of X, Then 

will represent any point on the derivative conic Cx-{.6x belonging to 
the argument x + dx, where 8x is an infinitesimal. The plane of 
this conic will be determined by any three points upon it. We have 
(again assuming ^^^ -=• 0), 

(14) r 1 T 



+ 6\Äi^i,-\(Bt^ + 0<,)i)„<, +|^«i*]. 



We can obtain three points of the conic C7c+jx by pntting 
<j = 0, «, = 1; <! = 1, «, = 0; <i=- + C, ^ = - B, which last set of 
valaes corresponds to ^ •= 0. Therefore, the eqaation of the plane 
of Cx^Ss is 

WltCzmgKl, pTQjeetlTe diffenntütl G«ometry. 15 
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Xi X^ X^ *^4 

Cu^idx 2C + 2C'dx -Cpi^Sx 

2B+2B'dx 2A + {2Ä'-Bp^;)dx Bdx A8x 

[2C(B'C^BC') 2ÄC^ + (2AC* -2J?(B'C ^2ÄBC+{AC^ 
-ÄBCu^^]8x -ÄBCu^i)äx -BC^)8x -2A'BC)8x 

If this detennmant be developed^ retaining of coorse only the 
terms of the first order in 8x, we find that the planes of G» and of 
Cx-\-ex intersect along the line 

Ax^-Bx^-Gx^, =0, 

^ ^ ADx^ - Ex^ - GFx^^ 0, 

where 

D « 4.A'G + 2 AG' - BGp^^, 

(16) E=^2BGA' + 2AGB' + 2ABG' -AG^ 

F^ 4AG' + 2 AG- ABu^^ + A'u,^ = 4 AG' + 2 AG + Aul^X^^, 

Equations (16) are, therefore, the equations of the generaAor of the 
devdopable surface. 

This proof would not be valid if either G or B were zero. For, 
then the third of the three points of the conic Gx+dxf which we have 
used to determine its plane ^ would coincide with one of the other 
two. If C =« the conic degenerates. Since^ however, we might, in 
the case B = Oy choose three other points of Gx-^Sx, ^ we might also 
do in the general case, the result will obyiously be obtained from 
the general case by snbstituting jS»0. 

We see from (15) that the generator of the developable surface 
passes through Pq and that it intersects the plane x^ = 0, in the 
point Py or 

IG(E - BF), AG(D - F), 0, A{E- BD)], 

which we may therefore represent by the expression 

(17) X = G{E-'BF)y + AG{P - F)z + A(E-^BD)6. 

Since the surface generated by this line joining Pq to Pj^ is 
developable^ it must be possible to find four functions a, ß, y, 8 of x, 
such that 

(18) '>cQ + ßx + Yq' + H - 0, 

Now we hare 

and we find 

(19) Tl^Gy-¥He+Mq + Nts, 
where 



0. 
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G = G(E' - BF' - B'I) + C'{E- BF) +\u^A(ß- BD), 

M-^{AC' + A!G){D-F)+AC{iy-F')-\p^O{E-BF) 

(20) +^u,,A{E-BD), 

M=\C{E-BF), 
N^A'{E-BD) + Ä (E>-Biy-B'D)+Y^C{D - F). 

If we sabstitate these valnes of ^ and q' and also the ezpression 
(17) for % into (18), we find ÜuA «, ß, y, d mnst satisfy the eqnations 

0{E - BF) ß + 4-«iiy + ö* = 0, 

ACiB-F)ß +H8^0, 

"^ ^ AiE-BB)ß~^p^r + Nd = 0, 

a + Md-O. 

Therefore, the determinant of the first tiiree eqoations, which 
expanded becomes 

(22) yP»^^^ - ^ t-^^ -GÄ + HB], 

mnst vanish identically; i. e., since the other factors do not vanish 
identically, we mast hare 

(23) NC-GA + HB = 0. 

We may also verify (23) directly. For we find from (20), 

NC-GA + HB~f{aCB' -\aG*-BÄC + \ B*Cpa) 
- d{aCB' -^AC* - BAC -YÄ'Bu^^ + ^AB'u^^) 
+ E(a'C-AC'-^A'u,,-\cBp,, + ^ABu,,) 
-^^IFiE-BD) -B{E-BF) + E{B - F)] = 0. 

We can now determine the edge of regression of the developable 
surface. li yq-^- 9% is a point on this curre, ita tangent constracted 
at that point mnst coincide with the generator of the developable, i. e., 

(24) y'p + d'a5 + yp' + djr' = Xx + /t(. 
or 

(y'-/*)? + («'-A)z + y<»' + *«' = o, 

which is identical with (18) if we put there 

a-Z-p, ß = 8'-k. 

16* 
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Bat, on acoonnt of (23)^ we can determine a, ß,y,dBO as to satisfy 
(18); we can, therefore, determine X, ft, y, d so as to satisfy (24). More- 
over we find 

(25) y :d - - 20^(2) - F) + 2H{E - BF)iu^^A{I) - F). 

Thereföre, the edge of regression of the developäble is given by the 

expression 

;c = [- 2GÄ(D -F) + 2H{E ~ BF)\q 

(26) + Wii A{B^F) \_G {E - BF)y + ÄC{D-- F)z 

+ A{E-BB'\6\. 

We see from (15) that the generator of the developäble surface 
coincides with one of the generators of H which passes through P^, 
only if either A or G vanishes, i. e., either if S' is developäble or if 8 
has a straight line directrix, in which cases the derivative conic 
degenerates. The generator of the developäble is tcmgent to H at Pq, 
negleding (he cases just mentumedy onHy if D — F = 0. As (26) shows, 
the cuspidal edge of fhe developäble then coincides wifh Cq. If the 
expressions for A, B, G be substituted into the condition D — i^= 0, or 

2{A!G-A C) - BGp^^ + ABu^^ - A^u^^ = 0, 
it becomes 

4!^_2^-2^==0, 

«*n Pi% «*n ' 

which gives on integration 

"" = const. 

ltE-BF=^0, Px lies in the plane PgP,Pa, and if E-BB=^0 
in the plane PyP^Pq. 

It will clearly be possible to characterize special classes of mied 
surfaQes (for ®^ = 0) by special properties of the developäble surfaces 
here considered. 

The relation of 8 to its flecnode surface F is especially close in 
this case (©^ = 0). In fact 8 is also the flecnode surface of F. 
Moreover, the same hyperboloid H which osculates 8 along g, also 
osculates F along the corresponding generator f of F. The con- 
gruence F', which belongs to the surface F in the same way as F 
does to 8, is therefore made up of the generators of the second set 
on the osculating hyperboloids of 8, those of the first set constituting 
the lines of the congruence F. All of these remarks foUow easily 
from the equations of the Qecnode surface which, under the assumptions 
Pn =i^22 =i^2i — 0; assume the form 

(28) *" « r *" « T 
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Moreover^ since 8' is a deyelopable sur&ce of the congrnence F if 
Sil ^ ^f ^^^ since (28) shows Üiat (7^ is then an asymptotic curve 
on F, we see that the developable surfaces of the congnience intersect 
its focal surface F along asymptotic lines^ as it should according to 
the general theory of congruences. 

Xxamples. 

Ex. 1. If iS belongs to a linear congrnence , with coincident 
directrices, the resnits of § 1 are modified. Discnss this case. 

Ex. 2. Find and discnss the conditions that the deyelopable of 
§ 3 shall be a cone. 

Ex. 3.** Find and discnss the conditions that the edge of regression 
of the deyelopable of § 3 may be a curye belonging to a linear 
complex; a space cubic. 



CHAPTEE Xn. 

GENERAL THEORY OF CÜRVES ON RULED SURFACES. 

§ 1. Belation between the differentlal eqnations of the surfaoe 
and of the onrves sitoated npon it. 

Let a ruled snrface be giyen by means of the System of difFe- 
rential eqnations 

f + Pill/ + Pii^' + 9nV + «12^ -= 0, 

^ ^ ^" + Pill/ + Pn^ + fei» + fe2^ =- 0; 

so that the curyes Cy and C, will be two cnryes npon it^ the lines 
joining corresponding points of these two cnryes being generators of 
the snrface. 

We shall eliminate once z and once y, so as to obtain the linear 
diflferential eqnations of the fourth order which each of these func- 
tions mnst satisfy. 

We haye from (1), by differentiation, 

where 

^1 = i>ii' + i>i2i>2i - Pii - 2ii; «11 = i>ii«ii + i>i2?2i - 9lU 

^21 -= Pn (Pn +-P22) - -P21' — S2i; «21 =" PnQn + PiiQn — fei'* 

^'22 ™ -P22 + 1^121^21 "" -P22 "~ fe2> «22 ^ 1^21 fe2 + JP22fe2 ~" fe2 ' 
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We find by another differentiation 

^ ^ ^*^ -- kti/ + \%^ + ^2iy + %2^; 

where 

^11 - - Pii^u - ^1^2 + ^u' + «ii; %i ^11 «11 - n2«2i + HIj 

,g. ^12 -= -i>12% -Ä2^12 + ^12' + ^12, %2 ni2l2 - ^12«22 + ^12'^ 

^ ^21 = -Äl^21 --P21^22 + %' + «2U %1 = - %2ll - ^22*21 + «2^ 

^22 *= — 1^12^21 — 1>22*'22 + ^22' + ^22^ ^^22 = "" ^21 ffl2 — *'22?22 + ^22'- 

If we put farther 

(6) ^l'=-l>12^12-«12»'l2; ^2 =i>21%- 221^21; 

we can find from the above equations: 

^10 = i>i2y^'^ + ^2^' + (i>ii^i2 --^12^11)2/ + («11^2 - jPw^y. 

- ^1^' == ^l^y^'^ + H^f + (l>ll5i2 - «12^11)!/ + («Il5l2 - 212%)^. 

and similarly 

^^y -P^l^^^ + ^21^' + (l>22^21- Al^22)^ + (222%~i>2lW^> 
^ - ^2!/ = «21^^'^ + «21^" + (l>22«21 - 221^22)^ + (222% - 22l522)^- 

Finally we obtain the sought-for differential equations for y 
and z, viz.: 

^,y(4) = (1)12^12 - iuhi)jf^^ + (^12^12 - ^12^12)!/' 

(9) + [(l>lin2 -i>12^1l)%2 ~ (i>ll«12 - 212^11)^12 + ^Jnlj/ 
+ [(211^12 - Pl25ll)%2 - (211^12 - 2l2%>^12 + ^l%l]y; 

and 

^2^W = (l?2i»^2i~ gai^ai)^^'^ + (^21^21 ~ «21^^' 

(10) + [(iJgar^i - Pn'^^2)m^x - (i>2252i - 221^22)^21 + ^2^^ 

+ [(222^21 -i>21 ^22)^21 - (222^21 - 221^22)^21 + ^2%2]^- 

These equations are capable of a vast number öf applications. 
Any question, in fact, in regard to the existence of curves of a 
specified character on a ruled surface must make use of them. 

We notice that the conditions ^^ = or ^g = will be necessary 
and sufficient to make Cy or d plane curves; the differential equa- 
tions (of the third order) of these plane curves are found by putting 
^^ = or ^2 = in (7) or (8) respectively. 

We will merely indicate a few other applications of these 
formulae. Let us write (9) more briefiy 

(9)' y(*) + 4i)iy(3) + 6p, f + 4p,i/ + p^y = 0. 
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We shall find^ in the next chapter^ the conditions that Übe integral 
curve of (9)' may belong to a linear complex, or that it may be a 
twisted cubic. In one case its invariant of weight 3, and in the otber 
botb of its fundamental invariants mnst vanish. These two conditions^ 
which we now find expressed in terms of the coefficients of (1), will be 
satisfied only by a particular kind of ruled surface^ characterized by 
the property of containing such curves. One may impose further 
conditions; for example such that special curves shall be flecnode curves 
or asymptotic curves on the surface, and then proceed to study the 
particular class of surface characterized. 

It is not our intention to follow up any of these special problems, 
interesting as they are. We shall ^ however, apply our equations to 
the Problem of answering some questions of a fundamental nature in 
the generoH theory of ruled surfaces. Some of the special problems 
just indicated will be considered in the theory of space curves. 

§ 2. On mied snrfaoes, one of the branclies of wlioBe 
fleonode ourve is given. 

The flecnode curve is so important in the general theory of 
ruled surfaces ; that it seems essential to investigate to what extent 
it may be arbitrarily assigned. 

If one of the sheets of the flecnode surface, jF' of 8^ is given, 
there remain only two possibilities for S, namely one or the other 
of the two sheets of the flecnode surface of F\ 

But, let US suppose that we merely know that a certain curve C 
is one of the branches of the flecnode curve on Ä Then there are 
two questions to ans wer. Can this curve be chosen arbitrarily? And 
how far does it determine the surface Sf 

Let the curve G be given by means of its diflerential equation 

(") u + *?.i + "?.». + 4Äi + AS - 0, 

where i>i, ...^4 are given functions of ^. In the System of difle- 
rential equations (1) defining our surface 5, we must regard the 
coefficients pij^ and g',* as unknown functions. We may, however, 
assume without exception that u^^ = 0, so that Cy is one of the 
branches of the flecnode curve on 8^ that ^21 = 0, so that Cg is an 
asymptotic curve on ä, and that p^^ = p^^ = 0. Under these assumptions 
we form the diflerential equation (9) of the curve Cy. Since Cy is 
to be identical with (7, it must be possible to transform equation (9) 
into (11) by a transformation of the form 

(12) y = ip(po)y, X = f{x). 
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The fanctions <p and f are not independent however. For, while the 
equations u^^ = and p^^ — » are not distnrbed by any transformation 
of this form, the conditions p^^ =i>88 ^ ^ ^6* In fact, a trans- 
formation of the form (12) conyerts (1) into another System of the 
same form whose corresponding coefficients p^^ and p^^ will be 

In Order, therefore, that after this transformation p^^ and p^^ may 
again vanish, we must have 

(13) <P = ^' 

where C is an arbitrary constant, which may be pnt equal to unity* 
If then we apply the transformation (12) to (11), we shall get 
an equation 

which we mnst identify with (9). Equating coefficients gives ns a 
System of four equations with five unknown fanctions of Xy viz.: 

h PviJ ?il; ?2i; &2- 

We find, therefore, the following theorem: An arbitrary space 

curve heing given, it can be considered as one branch of fhe flecnode 
cwrve of am, infinity of ruled surfa^ceSj into whose gener al expression 
there enters an arbitrary function. One may, therefore, impose another 
condition and still obtain an infinity of ruled surfaces. 

The most general curve G, which is capable of being the second 
branch of the flecnode curve on a ruled surface, for which Cp is the 
first branch, involves therefore, in its expression one arbitrary func- 
tion o{ X. It cannot, therefore, be an arbitrary curve, as that would 
involve two arbitrary functions. 

Therefore, two cu/rves taJcen at random cannot be connected, point 
to point, in stich a way as to constitute the complete flecnode curve wpon 
the nded surface fhus generated, 

We may also prove our theorem by purely synthetic considerations. 
Let US take points P^, P^, Pg, P4, . . . on an arbitrary curve, corre- 
sponding for example to equal increments ^x of the parameter. 
Through P^, Pg, Pg draw three arbitrary lines g^, g^, g^. We can 
draw a line f^ through P^ intersecting g^ and g^, say in Q^ and Q^, 
Take an arbitrary point Q^ on /i, and join it to P^ by a line g^, 
Then f^ intersects g^ g^, g^, g^. Through P^ we draw a line f^ 
intersecting g^ and g^ in points §3', Q^ and of course gr^ in Q^ ^P^. 
Take an arbitrary point Q^ on f^ and join it to Pg by a line g^^, 
Gontinue this process. Clearly, we shall get two assemblages of lines 
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g^f fl'a, . . . and f^y f^y . . ., whicli, when P^ P^, . . . are taken closer and 
closer togeiher, approach as limits two mied snrfaces haying the 
giyen curve as flecnode curve^ and which are flecnode snrfaces of 
each other. The first three lines gi,g^yg^ are arbitrary, which gives 
rise to six constants of Integration. Fnrther^ the double ratlos 
{^v Q%y Qz, Qd} {Q97 Qsy Q^y Qs) etc. may be chosen arbitrarily 
which brings into evidence the arbitrary fonction involved in the 
construction of these snrfaces. 

The constmction, which häs just been described, becomes 
indeterminate if the given curve (7 is a straight line. For then ^4 
coincides with P^y etc. In fact^ the most general ruled surface with 
a giyen straight line directrix depends on two arbitrary functions. 

If the giyen curye C is to be at the same time the second 
brauch of the flecnode curye, i. e. if both of the branches of the 
flecnode curye of S coincide with C, g^^ must be tangent to the 
hyperboloid determined by gug^^g^] 9^ must be tangent to the hyper- 
boloid determined by gr^, ()r3,gr4; etc. This condition, therefore, clearly 
fixes the double ratios {Q^ Q^ Q^ Q^), etc., i. e. the arbitrary function. 
Therefore, this problem has in general 00^ Solutions. 

Let US assume that Gy is not a straight line. Let us call the 
deyelopable surface f ormed by the tangents of Cy its primary deyelopable. 
There exists a«nother important deyelopable surface containing Cy, 
which we shall speak of as its secondary deyelopable, as indicated in 
the following theorem. 

1. If at every point of the flecnode curve of 8 there be draum {he 
generator of the smface^ fhe flecnode tangent, the tangent of the flecnode 
curve, a/nd finaUy the line which is ffie harmonio conßugaie of the latter 
wifh respect to üie other two, the locus of fhese last lines is a devdcpahle 
surface, fhe secondary devdopable of the flecnode curve. 

2. We COM find a Single infinity of ruled surfaces, eadi having 
one hramh of Us flecnode curve in common wifh thM of S. This 
family of 00^ surfaces may he described as an invdution, of which a/ny 
SU/r face of {he family and its flecnode surface form a pair. The primary 
and secondary develcpahles of the brauch of the flecnode surface con- 
sideredy are the double surfaces of this involution. In fact, the generators 
of these surfaces, at every point of their common flecnode curve, form 
an involution in the usu^cä sense, 

We proceed to proye these theorems. Since Cy is a brauch of 
the flecnode curye, we may assume u^^ = p^^ = p^^ = 0. System (1) 
assumes the form 

(14) y'+i?ia^' + ^iiy + YPi2'^ = 0, ^" + i)2iy'+fey + &2^ = 0. 
The flecnode tangent at Py is the line joining Py to P^, where 
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while the tangent of the.flecnode cnrve joins Py to Py\ In the 
plane pencil formed by these lines, the Harmonie conjugate of PyPy' 
with respect to PyFz and PyPf^ will be the line JPyPty where 

But firom the first equation of (14) we find at onee 

(15) ^+j^^y_|ai:(^_y)=o, 

i. e. PyP« generates a decdopoible snr&ce as asserted in the first 
iheorem. 
Put 

where Ä is a constant. Clearly the lines PyPe and PyPf form a 
pair of the involution whose double lines are PyPy^ and PyPt- 

One finds that y and e satisfy the follöwing System of differential 
eqnations: 
, . f + -Pu^ + A^e- + Q^y + e«e == 0, 

^ ^ c" + Pgij^ + P„e' + (?jiy + ^jjc = 0, 

where 

■Pji = (1 + %ii + *(1 + %M - ^ÄJÄI 

(18) p .._ l-8A; f)„' 

«,i == (1 + Ä)2u' - ÄD»!?.! + ^'"''\^' + '^ ^ 2n, 

We find 

£r„ = 2Pi,' - 4 (2,, + Pm (Pxi + P„) = 0, 

i. e. the curve Gy is flecnode cnrve on the mied surface Sjt generated 
by l^yV^, The flecnode surface of /S* is obtained by joining Py to 
the point 

2j/ + Puy + P.e = -i^-i±*g;:y, 

a point on the line T?yT?f* We see, therefore, that the ruled surfaces 
5* and iS— * are flecnode surfaces of each other. We have now proved 
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our second theoreiU; and we may speak of an inyolution of mied 
surfaces having one branch of their flecnode cnrve in common. The 
donble surfaces of the involution are developables^ while the members 
of each pair of Übe inTolation are flecnode surfaces of each other. 
We haye seen that PyPx generates a developable. If 

represents its edge of regression^ it must be possible to represent ff 
in the form , , j. 

since the line PyPt must then be tangent to the curve Cg. 
We find, by difPerentiation, making use of (15), 

80 that ^ will be of the required form, if and only if 

Therefore 

If we express r in terms of y, z and q, we shall find 
(19a) g^^PnQ+Pi^y + Pi^^^, 

as the expression for the edge of regression of the seconda/ry devdopable 
of {he brcmch Gy of the flecnode curve, Similarly, if &^ =H 0, 

(19b) h =i)2i<y + i)2i' + p^^^y 

will represent the cuspidal edge of the secondary developable of the 
branch C, of the flecnode curve, assuming of course u^i = 0. 
One easily finds 

(20) - YPii'ff + i^i2^' = ^y^ ~ Y^8i' ^ + Pn^' = ^^> 

^ = Pi2 Pn + \Pi%^ %i - Pi^Pn - Y {Pn?! 

(21) 1 3 

/* -P21P21' + Yi>21*«*22 -i>2l'i>12 - Y(i>2l')*- 

The System of differential equations, of which g and h are the 
Solutions, has the coefficients 

(22) ^" *^ [^ (^^"" "^ ^^""" ~ U^^'Pn) 
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while P21, P22; Ö21; Qi2 *^re obtained from these same equations by 
permuting the indices 1 and 2, and consequently also the letters l 
and [i. 

We see (hat we öbtain, in üiis way^ corresponding umiqudy to any 
riüed surfiice, whose flecnode cmve intersects every generator in two 
distinct points, anoiJier nded surface, whieh is generated by (he lines 
joining corresponding' points of the edges of regression of the seconda/ry 
devekpables of the two branches of the flecnode curve, 

Equations (20) show that one of the secondary developables of 
Cy and Cz degenerates into a cone i{ X or (i vanishes. In that ease 
our new mied surface also becomes a cone. If both of the secondary 
developables are cones^ this ruled surface degenerates into the straight 
line joining their vertices. 

Equations (22) show that this new ruled surface cannot be 
developable except if X or /it is zero, i. e. unless it is a cone. For 
the possibility p^^ ^ ^ or jp^^ == is to be excluded, since we should 
then have a ruled surface S with a straight line directrix. 

§ 3. On ruled snrfaoes one of the branches of whose 
complez ourve is given. 

There exists an infinity of ruled surfaces, each of which contain 
an arbitrarily given curve as one brauch of its complex curve. Into 
the general analjtical expression of these surfaces there enters an 
arbitrary function. 

The analytical proof for this statement is precisely similar to 
that of the corresponding theorem of § 2. We shall give at once a 
geometrical construction for these surfaces. 

Let US consider five straight lines 5^1, . . •S's- ^^^ fi) fi ^® ^^ 
two transversals of fl^i, . . . g^, and f^, f^^ those of ^Tj, . . . jfg. Clearly 
9i9 ' ' '9h determine a linear complex, with respect to which f^, /"i" 
and f^, jTg" are two pairs of reciprocal polars. Take a point F on g^, 
The plane, which corresponds to it in the linear complex, passes 
through g^ and the line \ which passes through P and intersects 
both f^ and f^\ If ^1, . . . gr. are made to approach each other, we 
shall have, in the limit, five consecutive generators of a ruled surface 
and its osculating linear complex. The plane tangent to this ruled 
surface at P is the limit of the plane containing g^ and the line 
through P which intersects g^ and ^3, i. e. the asymptotic tangent 
of the surface at P. If P is a point on the complex curve, \ must 
be in the plane tangent to the ruled surface at P. 

Now let an arbitrary curve be given, and let us choose points 
upon it, Pj, Pj, P3, . . . according to any law. Through Pj, ... P4 
draw four arbitrary lines fl'i, . . .5^4. Through P^ draw \, the line 
which intersects g^ and g^. In the plane of g^ and \ draw any 
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line hl through Pj. The line g^, throngh Pg, is to be constructed 
in such a way that the two transyersals of g^, . . ,g^ shall boÜh 
meet \, Now these transyersals must be generators of the second 
set on the hyperboloid determined by g^, g^, g^, They mnst, therefore, 
be those two generators of the second set^ f^ and f^^', which pass 
through the two points in which h^ intersects the hyperboloid. There 
exists just one line through P^ intersecting both f^' and f^", It is the 
line ^5. In the same way, starting with g^, - - - g^y we can construct 
g^f etc. Finally we pass to the limit. There enters an arbitrary 
function, fixing the position of the successive lines \fh^f . , , in the 
planes in which they must lie. 

We may easily solve the problem; to determine all ruled sur- 
faces, an asymptotic curve of which is giv'en. In fact, if Cy is the given 
asymptotic curve, any other curre of the ruled surface will be given by 
the expression ^ ay + ßi/ + yf, 

The equations of this chapter enable us to write down the special 
form which e must have, so that Gz may also be an asymptotic curve. 
We shall then have the ruled surface referred to its asymptotic curves 
in an explicit form; by restricting the functions J^i, . . . ^4, etc. to 
algebraic valueS; we shall thus find the most general ruled surface, 
all of whose asymptotic lines are algebraic. It is a mere application 
of our general equations to deduce these results, which were first 
obtained by Koenigs^) in 1888. This paper of Koenigs is remarkable 
also in so far, as it seems to be the only one in the litterature of 
the theory of ruled surfaces, which makes use of a System of dif- 
ferential equations of the form (A). But even here, no stress is laid 
upon this fact, and no further consequences are drawn therefrom. 
The System is used merely as an auxiliary, its fundamental importance 
for the theory of ruled surface not being recognized. 

Examples. 

Ex. 1. Express the condition, that one or both of the branches 
of the flecnode curve may be plane curves, in terms of the invariants. 

Ex. 2.* What are the conditions under which one or both 
branches of the flecnode curve may be conics? space cubics? 

Ex. 3. Let Gy be any curve on S. At the point Py of Gy con- 
struct the harmonic conjugate of the tangent to Gy with respect to 
the generator and the other asymptotic tangent of Py, Prove that 
these lines generate a developable, and find its cuspidal edge (cf. 
Chapter IX, Ex. 4). 

1) Koenigs. Determination sons forme explicite de toute snrface regime 
rapport^e d. ses lignes asymptotiqnes, et en particnlier de toutes loa snrfaces 
regl^es ä lignes asymptotiques algäbriques. Comptes BendtM, vol. 106 (1888) 
p. 61—64. 
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CHAPTEß Xffl. 

PROJECTIVE DIFFERENTIAL GEOMETRY OF SPACE 

CÜRVES. 

§ 1. The invariants and oovariants for n == 4 

It was showu in Chapter II that the differential geometry of a 
Space curve conld be based upon the consideration of the linear 
homogeneous differential equation of the fourth Order 

(1) »(*) + 4i?iyW + 6i?2j/' + 4i?33/' + p^y = 0. 

The invariants and covariants of a linear homogeneous differential 
equation of the w*^ order have been computed, in th ir canonical 
form, for every value of w. It suffices, therefore, to put w = 4 in 
the equations of Chapter II, in order to obtain the canonical expressions 
for these functions. But we shall need the un- canonical form of the 
invariants for our more detailed discussion of the case n = 4. It 
becomes necessary, therefore, to write down explicitly a number of 
equations, which are really included as special cases in the equations 
of Chapter IL At the same time we obtain, in this way, a verification 
of the general theorems of that chapter for this special case, thus 
making the theory of space curves independent of that general theory, 
at the cost of some repetition. 

If we make the transformation 

y = X{x)y, 

where X is an arbitrary function of x, we shall find for y an equation 
of the same form as (1), 



where 



^W + 4;r,y(3) + Qn^f + 4.itJ + n^ = 0, 






r + 2p,r+j>,X 



(2) 



^3 = i ' 



n.^ 



X 



whence one may deduce the absolute seminvariants 
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(3) P, = J>, - l>i" - ^PxPt + 2j)i», 

and the relatiTe semi-coTariaiits, besides y, which is obTionsly itself 
a semi-coyarian^ 

« = j/ + Piy, 

tf = y(») + 3^^y" + 3^,^ + j,,y. 

The absolute semi-coTariants are —> —> — All other semi-coTariants 

y y y 

and seminTariants are fonctions of these and of Übe derivatiTes of 

"t) "»> "f 

From (4) we dednce the following eqnatdons, wbicb we shall 
use later: 

»' = -i»iy + «; 

^ = - PtV - Pi» -^ 9, 
^ ^ Q' = -iP,-P,')y-2P,z-p,Q + e, 

6> (P, - P,')y - 3(P, - P,0^ - SP,Q -Pxtf, 

aud also 

( ) y(4)_ (^^^ + 8i),i>3 - 36p,'p, + 6p,' + 24tp,^)y 

+ (- 4i>3 + 24i)j)a - 24i>,»)^ + (- 6i>sr + 12i>i09 - 4i>,(J. 

We now proceed to make a transformation of the independent 
yariable |»|(^). We find; denoting the coefficients of the trans- 
formed equation by p^, 

Ä -^^[P2 + 2m +|(4^ + 91^«)], 
_ 1 

P4 = (jpj4i^4; 
where we have put 
(8) V'^'Y' '* = V-Yi?*- 



(7) 
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We find fnrther 

(9) 9 = (FP [9 + 21?^ + I (4/t + 9i,»)y], 

so that — > —> — are cogredient with iJi,i)g,i)j. 
Making use of ihese eqnations, we find 

(10) P3 = J^.[p,_3^P,-A^'+|^^], 
whence 

^»" = w [^»" ~ ^''-^»' - ^f"^» + ^'''-^« - 1 **" 

(11) +|/**-¥^^'+?/»'4 

.26 , 25 ,,5.-1 

We find, therefore, the following inrariants and covariants 
©, = P,-|P/, ®, = P,-2P.'+|A"-^P,», 
®..i- 60.®," - 7®,'« - ^P,®«*, 
(^^^ 0, = 10;?« - 15yp - 12P,y», 

Q = 2®,«+®s'y, 

where the index indicates the weight. In denoting one inTariant of 
weight 8 bj 0s 1, '^^ follow the general notation explained in 
Chapter 11 eqa. (54). An invariant maj be regarded as a covariant 
of degree zero. With this nnderstanding, it snfQces to saj that the 
effect of the complete transformation 
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upon a covariant of degree d and of weight tc;, is to transform it 
into C, where 

C — ^—C, 
(IT 

The general iheory shows that all other invariants and coyariants 
maj be deduced from these bj algebraic and differentiation processes, 

§ 2. Canonioal forma. 
Equations (2) sliow that^ if we make the transformation 

the coefficients of the resnlting equation for y will be 

^1 = 0, jr^-Pg, JTe-Pg, ^^«P^ + SPgl 

We shall say that the equation has been put into the semi-ccmontcoH 
form. 

From (10) we see that if §(a?) be chosen so that 

(13) ,'_1.,3 = ^ = ±P,, 

in the resulting equation Pj will be zero. Since Pg is a seminyariant^ 
any transformation of the form 

y^Xy 

will not disturb the equation Pg = 0, and we may again choose X so 
as to make the coefficient of -^ yanish. It is, therefore, always 
possible to reduce the equation to the form 

^+4:r3 11 + ^4^ = 0, 

which we shall call the Laguerre-Forsyth canoniccH form, This is 
equiyalent to assuming i>i = i>2 — ^ ^^ *^® original equation. 

If ®g =|s 0, we may transform the independent yariable so as to 
make ©j = 1, In fact, we haye for an arbitrary transformation 

If, therefore, we put 

(14) S =JV@,dx, 

®8 ■'^ be equal to unity. We may again, by a transformation of 
the form y = Xy, make p^ yanish. The canonical form, which is 
characterized by the conditions 

WiLCZYNSKi, projective differential Geometry. 16 



1 



242 Xm. PROJECTIVE DIFFERENTIAL GEOMETRY OF SPACE CURVES. 

i>i«0, ©3 = 1, 

we may properly denote as the Halphen ccmonical form. 
In our geometrical discussions, only the quantity 

not I itself will be of importance. X also is an nnimportant 
factor which has no geometrical significance. Eqnation (13) shows^ 
therefore, that the reduction to the Laguerre-Forsyth form can always 
be accomplished in (X>^ essentially different ways. It is important to 
remark that (13) is an eqnation of the Riccati form^ so that the cross- 
ratio of any fonr Solutions is constant. 

The Halphen form, on the other band, can be obtained in just 
one way, if it exists at all, i. e. if ©g 4= 0- If ®s vanishes, ©^ may 
be reduced to unity unless it also is equal to zero. The case when 
both ©3 and ©4 vanish, is especially simple. The LcLguerre-ForsyiJi 
form reduces to ^4^ 

K two equations of the form (1) can be transformed into each 
other by a transformation of the kind here considered, we shall call 
them equivalent. Clearly, for equivalent equations, the corresponding 
absolute invariants are equal. 

If eqnation (1) is given, the invariants ©s, ©4, ©j.i, etc. are 
known functions of x. Conversely, equations (12) show that if 
©3, ©4, ©8.1 are given as arbitrary functions of x^ provided that 
©jj=^0, P3, P3 and P4 are determined uniquely. If ©3 = 0, then 
®3.^ = also, and we must assign a further condition. The function 

(15) ©4.1 = 8©^®;' - 9(©;)^ ~y P,©4« 

is also an invariant. If ©3 = 0, and ©4, ©4.1 are given, Pj, Ps, P4, 
are determined uniquely. If both ©3 and ©^ vanish, all invariants 
are zero, and the eqnation may be reduced to the form 

As we may always assume that p^ = 0, we see that üie differential 
eqmtion (1) is essentially determined when its invariants are given as 
functions of x. 

The LOfgrange adjoint of (1) is^) 

ri6^ ^^'^ - ^Pi^^'^ + 6(P2 - 2i)/)t*" - 4(p3 - 3i>,' + 30^' 
"^ ^ +(^4-4i>3' + 6i>,"-4i)(»))w = 0. 

^ Vif ' ' ' Vi constitute a fundamental System of (1), the minors of 
Xi, . . . x^ in the determinant 

1) Cf. Chapter H, § ö. 
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multiplied by a common factor, which does not interest us, form a 
fundamental System of (16). 

If we denote the seminvariants of (16) by ilg, JZg, JT^, we have 

(17) n, = P,, JT3 = -P3 + 3P2', JT, = P,-4P3' + 6P,", 

whence foUows reciprocally 

P,=-JT,, P3 = -JT3 + 3J7,', P, = JT4-4JT3' + 6JT2". 

The invariants of (16) differ from the invariants of (1) only in this 
that tbe sign of ^3 is cbanged. 

§ 3. Geometrioal Interpretation. 

If the functions J/i, . . . ^4 constitute a fundamental System of (1), 
we may interpret them as the homogeneous coordinates of a point 
Py of a curve Cy in ordinary space. The coefficients Pi, P2} P39 Pa 
of (1) are invariants of the general projective group. The trans- 
formation y = Xy 

does not change the ratios y^'y^'y^' 2/4^ and therefore leaves the curve 
Cy invariant. The transformation | = |(a;) merely changes the parameter 
in terms of which the coordinates are expressed. It is clear, therefore, 
that any System of equations, invariant under these transformations, 
expresses a projective property of the curve Cy. 

The Lagra/nge adjoint of (1) may be taken to represent the same 
curve in tangential coordinates, or eise a reciprocal curve in point 
coordinates. 

We may^ therefore, state the results of § 2 as foUows. If the 
invariants of a ctn/rve are given as functions of x, the curve is determined 
except for projective transformations, If the inva/riants of two curves, 
except those of weight three, are respectively equal to each other, while 
the invariants of weight three differ only in sign, the two curves are 
dualistic to each other. Those curves are sdf-dual for which 0^ = 0. 
Moreover, these latter curves are the only curves which are identically 
seif- dual; i. e. for which a dualistic transformation exists which 
converts every point of the curve into the osculating plane of that 
point, and vice versa, while every tangent is transformed into itself. 

If we put y = y* (A; = 1, 2, 3, 4) into the expressions for js, q, 6 
we obtain three other points P«, P^, Pa which, as x varies, describe 
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curves G,, Cq, Ca, curves which are closely connected with Cy. Pg is 
clearly a point on the tangent of Cy constructed at Py] P^ is in the 
plane osculating Cy at Py, while Pa is outside of this plane. These 
fonr points are never coplanar except at those exceptional points 
of Cy, whose osculating planes are stationary, i. e. have more than 
three consecutive points in common with the curve. 

In Order to study the curve Cy in the vicinity of Py, it will, 
therefore, be convenient to introduce the tetrahedron PyP^PqPa as 
tetrahedron of reference, with the further Convention that, if any 
expressions of the form 

Uk =- aiy* + aa^t + «»p* + a^ök Qc « 1, 2, 3, 4) 

present themselves, the coordinates of the corresponding point Pu shall be 

(«1, «a, «3, ocj. 

In writing Uk the index Je may be suppressed, so that the single expression 

a^y + a^z + a^Q + a^6 

represents the point (oj, a^, «3, a^ adequately. 

If the independent variable x is transformed, the tetrahedron of 
reference is changed in accordance with equations (9). Py of course 
remains the same; P^ is changed into P», which may obviously be 
any point on the tangent; etc. Thus, while an arbitrary transformation 
of the Parameter x does not afifect the curve Cy itself, it does very 
materially afifect the semi-covariant curves (7^, Cq, Ca- It is clear, 
however, that two transformations of x, which give rise to the same 
12, are geometricaUy equivalent. We may also, without afifecting the 
Position of the points P,, P^, P^, assume that (1) is written in the 
semi-canonical form, so that p^ = 0, For, in order to put (1) into 
the semi-canonical form, we need only multiply 3/ by a certain factor 
Xj which will then also appear multiplied into the semi-covariants z, 
Q and 6. 

Let US then assume i>i — . We shall have z = y', If we diffe- 
rentiate (1) and eliminate y between the resulting equation and (1), 
we shall find 

(P, + 3P,«)^*) - (P; + 6P,P;)^(«) + 6P,(P, + 3P,»);^' 

(18) + [(6P3' + 4P3) {P, + 3P,0 - 6P, {PI + QP.P^W 

+ [(4P3' + P,+ 3P,«) (P, + 3P,«) - 4P3(P; + eP^P^')]^ = 0, 
ifP4 + 3Pj« + 0. KP4 + 3P2« = we find 

(19) ^») + 6Pj;^ + 4P3;?==0. 

Equation (18) determines the curve C, in the same way as (1) 
determines Cy. But if P4 + 3Pj* = 0, z satisfies (19) showing that 
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the curve C, is in this case a plane cnrve. Therefore^ if Ühe variable 
I be 80 chosen as to make P^ -f SPj* = 0, the corresponding curve 
C'g is a plane section of the developable sarface whose cuspidal edge 
is Gy. In harmony with this, equations (10) show that the most 
general valne of ij, which satisfies the condition P^ + SPj^^O, 
contains three arbitrary constants, as it should since there are oo' 
planes in space. 

We shall need to consider the roled surfaces generated by those 
edges of our tetrahedron which meet in Py. Of these we know one 
immediately^ namely the developable which has Gy as its edge of 
regression, and of which PyPz is a generator. The mied snrface 
generated by PyPq clearly has Gy as an asymptotic curve; for, the 
plane PyPgP, is both osculating plane of Gy at Py, and tangent plane 
of the sarface at Py. If we assume Pi = 0, this ruled surface may 
be studied by means of the eqnations 

(20) f/' + P^y-<f = o, 

q" + (4P, - 2PM + (P, - -P»" - 2P,»)y + bP,Q = 0, 

in accordance with the general theory of ruled surfaces as developed 
in the preceding chapters of this book. To prove (20) we need only 
differentiate the expression for q twice, express y^*) and y<*) in terms 
of y^ 8y q, 6, and eliminate and 6. 

The ruled surface generated by PyPa is especially important. 
We have 

(21) (J = y(») + 3p,t^') + Sp^y' + p,y, 

whence 

.„„, <J' = »<*> + 3i)ii/(») + (31,/ + Sp,)f + (3K +!>,)«/ +p,'y, 

i^^) ö"= j/(») + 3i,,j^*) + 3(2p/ + p,)i^») + (ßp," + 6p,' + p,)f 

+ iSp," + 2p,')y'+p,"y. 
From (21) we find 
.„„. y^'^ = <f - Spif - Sp,i/ -p^y, 

^^^^ 3^4) = fl» - 3i,,ff - 3(j),' +p,- SpM' - {Sp,' + i>8 - 9p^p,) 1/ 
- (Pa - ^PiPs)y- 
If we sabstitate Ühese Talues in (1), we obtain the eqnation 

(24) ^ ^' ~~ ^' ~ ■^''^^' + ^ ^» - -P«' - -P»^«^ ^ + **' 

+ (l>4 -PiPa - P3)y + Pi^f = 0, 

where the coefßeient of y is 3P3. 

Let ns differentiate both members of this eqaation, and eliminate 
f and j^») by means of (^23) and (24). We shall find 
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^ ^ +(3Ps,2,-i>i«,)«, 

where 

Si^-Pu Qi^^Pi -^Pi + ^Pi', q» 3Ps + 3i»iPs„ 

24 ^Pi + 3i>j" + ^PiPi - Qpi'Pi -Pi +PtPa + 9i)j» - 9pi%, 

(26) jg — (i>4-i>8"-i>ii>8'-i'i'i'8) + 3i>8(i'2-i'i'-i'i*)> 

»•» ^(Pi-Pa -PiPi)> 

n — 04-i'»'-i'ii's)- 

Eqnations (24) and (25) define the mied sarface generated by 
PyPa. TS we assume p^ = 0, we find 

(27) ^' + ^"^ "*■ ^"*^ + *"^ + 2is« = 0, 

«" +i'2iy +i'j8«' + 2jiy + «jäitf == 0, 

where 

Pn =^[- 3P3« + 3P3P;+ 2P,P,'-3p1p," + P3P,-6P,''], 

(28) i!,, A, 

2S1 =^[- P8P4-6P,»P8 + P3P,' + P,P4' + 6P,»P,'-P,P,"], 

If (1) is written in the Laguerre-Forsyüh form, P^ = 0. In that 
case, the two eqnations (27) reduce to the single eqnation 

(29) p^y +1^^ +i.(p^ _ p^)y = 0, 

which proves that, in this case, the mrface generated hy PpPa is develop- 
äble. For, the tangents constrncted to Cy at Py and to Ca at Pa are 
then coplanar.^) Moreover, only if P^ = will the snrface generated 
by PyPa he a developable. 
Let 

represent the point in which PyPa intersects the edge of regression 
of the developable. Then, since PyPa mnst be tangent to the edge 
of regression, we shall have 

or j 
(A' - a)y + (/t' - ß)ö + Xi/ + ii(^ = 0. I 

1) cf. Chapter V, equ. (15). 
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But according to (29) 

80 that 

(i! - a)y + (n'-ß)6 + l^- ^[(P, _ P,')y + 3P,j/] = 0, 

where for y' we could also yrrite z. Such a relation between Py^Pg^Pa 
would^ however, make these three points collinear; and therefore 
Py,Ps,Pg,Pa co-planar, unless all of the coefficients are zero. We 
have Seen, howeyer, that these four points are coplanar only at points Py 
whose osculating plane is stationary. Gonsequently 

whence 

X = 3^P3, ß^ll^, a = X'-/i(P,~P3'). 

We see, therefore, that 

(30) r = 3P8y + <y 

represents the edge of regression of the devdopäble to which the rukd 
swrfcLce generated by PyPa reduces when Pg = 0. 

If j?! = and Pj = 0, equations (2) and (10) show that the most 
general transformations of the variables ^ which do not distorb these 
conditions; satisfy the equations 

T + If-^' /» = V-Y'?' = 0, 

which giye on integration 

- C -2c 



(r)T 



l+CÄ 



If we transform x under this assumption, we find that it is conyerted 

into 

(30a) i=^[<,+|^p+A,», + (i.,s + 3p^)y]^ 

where ri may haye any numerical yalue. 

Let US recapitulate. ThA rvHed Sfurfaces generated hy PyPä are 
infinite in number, Their general expression involves an arhürary ftmdion 
vj. Among these surfaces there exists a Single infinity of devdopables, 
If Pg = 0, the surface generated hy PyPa is one of these, and the locus 
of Pt is its edge of regression, where 

(30) t = ZP,y + 6, 

Pt heing the point where PyPa intersects the edge of regression. If 
we construd aU of the oo^ lines PyPä through Py, which are generators 
of the dbove mentioned famüy of devdopäbles , and mark upon each of 
them the point Pi where ü intersects the caspidcd edge of the devdopäble 
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to which it hdongSy the locus of these points is a twisted cubic cu/roe. 
The equations of this cmve^ referred to a parameter tj and to the fwndor 
mental tärahedron PyPjgP^Pa, are 

(31) a;i-3Ps + |-iy^ ^^=4"^'' ^b=y^^ ^4=1- 

We shall see later that this cubic has five consecutive points in 
common with the curve Cy at Py, i. e. that it has at this point with 
Cy a contact of the fourth order. We shall speak of it as the torsal 
cubic of Py, on account of its connection with the deyelopables which 
we have just been considering. 

Equations (31) giye the parametric equations of the torsal cubic 
referred to a special tetrahedron of reference for which P^ — 0. We 
shall need its equations in a more general form. These may be easily 
obtained. Gonsider the expression 

(32) x = {i®, + ^P,' + lP,t-\-^t>)y + (^P, + ^t')0 + ^t<f + 

in which t may^ for the moment, be regarded as a parameter independent 
of X. Denote by I the corresponding expression formed from the 
quantities Pg; P^y ^^-^ V) ^y Qy ^ ^^^ *^® general transformation 
I = ^(x). We shall find that (|')^Ä is equal to an expression of the 
form (32) in which, however, t^ tates the place of ^, where <|' + i? = <i. 
But, of course, this transformation may be chosen so as to make 
Pg z= 0, which would make X identical with i except for the notation. 
We see, therefore, that the expression X, or the eqimtions 

^l=3®«+ÄA'+|p,1? + |1?^ 

(33) ^^==|p^ + |,2^ 

represent the torsal cubic referred to the ftmdamentdl tärahedron PyP,P^Pa 
when this is chosen in as general a way as is compatible wüh its 



If, in (32), t is chosen as a function of x, as x varies we obtain 
a curve on the surface formed by the totality of torsal cubics. If 
in particular t satisfies, as function of x, the differential equation 

we obtain the cuspidal edge of one of the deyelopables. 



§ 4. THE OSCULATING CUBIC, CONIC AND LINEAR COMPLEX. 249 

§ 4. The osoulating oubio, oonio and linear oomplex. 

A Space cubic is determined by six of its points provided that 
no four of these points are coplanar. If, therefore, we take upon C?y, 
besides Pyy five otber points^ we shall in general obtain a perfectly 
definite space cubic determined by these six points. As these points 
approach coincidence with Py, the cubic will in general approach a 
limit^ which shall be called the osctdating cubic. We proceed to find 
its equations. 

Let Py correspond to the value of a: = a, which we shall suppose 
to be an ordinary point for our diflFerential equation. Then y may be 
developed by Taylor's theorem into a series proceeding according to 
powers ot X — a. By putting a? — . a =» a/ the development will be in 
powers of a/. We may, therefore, assume in the first place that a = 0. 
Let US assume further that ^^ = and P^ = 0. Then we shall have 
from (5) and (6), 

^ > i^^)^^P^y^(P, + AP,^)0^4P,Q. 

In accordance with the definition of our coordinates, we denote 
the coefficients of y, z, q,6 in this expansion carried as far as ^, by 
Vv y^fV^yVi.' ^® ^^7; 0^ course, multiply these quantities by a common 
factor, since the coordinates are homogeneous. We shall multiply by 
120 so as to clear of fractions. This gives 

yi = 120 -20P^a?-bP^af'-Pl(x? + ''^ 

y, = 12Qx - 20P,af^ - {AP^ + P,)^ + • • • 

^ ^ y3-60:r»-4P3^'^+... 

y^=20a;» + .... 

We see at once that the following equations are exact up to 
terms no higher than the fifth order, 

^ ^ 5(2y,y3-y,»)-6P,y.y4-0. 

These same equations must be satisfied by the coordinates of any 
point of the osculatiug cubic, since this must have contact of the 
fifth Order with Cy at Py. They a/rCy therefore y its equations, referred 
to this special tetrahedron of reference. In terms of a parameter t we 
may write 

(37) a^i = 15 + 12P8<^ rri^SO^, x^^^Ot^ x^^2Qt\ 

The equation ^x^x^ - 2x^^ = 

is that of a cone, whose Vertex is Py and which contains the osculating 
cubic. It may also be obtained by determining that cone of the 
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second order, with its vertex at Pyy which has the dosest possible 
contact with Cy viz. contact of the fifth order. We shall speak of 
it as the oscvHating cone. We notice at once that the torssd cubic 
also lies upoü the osculating cone. This is shown by equations (31)^ 
which are referred to the same System of coordinates as that employed 

here. If we put in (31) i? == y and if we multiply by 20t^, (31) 

becomes 

(31a) a^i = 15 + eOPj^*, x^-=30t, x^^SOt^, ä;4 = 20<», 

which differs from (37) only in having öPg in place of Pg. 

By a method of reasoning precisely similar to that of the last 
Paragraph^ we find that ihe expression 

(38) (12P8 - 12P; + 24Par + 15r»)j/ 

+ 2O(yP, + yr«)0 + 30rp + 206 

represents an arbitrary point of fhe osculating cubtc, when the teträhedron 
of reference i$ not restricteä to the condition P^ = 0. Por, this expression 
remains invariant under the general transformation | » ^(o?)^ and 

reduces to (37) for Pg = 0, if r = |. 

The equation of the plane^ which oscnlates the osculating cubic 
at the point whose parameter is r, tums out to be 

where 

u^ 20, tij = 30r, M3 = I6P2 - 30t^ 

(^^) u^ = 12P3 - 12P; - 36P^t 4- 15r». 

For every value of r, this intersects the osculating plane, a?4 = 0, in 
a straight line 

- 20a;i + 30Ta:2 + (löPj, - 30r*)a;8 - 0. 

The envelope of these lines will be obtained by eliminating t between 
this equation and that obtained from it by partial differentiation with 
respect to t; the latter equation is 

SOx^ - 60t Xj^ ^ 0. 
We thus find 

(40) - AOx^x^ + Ibx^^ + 32P,a:3« = 0, 

the equation of the osculating conic, which may he defined as a pari of 
the intersection of the devdopable of the osculating cubic with the 
osculating plane. The other part of this intersection is the tangent, 
which must be counted twice. 
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It is not without interest to verify that (37) represents the 
osculating cnbic by another method. We fiad, from (35), that the 
nonhomogeueous coordinates of the points of Gy in the vicinity of Fy 

are < 

(41) 

From (37), we find for the points of the osculating cubic 

If we put 

the two expansions coincide up to terms of the fifth order. For the 
torsal cubic we have, according to (31a), 

J = 2^-8P3^* + ..., |-==2^»-8P3^s + ..., ^ = -1^3+.... 

If we put into these equations 

t =» Yi»(l + ax + 'bx^+ cx^+ dx!^^ ), 

we find that these expansions will agree with (41) up to terms of 
the fourth order if 

a = 0, 6 = 0, c = y^s^ 

but that it is impossible to make them agree with (41) any further 
unless Pg =» 0. In general, thereforej the torsal cubic has wifh Gy a 
contact of the fowrth order. Only if ®8 == may ffie order of coniad 
he higher. In fhat case the torsal and osculating cUbics coincide. 

We proceed to deduce the equation of the osculating linear 
compleXy i. e. of that linear complex determined by five consecutive 
tangents of the curve. We assume again Pi = and Pg = 0. Denote 
by Y and Z the expansions of y and is in the vicinity of Py. Then 
we have up to terms of the fourth order 

+ ^[l-|P3a;»-^(4P,' + P,K] 
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If we denote the coefficients of y, ^} Q, ^ ^ these two expressions 
ty ^1, . . . ^4 and 0^^ . . , z^ respectively, the Plückerian line-coordinates 
of Üie tangent will be 

(Oa = Vi^k — Vk^i} 
whence 
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Therefore, ^Ä6 eqtmtion of the osctdating linear complex, referred to the 
special tetrahedron of reference, is 

(42) (o,, ~ (ö,s - 0. 

We might have obtained this complex in another way. For, it 
is clear that the null -System of the osculating cubic will be the 
same as that determined by the osculating linear complex. We shall, 
instead^ set up the null-system of the torsal cubic in its general 
form. We shall see that Ois linear complex determined by the torsal 
cubic coinddes with the osculating linear complex. 

We have the equations of the torsal cubic 

X, = 60®3 + 6Pa' + 2AP,ri + löri\ 
^^ rrs, = 24P2 + 30iy«, x^^SOri, 0:4 = 20. 

The coordinates of the plane^ which osculates the torsal cubic at the 
point whose parameter is 1], are 

Wi = -180, w, = 270i2, W3 = I44P2 - 270i?^ 
^**) u^ = 540^3 + 54P2' - 324Pai? + 135ri\ 

If we put in (43) ij = ly*, (k = 1, 2, 3), we obtain three points 
on the cubic. The coordinates of their plane must be proportional to 

t;, = -180, v,^90(ri, + ti, + %), 

(45) t?3« 144P8-.90(iy2% + %i?i + i2i%), 

v^ - 540 ®, + 54P3' - IO8P3 (ri, + % + %) + 135i2i%%; 

for, each of these expressions must be a Symmetrie function of 
VifVifVs of not higher than the third Order, and for % = % = %==i? 
we must have Vk proportional to w*. Similarly, the point in which 
the three osculating planes at rj^f rj^f Vi intersect, must have its 
coordinates proportional to 
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(OX^ - 60®3 + ePg' + 8P, (% + % + %) + 15%%%, 
(46) iox^ - 24P2 + 10 (122% + %% + %%), 
fox^ = 10 (i^i + % + %); ojä;^ = 20. 

If we eliminate %^ 1^2; % between (45) and (46), and change slightiy 
the factor of proportionality, we find 

(47 a) ^^ 

©Vg = + x^, (ov^ = + a;^ - 2P2a;8, 
or 

ö^'^i = + 2P2V2 + «^4; cD'a;3 = + % 

ro'a;^ = — 2P^v^ — v^y dx^ = — «?i; 

as the eqnations of the null-system defined by the torsal cubic. 

A point y^y y^y y^y y^ lies in the plane corresponding to 

X-^y X^y X^^ X^ II 

^t?jfcy* = 0. 

Therefore, the lines which pass throngh the point x^y x^y x^y x^ and 
lie in the plane corresponding to it in the null -System, satisfy the 
eqnation 

(48) ©14 — 2P2CD84^ — ©23 =- 0. 

If the tetrahedron of reference be so chosen as to make Pg = 0, this 
eqnation is identical with (42). ThereforCy (48) represewts the osculcUing 
linear complex when fhe tetrahedron of reference is general. The 
osctdating and torsal cubics a/re curves of this complex, 

If Pg is finite, the complex (48) is not special. We see, therefore, 
that only those values of Xy for which Pg = 00, can give points of 
the curve at which five consecntive tangents have a straight line 
intersector. 

Let US proceed to dedace the eqnation of the osculating linear 
complex, belonging to a point of Cy infinitesimally close to Py. If 
we change a? by an infinitesimal amonnt dx, we find for the coordinates 
of the vertices of the new tetrahedron of reference 

y^y + l/Sx = (1 —Pidx)y + 0dXy 

0^0 + j3fSx="- P^dx-y + (1 —p^dx)!} + QÖXy 

Q^Q+ Q^Sx^-{P^-P^^)dx'y-'2P^dx'0 + (l-p^Sx)Q + 6Sx, 

0^6+6'8x (P4~P30*^y-3(P8-P2')*^-^- 3^*^-9 

+ (l-p^dx)6. 
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Therefore, if a point has the coordinates i^, . . . i^ in the new System 
of coordinates, and x^ . . ,x^ in the old, we shall have 

^1 = (1 -PiSx)x^ - F^dxx^ - (Pg - P^)dx'X^ - (P^ - P^)dx . x^ 

Therefore, the infinitesimal changes in the coordinates, in the sense 
new minus old, will be 

8x, = [p^x^ + P^x^ + (P3 - F^)x^ + (P, - P^)x^Sx, 

(49) *""' ^ '^■"^^ "^ ^^""^ "^ ^^^^» "^ ^^^« " J^aO^J*^, 

8x^-=^{—x^+p^x^8x. 
Referred to the new tetrahedron of reference, the equation of the com- 
plex, osculating Gy at the point corresponding to rc + *^, will be 

(50) ^u-2P,Ö84-^28 = 0, 

where -= ü.üf* - 

P2 = Pjj + P^dx, (Da -= XiVi - Xjtyi, 

Xi = Xi + 8xiy yi = yi + Syi, 

if Xi and ^^ denote the coordinates of two points on a line of the 
complex referred to the new tetrahedron of reference. Making the 
calculations, we find 

«14 = ©U + [- ^U + 2Pi(0u - PjO^S + (A - A')®84]*^> . 

^84 = 0^84 + (2jPiÖ84 + 0)^)ffX, 

^28 =" OJ28 + [2i>i©28— ^PgCD^a - 0^18 — 3(P8 — P2^)(0t^^]dx. 

If we Substitute in (50), we find as the equation of {he linear complex 
osculating Gy at a point infinitesimally dose to Py, 

(51) (oi^ ~ 2P2(D84 - ©28) (1 + ^PiSx) + 4:®^(0uSx = 0. 

This coincides with the linear complex osculating Gy at Py, if and 
only if ®3 = 0. 

Therefore, if the invariant G^ vanishes identically, the tangents of 
the cwroe Gy hdong to a linear complex, If it does not vanish iden- 
tically, those values of x, for which it does vanish, correspond to points 
of the curve at which the osculating linear complex hyperosculates 
the curve. 

Thisresult may also be obtained by setting up the linear differential 
equation of the sixth order satisfied by the six line coordinates of the 

tangent c,.^ = y.y^/ - yj^y.\ 

and noting that this reduces to the fiffch order if and only if 0^ = 0. 
This is the method of Ralphen}) 

1) Acta Mathematica, vol. 3 (1883). 
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A former result may now be stated as foUows. The oscukUing 
and torsal cubics of all points of a curve coindde, if a/nd ofdy if the 
curve bdongs to a linear complex, 

§ 5. Geometrioal definition of the fundamental tetrahedron 

of referenoe. 

We have seen that there exists for every point of the curve Cy 
a tetrahedron whose vertices Py, P^, P^, Pa are determined by the 
choice of the independent variable x. In order that we may be able 
to obtain a clear insight into the geometry of the curve, it is necessary 
that we may be able to define this tetrahedron by purely geometrical 
considerations. As a consequence of our preceding results we are 
now able to do this. 

We have already noticed that P^ is a point on the tangent, and 
that by a properly chosen transformation | = |(a;) it may be trans- 
formed into any other point of the tangent. When the independent 
variable has been definitively chosen, we obtain, therefore, a 
point Pz on the tangent which is not, in general, distinguished by 
any geometrical property from any other point of the tangent. Its 
Position may serve as a geometrical image of the independent variable. 

Consider the osculating conic. 

x^ = 0, 40a;iiC8 - S2P^x^^ - \hx^ = 0. 

The polar of any point {x^y x^y x^\ 0) of the osculating plane 
with respect to it, is the straight line 

a?4 = 0, 20ic/a;i - löx^^x^ + (20a?i' - S2P^Xj;)x^ = 0. 

Therefore, the polar of P^, whose coordinates are (0, 1, 0, 0), is the 
line X2 = 0, x^ = 0. In other words: 

The Ime PyPq is üie polar of P» mth respect to the osculating 
conic. 

We shall speak of the curves C», C^, Ca as the derivative curves 
of Cy with respect to x, of the first, second and third Jcind respectively. 
The ruled surfaces, which are obtained by joining the points of Cy 
to the corresponding points of (7,, Cq, Ca, shall be called derivative 
ruled surfaces of the first, second and third Und respectively. Then, 
the derivative ruled surface of the first kind is unique. It is simply 
the developable whose cuspidal edge is Cy, Let us consider the 
derivative ruled surface 8 of the second kind generated by PyPg. 
The curve Cy is, of course, an asymptotic curve upon it. This sur- 
face is characterized by the equations (20), where p^ has been assumed 
equal to zero. 
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According to the general theory of ruled surfaces^), the asymp- 
totic tangents to 8 at the points Py and P^ are obtained by joining 
these points to 20 and 26 -4.P^0 + 2P^y 

respectively. Therefore, the asyuiptotic tangent to S at any point 
(«1, 0, «3, 0) of PpPq joins this point to 

2P^a^y + (201 - 4.P^^,)z + 2a^6. 

Hence^ the equation of the plane tangent to 8 at («i, 0, «3, 0) is 

- a^x^ + K - 2P^a^)x4^ = 0. 

To the same point of PyP^ there corresponds a plane in the osculating 
linear complex According to (47 a), this is the plane 

Therefore, if at any point of the generator of the derived ruledsur- 
face of the second kind we construet the tangent plane as well as 
the plane which corresponds to it in the osculating linear complex, 
these planes form an involution. The double planes of this involution 
are the osculating plane (a;^ = 0), and a plane {x^ == 0) which contains 
Pa, the point of the derivative curve of the third kind which corre- 
sponds to Py. 

The point which corresponds to this latter plane, is 

(52) ß = 2P,y + Q. 

According to (47 a) we have further, corresponding to the point 
Pz or (0, 1, 0, 0), the plane x^ =- 0, which also contains Pa. The line 
PyPa is now completely determined, as follows. 

TJis generator of the derived ruled smface of (he third Und is the 
intersedion of the following two planes; !**• the plane corresponding to 
Pg in the osculating linear complex; 2^ that plane which is tangent to 
{he derived ruled surface of the second kind at the same point which 
corresponds to it in the osculating linear complex, 

It still remains to determine the position of Pq and Pa on the 
lines PyPq and PyPa^ 

The osculating conic intersects PyPq in Py and in Pa where 

(53) a = 4P2j/ + 5p. 

The cross- ratio of the four points Py, P^, PayPß^ is 

(a, yy ßy q) == Y" 

Ify upon the generator of the derived ruled surface of the second 
Jcindy there be marked its intersections with the osculating conic, cmd the 

1) Cf, Chapter VI. 
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poini Pfi whose tcmgent plcme cainddes wüh (he plane corresponding to 
it in fhe osctMing linear complex, (he point P^ is determined hy (he 

condition (hat (he cross-ratio of these fowr points shaU he equal to — • 

If P^ == this definition of Pq breaks down. In that case, 
however, P« and Pß coincide with P^. Therefore, ifthe dervoed rtded 
surface of the (hird Und is a devdopable, Pq is that point on (he 
generator of the derwed swrface of the second Tcind where this generator 
intersects the osculating conic for the second time. At (his point the plane, 
tangent to the rded su/rface, and the plane, corresponding to it in (he 
osc^ting linea/t complex coincide, 

If we use the notations of the theory of ruled surfaces^), wo 
find from (20), 

Kl - «*22)' + 4%2«*21 = - 64 (P, - 2P3' - 6P2*). 

But %i — W22 ^ is the condition that Cy and Cq shall be harmon- 
ically divided by the branches of the flecnode curve of the ruled sur- 
face, while (w^ — ^22)^ + 4^12^21 = is the condition under which 
the two branches of the flecnode curve coincide.^) Therefore, we 
obtain the following theorem. 

If the derived ruled surface of the third Tcind is a developable, the 
intersections of (he generator of the derived ruled surface of the second 
Mnd with the osculating conic give rise to two curves upon (his surface 
harmonically conjugate with respect to the two branches of its flecnode 
curve. 

If ®4 = 0, the second intersedion of the generator of (his surface 
with the osculating conic is a point of its flecnode curve. Moreover, (he 
two branches of (he flecnode curve must then coincide. 

It is to be noted that we have here a geometrical interpretation for 
(he invariant equation ®^^ 0. We shall find two other, quite different, 
interpretations for this condition later on. 

We may, if we wish, make use of the torsal cubic in our further 
constructions. For, it is now defined entirely by geometrical con- 
siderations. If, in fact, we trace upon the developable, whose edge 
of regression is Gy, an arbitrary curve Oi, we now know how the 
corresponding ruled surfaces of the second and third kind may be 
constructed. They depend upon an arbitrary function of x, as does 
the curve Cf. Among the surfaces of the third kind there exists a 
Single one- Parameter family of developables. üpon that generator 
of each of these developables which passes through P^, we mark the 



1) Chapter IV, equ. (20). 

2) Cf. Chapter YI. 

WlLCZYHSKl, projective differential Geometry. 17 
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point where it intersects the cnspidal edge of the deyelopable to which 
it belongs. The locus of these points is the torsal cubic. 

We notice incidentally that the redudion of eqmtion (1) to {he 
Laguerre-Forsyth canonical form is equivcdent to ffie determination of 
one of the devdopähles of the ffiird Icind, Since this rednction is made 
by solying an eqnation of the JRiccati form; we notice farther the 
following theorem. The fomr curves on (he devdqpahle of Cy, which 
correspond to any four of the devdopähles of the third Mnd, intersed ctU 
of the tcmgents of Cy in point-rows of {he same cross -ratio. 

Let US consider the developable snrface of the torsal cubiC; which 
is given by equations (44). "We are going to find its intersection 
with the plane PyP,Pa, or x^ = 0. The intersection of the plane 
«ii, . . . W4, which osculates the cubic at the point whose parameter 
is ri, with the plane x^=^0 is the line 

- ISOiCi + 270i^a;2 + (540®3 + 54Pg' - S24P^ri + 135ij»)a:^ = 

of this plane. As rj changes, this line envelops a curve, the required 
intersection. Its equation will be found by eliminating ij between 
the above equation and this other one 

270ir2 + (- 324P3 + 405ri^)x^ = 

obtained from it by differeptiation with respect to rj. This elimination 
may be easily performed. The result is 

(54) F^8 {5x, - 6x^) (6x^ ~ Gx^y 

+ 15a:4{10Ä;, - (3003 + ^P2)^iY=-0. 

This plane cubic together with the tangent PyP, gives the complete 
intersection of the plane PyP,Pa with the developable of the torsal 
cubic. It has a cusp at P,, and the equation of its cusp tangent is 

5xi — 6x^ = 0, 

as one may find by the general theory of plane curves. The cusp 
tangent intersects PyPa in the point 

(55) X =» 24t/ + 20 <y. 
The tangent to the plane cubic at Py is 

lOa^a + Sx^ = 0. 

It intersects the cubic again in the point 

(12 + 3003 + SPgOy - 6;^ + 20<y. 

If this point be joined to P, by a straight line, the latter will inter- 
sect PyPa in the point 

(56) 2 = (12 + 30e>3 + 3Ps,0y + 20 (j. 
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The plane PyPzFa is taagent to the torsal cubic. It intersects 
it once more in tiie point corresponding to ij « 0, yiz.: 

(60e>3 + 6P,')y + 24P,;er + 20tt. 

A line joining this point to JP, intersects PyPo in 

(57) ^=^(60©, + 6P,')y + 20tf. 

Gonsider the four points P^, Pji, P^ and Py. We have 

* 2 ' 

(30©, + 3P,'-.12)y-^, 

so that P;i Is the harmonic conjugate of Py with respect to P,e 
and P^. 

The osculating cubic differs from the torsal cubic only in having 
2(P8 — Pg') in place of 10 ®3 + F^. Consequently, the plane cnbic 
in which its developable intersects the plane PyPfPa is 

(58) F = 8 (5a?j - 6a;^) {bx^ - 6x^y 

+ 15a;J10a;i - 6 (P, - P^')x^}^ - 0. 

If we denote by P«, Pj, Pji the points constructed with respect to 
this curve in the same way as Px, Pi and P^ were with respect to 
JF==0, we find 

x = x, I=^(12 + 6P3-6P;)j/ + 20<y, 
^ ^ fl«(12P, ~12P20y + 2O(y, 

the cusp and its tangent being common to the two curves, as well 
as the tangent at Py. I refrain from formulating explicitly the yarious 
theorems which may be obtained from these equations. 

In Order to obtain a simple construction for Pa, we shall con- 
sider^ finally, the developable generated by the motion of the plane 
PyP^Pa» The equation of this plane is X2 »> 0. As ^ changes into 
X + 8xy y, Zy Q change into y + t/Sx^ q + q^öx, ö + ö'dx respectively, 
where y^, q\ ti are given by equations (5). The equation of the plane 
of these points^ referred to the tetrahedron Py, P^, Po, Pa^ is 



X-^ X^ Xt^ x^ 

l—Pidx 8x 

-(Pj-Ps,')*^ -2P^dx l-p^8x dx 

-'{P^-P^')dx -3{P^-P^')8x -SP^Sx l-p^Sx 
which becomes, when developed, 

xjx - aig (1 - Sp^Sx) - 2x^Pidx - 3ä?4 (Pj - P^')*^ = 0. 

17* 



0, 
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Therefore, the.eqnations of the generator of the developable, generated 
by the motion of the plane PpP^Pa, are 

(60) x^-0, x^-2P^x^^3{P^^P^')x^='0: 

It intersects the generator PyP^ (rrg =» a?4 « 0) of the derived ruled 
surface of the second kind in that point 

(52) ß^2P,y + Q,- 

whose tangent plane coincides with the plane corresponding to it in 
the osculating linear complex. Its intersection with PyPa, the generator 
of the derived ruled surface of the third kind^ is 

(61) y = 3(P,-p,')y + *. 

The generator of the developable joins P^ to Py. We wish to deter- 
mine its edge of regression, If 

is the point where PßPy meets the edge of regression, we must have 

*' = rß + sy, or Iß^ + m/ = r/S + ly. 
We proceed to determine the ratio of l to m, We find 

/ = - [P, - P,' + 3P," + 3i),(P, - P,')-]y - 3P,9 -p,6, 
We may eliminate q and <t by (52) and (61). This gives 
ß! = -4:&,y-p,ß + y, 

/ = - (P, - 4P,' + 3P," - 6P,')y - 3P,/5 -p,y. 
We may, therefore, put 

?==P^^4P3' + 3P,"-6P,S 

so that 

(62) * = (P4 - 4P3' + 3P," - 6P,^)i3 - 403^ 

gives the edge of regression. This gives the foUowing theorem. The 
developable, generated by the plane of fhe generators of the derived ruied 
swrfaces of the second and iJiird Tand, has its edge of regression lipon 
fhe derived ruled swrface of fhe second Und, if and only if the curve 
Gp bdongs to a linear complex. 

We may write, in place of (61), 

y = 60(P,-P,^)y + 20ö. 
We have from (59) 

^-12(P3-P,Oj/ + 20(J. 
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Therefore, the cross-ratio of the four points P^yPp,Fji and Pä is 

We have found finallj a geometrical definition for Pa, which 
we may recapitulate aa follows. The plane of the tcmgent and fhe 
generator of the third derived nded sv/rface interseets fhe osctdating cubk 
in Py counted ttoice and one ofher point. If the latter point he joined 
to P,hy a straight line, we öbtain a certain pomt Pjiasfhe intersection 
of this lim wifh PyPa* The generator of the devdopable, genercUed hf 
the platte of the generators of the derived rtded surfaces of the second 
and third Mnd, interseets PyPa in another point Py. Pa may now he 
found as (hat point of PyPa which makes the cross -ratio 

We haye shown how to construct the fandamental tetrahedron 
when Pt is given. If P^ is given^ P, can be found at once as the 
pole of PyPq with respect to the oscnlating conic. If Pa is given, 
we may find first its polar plane with respect to the osculating linear 
complex^ which is 

^x^ + 2P^x^^0, 

and therefore passes through P,, bnt not through Py, P« can there* 
fore be found at once as the intersection of this plane with the 
tangent to Cy at P^^. 

We see, therefore, that a/ny one of fhe three points P^,. P^, Pa 
determines tmiqudy the ofhers. 



§ 6. Seme fturther properties of the derived mied snrfaoes of the 
seoond and third kind« 

Let US suppose ^^ = P, « 0, so that the derived ruled surface 
of the third kind is a developable, and let us consider the derived 
ruled surface of the second kind which corresponds to it. We proceed 
to deduce the equation of its osculating linear complex. 

Let T and B denote the developments of y and q in the yicinity 
of the ordinary point x=^a, and replace again ^ — a by ^ in the 
developments. Then we shall find 



where 



Y^y^y + y^^ + y^Q + y^tf, 
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ft 2P,a;«— J-(4P,'H-PJa^-^(2P," + P/K + ..., 

(63) 

wliile ^1, . . . ^4 liaye been compnted before. Denote by 

(Oik = IfiQk — VkQi 

the Plückerian coordinates of the line joining the two points. 
We find 

«>X, P3a:«-|(2P3'-P>'-^(2P3"~P;)^+..., 

co,3 = l-|Psa:«-|(2P3'-P4)a;* + .--, 

0^23 == ^ + Y ^3^ + • • -^ 

©24 = ^*+ • • -^ 0^84 =y^^ + . . .. 

Let 

a(o^ + 6cji8 + ccoi4 + da)23 + 6024 + f(o^^ = 

be the eqnation of the osculating linear complez of tbe surface in 
question. Then^ tbe coefficients of all powers of x np to and including 
(x^ mnst be zero^ if we Substitute the above derelopments for m^ into 
the left member. This gives us the following equations: 

5-0, c + d^Oy - Pga + e = 0, 
-|(2P3'-P,)a— J-P36+|/-=0, 

-^(2P3"-P40a-|(2P3'-P4)6-|P8C + {-P«d = O, 

whence the ratios of the coeffieients may be easily deduced. 

We find thus the eqtuxtion of the linear complex osculating the 
derived nUed swrface of the second Jcind which corresponds to a devdopahle 
of the third Jcind; it is 

(64) - 4P3C0,, - (P; - 2P3'0 (cD,4 - ©23) - 4P3^co,4 

+ 4(P,-2P3')P3a)34 = 0. 

It coincides with the osculating linear complex of (7y, if and only if 
P^ » 0, i. e. if Cy belongs to a linear complex. This result is also 
obvious for geometrical reasons. 
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The coordinates Vt of the plane, which corresponds to a point 
Xi, x^f x^, x^, in the linear complex (64), are given bj 

mv^= » +4P,a^ + * +(P;-2P,"K, 

r65^ «'^« = -4P,a;i+ » -(P;-2P,"K + 4P,»a;„ 
"^ -* fi)i?3» * +{P:-2P^')x,+ * -4P,(P,-2P8'K, 

"«'4 W - 2P,")^i - 4P3'ar, + 4P,(P, - 2P,')a!, + «, 

where © is a proportionality factor. 

Let US consider at the same time the osculating linear complex 
of Gy, The lines common to the two complexes form a congruence 
whose directrices we propose to find. This we can do quite easily 
by writing down the eqnations which express that, for a point on 
one of the directrices^ the two planes corresponding to it in the two 
complexes must coincide. The right members of (65) mnst, for such 
a point^ be equal to 

respectively, where cd is a proportionality factor. 

The four eqnations obtained in this way can be satisfied only if 
their determinant yanishes^ which gives 



(66) 2P3" - p; - 0) == ± 4P3 y 2P3' - p„ 

whence the following eqnations for the two directrices 



± Y2Pl-P^x^ - T^x^ - (2P3' - P,)^3 - 0, 



-x^±y2P^--P^x^ = 0y 



- ^, ± /2P3' - P,a:3 + P3^, = 0, 

of which three eqnations only two are independent, and where we 
have assumed P3 ^= 0. In fact, if P3 were zero the two complexes 
would coincide and the congruence would be indeterminate. 

Since we haye assumed P^ = 0, the quantity under the Square 
root is —©4^. We find a second interpretation for the condition 
®4 =" 0. If ®4 = 0, fhe congruence hos coincident directrices. We 
may combine this with our former result to the following theorem. 

Choose ds derived ruled surface of the third hind one of the 
devdopäbles of the Single famüy which exists. Consider the osculating 
linear complex of the corresponding ruled surface S of the second Jcind- 
Let the directrices of the congruence, which this complex has in common 
with the oscdating linear complex of the fundamental curve (7y, coincide. 
Then the two branches of iJie flecnode curve ofS coincide, and the gener ator 
of 8 which passes through Fy wiU intersect the osculating conic of Cy 
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in Py and a second point, whose locus is ihe flecnode curve of the sur- 
face S. 

I refrain from formulating the converse. The above conditions 
are fulfilled if and only if 0^ = 0. 

Let US consider one of the directrices (67), for example that 
one which corresponds to the plus sign of the square root. Then 
we see that 

^gg^ « = P3 y2P,^^P,y + P,Q, 



iS =: 1/ 2 P3' - P, (P3 j/ + T/2P;-P,;er + 6) 

arß two points on the directrix. We have multiplied each expression 
by a factor so as ,to have a and ß of the same weight. If now we 
change the independent variable, but in such a way as not to disturb 
the condition Pg == 0, we shall get in (64) a single infinity of com- 
plexes, and in (67) two families of lines, the directrices of the single 
infinity of congruences which thus result. We are going to study, 
to some extent, the two ruled surfaces thus generated. 

Put 

(69) Je =y2P3"-P,. 

Making the transformations which preserve Pg = 0, for which we 
must have 

we find that a and ß are transformed into "ä and ß, where 

The point mä + nß will be an arbitrary point on the line joining 
Pü and Pß, We find, therefore, the equations of our surface, referred 

to two Parameters ly and — > 

^1 =|mP3i2^+ im + n)P,h + n(|iyÄ^ + -|-i?»Ä), 
a;2= 2mi?P3 + w(ä« +|-i?^ä). 



(70) 



a?s= mP^+-^Jcnri, 



The nature of this surface may be easily determined. Retuming 
to the two curves Ca and Cß upon it, we find the equations for Ca 
to be 
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Q 

«l^Ä + yl?*, «2 = 2iy, «8-=!, «4 = 0, 

obtained by putting n = 0, m ;= p- in (70). If we put m = 0, w = y ; 
we find for Gß 

Bat {ajcy ßk) are simultaneous Solutions of the equation 

dp 8 
<^tj "" 2 ^' 

which proves that ihe rvHed surfacej which we a/re considering, is a 
devdcpdble, whose edge of regressüm is the ttoisted cubic Cß. 

The curve Ca is a conic, the intersection of the deTelopable of 
the cubic with the osculating plane of Cy, Its equations are 

a?^ = 0, - Zx^^ + %x^x^ - 8Ä V = 0. 

We notice that for 0^ = 0, it coincides wüh the osculating conic, a 
further interpretation of this condition. In general, the two conics have 
a contact of ffie third order at Py. 

If, in these equations, we change ä into — äj we obtain the 
developable, cubic and conic associated with the second directrix of 
our congruence. A considerable number of other configurations are 
suggested by the combinations of these various curves and surfaces. 
I will refrain, however, from any further study in this direction. 

The curve Gy is an asymptotic curve upon every derived ruled 
surface of the second kind. Moreover, the most general derived ruled 
surface of the second kind depends upon one arbitrary function, as 
does also the most general ruled surface containing Gy as an asymp- 
totic curve. It is easy to see that the derived ruled surface of the 
second kind may be made to coincide with any ruled surface, upon 
which Gy is an asymptotic curve, if the independent variable be 
properly chosen. 

Upon the derived ruled surface of the third kind, Gy can never 
be an asymptotic curve. It may, however, be one brauch of the flec- 
node curve. In fact, if we form the quantities Ua of the theory of 
ruled surfaces for System (27), we find 

But u^^ =» is the condition that Gy may be a brauch of the flec- 
node curve on the surface generated by PyPa- Suppose that the 
variable has been so chosen as to make P^ = 0. The most general 
transformation, which leaves this relation invariant, according to (11), 
satisfies the condition 
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- 2i,P,-|,t' +!,,,* = 0. 

or 

(71) - 5V' - 12i?Pj + 15ijV - 5i?^ = 0, 

a differential equation of the second order for 17. MoreoTer, two 
different Solutions of this equation always giye rise to two distinct 
ruled surfaces. For, let rj^ and rj^ be two such Solutions, and let 
6^, 6^ be the corresponding yalues of 6. Then, according to (9), 

(x=l,2). 

But, if the same ruled surface corresponds to 17^ and ri^, the three 
points yy 6^ and 6^ must be collinear. We must^ therefore, be able to 
reduce 

to a multiple of y. But clearly, this is possible only if ij^ = ij^. 

We see, therefore, that Ihere a/re cx)* derived ruled surfaces of the 
third Mnd upon which Gy is one hranck of the flecnode cmve. 

If Pg' is not zero, our problem leads to the differential equation 

which is of the second order and of the third degree. 

We have seen, in chapter XII, that the most general ruled surface, 
which has Cy as one brauch of its flecnode curre, contains an arbitrary 
function in its general expression. We have also seen that, together 
with any such surface, its flecnode surface and each member of a 
Single infinity of surfaces determined by these two, also contains Gy 
as one brauch of its flecnode curve. One might imagine that there 
could be based upon these theorems a transformation theory of 
equation (72). This is not the case however. For, if one of the 
surfaces containing Gy as a brauch of its flecnode curve is a derived 
ruled surface of the third kind, its flecnode surface is not, nor is any 
member of the family of ruled surfaces just mentioned. 

Corresponding to the 00^ Solutions of (72), or of 

we find 00* positions for Pj, viz.: 

4(r)»ä = (|P,'- y P,i? + 6i,,i + 3i,»)y 
+ (4/t + 6i?*)Ä + 6ij9 + 4ff. 
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The locus of these points is a cubic surface 

(73) 21P^x^^ - SßP^a^sO?^« + 20x^x^x^ - ^Ox^x^^ ~ 4:0x^^ = 0, 

which contaius PyPty Üie taugent of Cy, as a double line. It is^ 
therefore, a ruled siuface. It is a surface of the kind kubwn as 
Cayley's cubic scroll. 

If one derived mrface of {he fhi/rd kind is 1cnot4m, upon which Gy 
is a hranch of ffie flecnode curve, two others may he found hy merdy 
solving a quadratic equation. 

In fact, suppose that a Solution rj of (72) be known. We may 
make a transformation of the independent yariable, ^^^(x) such that 

^" « 

In the resulting equation P^ = 0. If we again denote the independent 
variable by x, (72) becomes 

where P^ is a constant, since P^ = 0. But we may satisfy this 
equation by putting iy = const., which gives the equation 



,» + ^P,ij = 0, 



whence 



i, = o, ±l/-fÄ. 

The root iy = gives the original Solution. The other two are new» 

§ 7. The prinoipal tangent plane of two spaoe ourves. 
The oovariants. Transitiön to Halphen's investigations. 

Haiphen has introduced a very important nötion, which we shall 
now proceed to explain. 

Let there be given two space curves having at a point P a 
contact of the w*^ order. If these curves be projected from any 
Center Q upon a plane, the projections will also have, in general, 
a contact of the w*^ order at tiie point corresponding to P. Salphen 
shows that there exists a plane, passing through the common tangent 
of the two curves, such that if the center of projection be taken any- 
where within it, the contact of the projections will be of order 
higher than n. This plane he caUs the prindpal tangent plcme of 
the two curves.^) 



1) Hälphen, Sur les invariants diff^rentiels des conrbes ganches. Journal 
de rjficole Polytechnique, t. XXVIII (1880), p. 26. 
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We shall follow HcHphm in determining the principal tangent 
plane; at Pyy of the curve Gy and' its osculating cubic. This will lead 
US to an especially simple form for tlie development of the equations 
of the curve, which is also due to Hcdphen, and on the basis of 
which he draws his further conclusions. It will also enable us to 
Substitute for our System of covariants G^y Cj, C4 another system, 
whose geometrical significance will be apparent, and in terms of 
which Cg, C3, (74 may be expressed. 

Assuming Pj =» 0, the equations of the osculating cubic, referred 
to the tetrahedron PyPgP^Pa, are 

3x^X4^ - 2x^^ = 0, 2x^ (bx^ ~ SPf^x^ - 5x^^ = 0. 
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Then the equations of the cubic reduce to 
(76) y=-x\ z^o?. 

The relation of the new tetrahedron of reference to the cubic is 
especially simple. The plane ^3 = is the osculating plane at P; 
^2 = is some other plane through the tangent; this plane intersects 
the cubic in another point Q\ the plane tangent to the cubic at Q 
and passing through P is ^^ = 0; the osculating plane at Q is S^^O. 
Since the plane ln^^Q may be chosen in an infinity of ways, in 
accordance with these conditions, we see that the reduction of the 
equations of the osculating cubic to the form (76) may be accomplished 
in an infinity of ways. 

For the curve Gy we have 

y^^-'^-^x'^-^^-^^-^^^-^^^^x^ 



3! "^ 4! •" 61 ■" 61 

Pf-5P,P,-12P3P3^ , 



71 



(77) ^16P.'-8P/'-4P^»)^,^...^ 

-ij(3P;+12P,")a;^ + "-, 
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If we refer it to the same tetrahedron, to which we haye just 
referred the osculating cubic, and if we pnt 

.|.=,|l, ,-^, f»^, 

we ßhall find 

1? - 1« + ^ (8P,' - 5P,)r + S («^«" - ^^* ) 5' + • • •' 

0^) 9ß 19.4 

g=.|»-fp,$«+^(36P,'-25P,)6'+.... 

If we put 

(79) | = fiZ, fi^a'T, t = ^Z, «» 2^, 

assoming, therefore, Übst P, is pot zero, this becomes 

where 

A, = ^(8P3'-5PJ**, ^-^(8P,"-5P;)*^ 
(8t) 

l^-^> ^ = i^(36P,'-25P,)«* 

But we can make a forther change of coordinates without distnrbing 
the form (80) of the development. For, as we remarked above, the 
plane i^ = may be any plane through the tangent. It may be taken in 
such a way as to make Xg vanish^ as we shall presently see. The plane 
thus dbtained wül öbvumsly be fhe prindpal tangent pkme of the curve 
Cy and its osculating cubic, ^ 

Instead of working out the transformation geometrically^ we 
shall put with Halphen 



(82a) 


o»! i»j m. 


where 




(82b) 


©1 =. 1 + 3i)X + 3i)«r+ i)»z, ij, = ] 


li = z + 2i)r+i)% 



Y + pZ, 



the qaantity p being arbitrary. 
We shall then have 

Ol = (1 + i>X)8 + i)» (3 Aj + i),t«) X« + • • •, 
,?, = X« (1 4 i»X) + (A, + i),t,) X« + (X, + j)^) X^ + • • •, 
li = X(l +i)X)« +i)(2^ + 2),ts)Z'' + i)(2A,+l),l7)Z^ + • 
Cl% - li' = i.K + PH)^^+\}n + Plh + P {PN - ^)]^' + • • •' 
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On the other band. — r and (-^) coincide up to terms of the 
eleventh order, while 

We shall find, therefore, 

.gg. r-l'+^^x' + ^^ZM-., 

.^. -Ms - ^, Mt = /*7 + 3i)ft„ 

A''^+Plhi> A = ^+Plh+PiPlh-h)- 

this rednces to the canonical form required, in which we may also 
assume [Iq^I, if the cnrve does not belong to a linear complez. 

If we combine the yarious transformations, which we have made 
successively, we get the following result. If we introduce non- 
homogeneous coordinates by putting 



(85a) 
where 
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y* y* 
»y, + 20pBy, + 6p'y^, 
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and where 
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«s 





^ devdopment of ihe equations of {he curve Cy may he toriUen in ihe 
canonical form 

where Aj, M^, . , . are given by (84) togeiher wOh (81), This Irans- 
formation is valid if Cy does not belong to a linear complex, and can 
obviously be made in three different ways. 

The coefficients of (86) are absolute invariants. We find, in fact, 

^ = ■F:S^(2ö®4*+ 20®8- 40,.i), 

where 

(88) 08 = 4®,0,'-3®8®/. 
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From (86) and (76) it is clear that the plane r= or y^ = 
is the principal plane of the curve Cy and its osculating cnbic. In 
the original System of coordinates its equation will, therefore, be 

(89) 4.P,x, + (8P3' - 5P,)a:, = 0. 

Jf Cp hdongs to a linear compleXy it coincides ivüh the osculating plane. 
The point, which corresponds to (89) in the osculating linear 
complex, is 

(90) (5P^-8P3')» + 4P3;er, 
or, in invariant form, 

(91) (®3' + |®4)» + 2©8^, 

an expression whose covariance may be verified directly. We shall 
call this point the principal point of (he tangent. We liius obtain a 
curye on the developable of Cy, which may be called its principal 
curve, 

If we make a transformation such that 

(92) 3ö,i, = < + |®„ 

the point Pj describes the principal curve on the developable of Cy, 
The points Pg and Pä also describe perfectly definite curves, whose 
expressions. may be obtained from (9) by substituting for rj the 
expression (92). Any covaria/nt may he expressed in terms of y a/nd 
the three which we have just determined, which may therefore serve to 
replace the covariants G^, C^ and Q. 

If Cy belongs to a linear complex, these four curves all coincide, 
so that a different set of fundamental covariants must then be 
selected. 

In this exceptional case our fundamental tetrahedron PyP^P^Pa 
gives rise to a most remarkable configuration. If we put again 
Pj, = 0, we have in this case also Pj = 0. PyPa generates one of 
the developables of the third kind of which Ca is the cuspidal edge, 
while PyPg of course generates the developable of which Cy is the 
cuspidal edge. The surface generated by PyPq is not developable. 
Its equations become 

It belongs to the same linear complex as (7^, and Cy and (7^ are the 
two branches of its complex curve, which is at the same time an 
asymptotic curve. P,Pq generates a developable, since 

of which Cg is the cuspidal edge. PqPa generates a developable, since 
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of which Cq is the cuspidal edge. Finally P,Pa generates a ruled 
surface whose equations are 

upon wliich 0, and Ca are asymptotic lines. 

We find, therefore, the following theorem. 

If the curve bdongs to a linear complex we may, in cm infinity 
of ways, choose fhe fundamental tetrahedron so that four of its edges 
give rise to devdopcMes, whose cuspidal edges wre described hy ihe four 
vertices. The other two edges of the tetrahedron witt fhen give rise to 
ruled surfaces, upon each of which the vertices of the tetrahedron trace 
a pair of asymptotic cmves. The latter coincide toifh the two bramhes 
of the compl&c curve for the derived surface of the second kind. 

As in the case of differential equations of the third order, we 
conclude from the canonical development ohtained in this chfq)ter: 
the necessary and sufficient conditions for the equivalence of two linear 
differential equations of the fourth order are the equality of the 
corresponding absolute invariarUs, 

Examples. 

Ex. 1. Examine the conditions for the existence of conics or 
Space cnbics upon the developable whose cuspidal edge is Cy, 

Ex. 2. Discuss the cases in which the derivative ruled surface 
of the second kind belongs to a linear complex or congruence. 

Ex. 3.* The osculating cubics of Cy form a surface, Do there 
exist such curves Cy whose osculating cubics are asymptotic curves 
upon this surface? If there are such, determine them and find the 
second family of asymptotic lines. 

Ex. 4.* Consider the same problem for the surface of torsal 
cubics. 

Ex. 5. Assuming jpj = P^ = 0, deduce the differential equation 
of the sixth order for the line-coordinates of the tangents of Cy. 
(Halphen.) 

Ex. 6. Find the conditions that the principal curve of the 
developable of Cy may be a conic, a space cubic, or a curve belong- 
ing to a linear complex. 
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CHAPTEßXIV. 

PROJECTIVE DIFFERENTIAL GEOMETRY OF SPACE CURVES 

(CONTINUED). 

§ 1. Jntroduotion of Halphen's differenüal invariants, 
and identifioation with the invariants of the preoeding ohapter. 

Let Xy ffy SS be the (Don-homogeneous) coordinates of a point m, 
and let y and is be giyen as functions of Xy so tbat the equations 

y = vip)y ^ = i'i^) 

represent a curve (m). AÜ dififerentiations are to be taken with 
respect to Xy if no other independent variable is specified. 
Put 

(1) ti = i(/^»>-^V^>)- 

Then^ clearly, the eqnation m = is characteristic of a plane cnrve^ if 
satisfied identically. In general the ralues of x, for which u yanishes, 
give the points whose oscnlating plane hyperosculates the curve. We 
write with Hcäphen, 

(2) ^ (n = 4,5,6,...). 

Suppose that the point m, or (a?, y, j?), is an ordinary point of 
the curve (m); let X, T, Z be the coordinates of a point of the curve, 
in the vicinity of m. Then 

Make the following transformation of coordinates: 

Xj = X Xy 

■er o f|W[Y-y-y'(X-«)] -yW[^-<r-;>'(X-«)] 

(3) ^ j,"«(»)_yW«" ' 

y _fi y"[.Z-g-g'(3:-a;)]-;8;"[r-y-y'(X-a;)] 

» y"«l») - y(»)«" 

This is dearly a projective transformation. The developments of the 
equations of the corre assnme the simpler form 

WILOZSUSKI, projcotlTe differentUl Oeometrjr. 18 
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Z^ = X^ Ar a^Xi* + ajZi» + • • •, 

where a«, 6n ar© precisely the quantities defined by (2). We may 
always make the projective transformation (3), if the point m is not 
one whose oscxdatiiig plane hyperosculates the curve^ whieh case 
we shall suppose excluded. We may^ therefore^ assnme that the 
equations haye been written, in the first place ^ in the form 

^ = a?» + a4a^ + aßa?^+ • , 

An equation, which expresses a projective property of the curve, must, 
therefore, be an equation between the- quantities a„, 6„. It is in 
terms of them^ that Hdlphen has expressed his differential invariants. 
If the curve belongs to a linear complex, there must be verified 
an equation of the form 

A + Bt/ + C!/ + D(xi/-y) + JE(x3'-is) + F{yJ-^t/z) = 0, 

where J., . . . jP are constants.^) If we Substitute (4) for y and Zy 
and equate to zero the coefficients of x^y x\ rc*, . . . x^y we find 

A^Oy B = 0, 3C + D = 0, 4ta^G+2E^0y 

ba^C + U^D + Sa^E + F= 0, 

6a^C + 4\D + 4ta^E + 2a^F=0, 

Eliminating A, , . . F gives i; = 0, where 

(5) «? = ttg — 26ß — Sa^Og + SaJ>4^ + 2a/. 

The equation v = is the condüion thcd the curve (m) vnay bdong to 
a linear complex. 

We proceed to reduce (4) to its canonical form by Halphen's 
method. The geometry of this reduction has already been explained^ 
so that it will suffice to give the transformation in its analytical form. 

Put 

(6) ^=- x + my + nzy © = 1 + Ax + By + Cz 

and develop the quantities oy, (o^0y 5^ I* up to terms of the seventh 
Order inclusively. Form the differences 

(oy — I* and (s?z — |*, 

and dispose of the five unknown quantities niyny AyB,C in such a 
way that the terms up to and including the fifth order shall vanish. 
Then we shall have 



1) Cf. chapter VII. 
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On the other band 

J- = (D'+(4^-6«)(i)'+... 

i--(i)V(,^_6»)(l)'+.... 
If, therefore, we put 

z=l, r=ä^, z=i, 

09 CD (0 

we shall find 

The calculations are clearly indicated. Por the details, the reader 
may consult Halphen's memoir.^) We find, in this way, the yalues 

^ = -2a„ ^ = 3a,« + 36, -205, C--&5, 
^ J m ^ — a^, n=^ a^^ + 26, — a^ 

for the coefficients of the transformation (6). As a consequenee 
liQ^a^- 265 - 3a,a5 + 3a,6, + 2a/ - v, 

^ ^ ^ = &6- «A- 4056,+ Wh- 2a/a5 + 2V+ V + »4* = «^ 
and 

fi^ == Oy + 3V — 46405 + 86504 — 40^04 + 604*05 — 304*, 

jl^ = Z — 204^^, where 

(^^^ Z = 6, + 56465 - 50565 + 404*65 

- 2 (04* + 264 - 05) (Oe + 04« + O464 - 2O4O5). 

We have reduced the development of the equations of the curve 
to the form (7). In § 7 of chapter XIII, we have shown how to set 
up a transformation, which involves an arbitrary constant p, and 
does not distnrb this form of the development. We pnt 

(11) (Di = l + 3i)Z+3i?*r+i>% fi^^Y+pZ, li = Z+2i>r+i)% 

and 

(IIa) X^K Y^^y Z^-, 

whence 

^ ^ Z = Z»+iWeZ«+M7Z^ + ..., 

where 



1) Hdlphen, Journal de Tl^cole Polytechniqne, t. XX nn (1880), pp. 30 et seqn. 

18* 
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If we put 



(13) 



we find the form 

■where , , , „, , 

«, = ft, = t;, «,=./.,-3A„ ^, M»>,-»»ifS + 2 jg_, 

from whicli the canonical form may be derived at once. 

It is obyious that the coefficients at and ßjt are relative invariants. 
We thos find HcUphen's ftmdamental invaricmts of the seventh order 

(15) Sy = «y«^-3Ae, ^^MöA-'/^e^-Ac/^T + SV- 

From Sj, t, and v we form other inTariaats by Übe Jacobian process: 

S8 = y(»s,'-Y»'«7)' <8 = -5-(<-yA)' 

^9 •== -9- («^«8 - Y ^ ^8 j ' Öte. 

Halphen speaks of these as the fundamentid invaricmts. Bat the 
coef&cients ajt, ßk, of (14)^ form a second series of invariants which 
Halphen speaks of as ccmoniccU invariants. 

We shaU need the eqnations between s^, t^^ a^ and ß^. In order 
to find them, we recar to the definitions of the quantities a» and &„. 
We find directly 

aj = (n + 1) a„+i - 3&„ - 4a^any 

^^^-^ 6„' = (n+l)6„+i-46,an. 

We shall make use of these eqnations to express s^ and ^3 in terms 
of the canonical invariantS; putting 

«4 =* «6 == 0, «6 == «6^ • • . ötn = «n, 

h'^h^h'^ 0, 67 =1 /}^, . . . 6„ = ß„ 
after the differentiations. Thus we find 

vf^la,, V = 8(«8-3ft), V = 4(2«e/J3 + 30. 

Therefore, according to (16), 

«8 = «e(c%-3/J7)-ya7«, 

(18) 7 8 

^8 =- «6* A - y «eo^ft + Y «e*. 
whence "^ 
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(19) 7 8 

the required eqaations. 

It remains to find the relations between these differentiäl invaricmts 
of H(üphen, and the invariants of chapter XIIL 

Since 0^ = 0, as well as t? ==- express the condition for a cnrve 
belonging to a linear complez^ &^ and v can differ only by a constant 
factor. We may determine this factor by means of any special curre 
for which v does not vanish. Consider the equation 

for which 

form a fundamental System. We find 

On the other band, introduce non-homogeneous coordinates, by 
putting 

^=^^ ^-^^ ^-^ 

Then j. ti 9- tA 

whence 

^* ^Ix' ^5 = ^6 = *4 = &5 = 0, 
so that ^ 

We have, therefore, 

(20) ®3 15t;. 

In Order to derive the canonical form from (14), we put 

In fact, (14) will then become identical with (86) of chapter XTTT. 
Since we haye there « 

3 o 

* ~ 25»:' 

we may put j 



«« = -6- 



Identifying the two developments, we find 
whence 
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§ 2. The OBonlating quadrio Burface« 

A quadric surface is determined by nine points. If we pass a 
quadric tiirough nine points of the cnrve; and allow them to approach 
coincidence^ we obtain^ as a limit, the osculating quadric. 

Let the equations of the cnrre be written in the form 

Then we shall have 

(23) z-xy^a^x^ + c^x' + («« - ß,)x^ + • • -, 

X0 — y^ ^ a^x^ + f^x^ H . 

Gonsider^ noW; the quadric surface, whose equation is 



(24) 



y-A 


z-xy, 


xz - y\ 


0* 


0, 


«6, 


0, 


1 


A, 


"h, 


««. 





ft, 


«s-ßi, 


«i> 






0. 



If we wish to find its intersection with the curve, we Substitute the 
values (22) for y and 0. Clearly, the development of the determinant 
will begin with a term of the 9*^ order in x. The quadric, therefore, 
intersects the curve for ^ » in nine coincident points; i. e. (24) is 
the equation of the osculating quadric. 

Ezpanding this determinant, we obtain 

(25) («eA - «« «8 + «,*) [«6 (y - a;^ + ft iv' - «'^)] 

or, npon introdiicing the fandamental üiTariants, 

(26) {ss+2t, + ls,')[v\x'-y) + t,{x0-f)] 

+ (^8 + Y57^--|^*)[57(y'-^^) + ^(^--^y--^^')] = o. 

This equation ceases to be valid if t? = 0, i. e. if the curve 
belongs to a linear complex. In this case we adopt a different 
canonical form. The intermediate form (7) becomes 

since ft^ = in this case. By means of transformation (11), this 
assumes the form (12). We may make Aj ^0, by choosing p 
subject to the condition 
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The canonical form^ thus obtained^ is 



so that 

(28) (2^e - ^7) (y - ^' - ^6^') - A iy^ -xz)^Q 

is the osculating quadric. We notice that the plane y =» is tangent 
to the quadric at the origin. The tetrahedron of reference, for which 
the development assames the canonical form^ is therefore determined 
by the osculating plane^ osculating cubic curye^ and osculating quadric 
surface. The vertices of this tetrahedron fumish a complete System of 
covariants, for the case of a curve hdonging to a linear complex, if the 
curve is not a space cubic. For^ this tetrahedron^ can degenerate 
only if the osculating plane and the plane tangent to the osculating 
quadric coincide. This will be the case whenever 

(29) 58 + 2^ + 1^^0. 

But if ®3 = at the same time, this gives also ®^ = 0, i. e. the curve 
can only be a space cubic. 
If 

(30) t, + \s,t,^\v'^0, 

the plane tangent to the osculating quadric, coincides with the 
principal plane of the curve and its osculating cubic. 

If the two equations (29) and (30) are satisfied simultaneously, 
the osculating quadric (26) becomes indeterminate. Therefore, the 
simultcmeous equations (29) and (30) a>re charaderistic of fhe biquadratic 
cwrves. 

The biquadratic curves may be studied by means of elliptic 
fanctions, as were the plane cubics. The reader will find such a 
treatment in Hälphen^B memoire, Sur les invariants differentiels des 
courbes gauches, p. 96 et sequ. 



§ 3. Anharmonic curves. 

If the absolute invariants of the differential equation of a space 
curve are constant, the curve is said to be anharmonic. It is easy 
to see, that the differential equation may then be transformed into 
one with constant coefficients. Moreover, the reduction of such an 
equation to its semi-canonical form leaves the coefficients constants. 
We may, therefore, assume that the differential equation has the form 
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(31) y(*) + 6P,j/' + 4P3y' + P,y == 0, 

where Pj, P3, P4 are constants. Let r^, . . . r^ be the four roots, 
Bupposed distinct; of the equation 

(32) r* + 6Pjr* + AP^r + P^ = 0. 
Then the fanctions 

(33) y* = /*' (Ä=l,2,3,4) 
will form a fundamental System of (31); so that 

If^ therefore, we introduce non-homogeneous coordinates^ by putting 

Vi Vi Vi 

we shaU find, as the equations of the anharmonic curve, 

(34) T^X\ Z^X^, . 
where 

Ihe curve admits a one-parameter group of prcjective trans- 
formations into Usdf, viz.: 

(36) X^aX, Y^a^Y, 'Z^a^Z, 

where a is an arbitrary constant. By means of this transformation 
any point of the curve, which is not a Vertex of the triangle of 
reference, may be converted into any other. 

From this theorem we conclude, as in the case of plane anharmonic 
curves: ilfie four points in which any tangent of Ute curve intersects the 
faces of the fundamental tetrahedron, and the point of contady form a 
group of five points upon the tangent^ which remains prcjective to itsdf 
as the point of contact moves ahng the curve. 

This theorem may also be verified by Computing two of the 
double ratios of this group of five points. They will be found to be 
X and fi respectively. 

The curve belongs to a so-called tetrahedral complex. In fact, 
its tangents intersect the tetrahedron of reference in four points 
whose cross-ratio is constant, and the totality of lines which are so 
related to a fixed tetrahedron constitute a tetrahedral complex.^) 

1) For CTirves and snrfaces belonging to a tetrahedral complex, cf. lAe- 
Scheffers, Geometrie der Berührongstransformationen, pp. 311 — 898. 
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Prom (32) we have 

ri + r^ + r^ + r^^ 0, 

^1^2^8 + ^2»'s*-4 + ^3^4^ + ^4n^2 = " ^P,, 
^1^2^d^4 =" ^4; 

whence, together with (35), we find 

Since tlie coefficients are constants, we have 

d, = p„ ©,=p„ ©,., — ^p,p,*. 

If, tiberefore, the absolute inyariants of an anharmonic curve 

(38) ^:=«, ^=ß 

are given, these equations will serve to determine the exponents X 
and ft. The different valnes of X and ft, which correspond to giyen 
yalues of the inyariants a, ß, correspond to the twenty-fonr permuta- 
tions of the faces of the tetitJiedron of reference (cf. the corresponding 
remark for plane anharmonics). 

The cases, when two or more of the exponents r* coincide, may 
be obtained from the general case as in the theory of plane anharmonics. 

Equations (38) show that, to any anharmonic curye corresponds 
dualistically another with the same absolute inyariants, since a and ß 
contain only eyen powers of ©3. j 

Let ©8 ^ ^} ^^^ 1®* ^^^ absolute inyariant -^ be a constant. 

* 
Assuming @^ =f= 0, so that the curye is not a space cubic, we may 

choose the yariables so as to haye 

Pi ==»0, ®4 = 1, whence ©41 = const. 

We shall then haye 

y(*) + 6P,/ + P,y = 0, 

where P^ and P^ are constants. Let 

^19 *'l7 ^2; ^2 

be the roots of 

r* + 6P,r« + P4 - 0, 
and let 
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Then 

i. e. the curve lies on a quadric surface. In other words: any 
anharmonic curve, whose tangents hdong to a linear complex, is on a 
qimdriCj and conversdy. 

Bat the same reasoning applied to the adjoint equation shows 
further: any anharmonic curve, whose tangents hdong to a linear comptex, 
is the cuspidal edge of a devdopahle which is circumscribed ähout a 
quadric surface}) 

We shall leave it to the reader to prove; that these two quadrics 
upon one of which lies the curve^ while its developable is circumscribed 
about the other, have a skew quadrilateral in common. 

As in the case of plane curves, we may determine at any point 
of a given space curve, an anharmonic having with the given curve 
a contact of the seventh order. Let v, s^, ij, etc. be the invariants of 
the given curve, v, s,, t^ the corresponding invariants of the osculating 
anharmonic. ^8,^8, etc. will be zero, while 



(39) 



^3 1,(0)8 ^8 t,(0)3 



where v^^\ s^^^ and t^^^ are the numerical values of v, &j and t^ at 
the given point. 

The absolute invariants of the osculating anharmonic being 
known, the problem arises: to determine its principal tetrahedron. 

In Order to solve this problem we prove first, the foUowing 
theorem due to Fourd,^) 
Let X, r, Z, T be four linear functions of x, y, 0, such as 

(40) X^ax + a'y + d^ z + a"', etc., 

and consider the differential equations 

(A1^\ dx dy ^ dz 

^^^^ X^Tx Y-Ty Z-Tz' 

The general integral of these equations will be 

(42) r-^Y^ = exi, r-'z,==<^x,; 

where c and (^ are arbitrary constants, and where X^, F^, Z^, J\ are 
four new linear functions of x, y, z, whose coefficients as well as the 
exponents r and s are determined by the coefficients of X, T, Z, T, 



1) Hdlphen, Acta Mathematica, vol. 3. 

2) FoiMret, Comptes Rendus. October 1876. 
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To prove this theorem, consider the partial differential equation 

(43) x|i+r|^-^+T(.-.U-y|) = 0. 

The ordinary meihod for integrating it consists in setting up precisely 
the System of ordinary differential equations (41). The factors of 
X, Y, Z, T ID. (43), are the coordinates of the plane tangent to a 
snrface z == f(x, y) at the point Xy y, z, Denote them by |, iy, g, r, 
so that we have an equation of the form 

Xi + Yrj + Zt+Tr=^ 0. 

According to Clehsch, such an equation containing both point- and 
plane-coordinateS; defines a connex of space, i. e. the totality of points (m) 
and planes (jC) which satisfy the equation. The order and dass of 
the connex are the degree of the equation with respect to the point- 
and the plane -coordinates respectively. In our case, the order and 
class are both equal to unity. To every point m of space, there 
corresponds an infinity of planes ft; but, as the equation of the connex 
showS; all of these planes ft pass through a point m'. The relation 
between m and m' is projective. There will exist, in general, a 
definite tetrahedron whose vertices correspond to themselves in this 
projective relation. If this be taken as tetrahedron of reference, the 
equation of the connex becomes 

where X^, Y^, Z^, T^ are the new homogeneous coordinates of m, 
and where 1^, r^^, g^, r^ are those of ^. Let us retum to non- 
homogeneous coordinates by putting 

^ - It _ A — 

SO that the equation of the connex becomes 

Äx,^, + By.ri, + C0,tt + Dt^ = 0. 

The partial differential equation (43) requires of all of its integral 
surfaces: in each point m of such a surface, the tangent plane shall 
be one of those which corresponds to m in the connex. Consequently, 
in the new variables; this partial differential equation will assume 
the form 



(44) 



But this equation is integrated by means of the auxiliary System 
dxi dy^ dZi 
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In other word«, ihere exists a System of fonr polynomials 
X^ T^ Z^ T^ such tliat the System (41) assmnes the form (44) if 
X^ . . . 2\ be taken as new Tariables. 

Bat (44) may be integrated at once. We find 

(45) r,-'Y,^cXl ir'Z^^dXl 

which completes the proof of the theorem. 

We see, therefore, that the eqnations (41) may be taken as the 
differential eqnations of an anharmonic curve. If the polynomials 
Xj Y, Zy I are giyen, the determination of the polynomials X^, F^, 
Zy^, T^ accomplishes the Solution of our problem: to find the principal 
tetrahedron of the anharmonic. 

Eqnations (45) clearly contain 16 arbitrary constants. For, we 
may take the constant terms in the four polynomials X^j T^y Z^^ 1^ 
eqnal to unity. The twel^e coefficients which remain in these poly- 
nomials^ the ezponents r and s^ and the constants c and d constitnte, 
in fact, 16 arbitrary constants. If we wish to determine the oscnlating 
anharmonic of the giyen curve at a given point^ we shall have to 
determine these sixteen constants in such a way that the contact 
between the two curves shall be of the seventh order, which gives 
precisely sixteen conditions. These conditions might be written down 
by differentiating (45) seven times, and substituting into the resulting 
eqnations, for the derivatives up to the seventh order, the numerical 
values of the corresponding derivatives for the given curve. But, 
eqnations (41) clearly represent the result of eliminating the two 
constants c and d from these sixteen conditions, and, in fact, they 
contain only fourteen constants. These fourteen constants may, 
therefore, be determined by means of (41) and those obtained there- 
from by six-fold differentiation. After they have been computed c 
and 6 are easily obtained by the condition that the anharmonic curve 
must pass through the given point of the given curve. All of the 
conditions, obtained in this way for the sixteen constants, are linear, 
so that a unique Solution exists. 

We saw, in the proof of FoureS^ theorem, how a certain connex 
was related to the problem of finding the principal tetrahedron of 
the oscnlating anharmonic. This connex is not completely determined. 
In fact, if we add to the left member of its equation 

any numerical multiple of a;| + yi? + ^S + ^^; its tetrahedron does 
not change. We may take advantage of this fact. It enables us to 
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amLnl the constant term in T. We shall assnme^ therefore^ that this 
constant term is zero. 

We now write eqaations (41) as follows 

(46) Zj/-7-r(irj/-y)=.0, X^ - Z - T(xsf ^0) ^0, 

and assume that the eqaations of the given corve are giyen in their 
canonical form 

0^0^ + a^afi + a^x^ + • • •; 

In Order that (46) may be the differential eqaations of Üuxt 
anharmonic carve, which oscalates the carve (47) at the origin, 
eqaations (47) mast satisfy (46) ap to and incladmg terms of the 
sixtii Order. In this way the poljnomials X, . . . T are determined. 
We find 

X - Is^x - 42^y - 18t;*;2f - Sv, 

T 6vx+ U&jy — 21 1-^, 

(^^^ Z^-9vy + 2ls,z, 

T 63^a;-36t;«i^. 

V 

The explicit determination of the polynomials X^, . . . T^, i. e. of 
the principal tetrahedron of the oscalating anharmonic^ reqaires the 
solation of an eqaation of the foarth degree. The general theory of 
collineations famishes all of the material for farther discassion of 
this Problem ; a discassion which we shall not^ however; andertake. 

§ 4. Belation to the fheory of plane ourves. 

We shall consider briefly, two plane corves which are determined 
by the properties of a space carve {m) in the vicinity of one of its 
points m. Let as take m as a center and project the carve (m) 
from m apon any plane. The carve (Jf), which is obtained in thiS 
way, is the first of the two plane carves which we wish to consider. 
The other carve {M^ is obtained by a constraction daalistic to this, 
viz.: it is the intersection of the developable, whose caspidal edge is 
the given curve (m), with the plane oscalating (m) at m, 

Let the eqaations of (m) be developed in their canonical form: 

y = X^ + ß,x'' + ßf,0fi + '"y 



(49) 
where 



(50) 
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üsing the origin as center, and tlie plane at infiuity as plane of 
projection^ we may take 

X l X 

as the coordinates of a point M of the curve (Jf ). We shall then find 

(51) r = i-Z»+|«,Z'>+|«,X«+|(«8-2^,)Z' + .... 

The factor 2 has been introduced for convenience^ enabling ns to 
compare^ more immediately, this form of the development with the 
canonical development for a plane curve (Chapter III, § 7). 

If (51) be reduced to the canonical form by the method of 
Chapter III, § 7, and the new coordinates be still denoted by X, Yj 
the following development will be obtained^ 

where 

The canonical form for the second plane curve {M^, mentioned before, 
will be obtained by putting in Aj for each invariant its adjoint, since 
the two curves are dualistic to each other. This may be easily carried 
out, since we have the expressions for v, 57,^,53, ^ in terms of 
Öj, ®4, etc.^), and since the adjoints of ®^ and ®^ are — ©3 and ®^ 
respectively. Let A^ be the value of the coefficient thus obtained. Then 

If * = 0, the origin is a coincidence point upon (Jf).^) We may 
express this as follows. We may construct cubic cones having the point 
m of the curve (m) as verteXy and the tangent to (m) as double generator, 
It is possible to determine such a cone having twelve coincident points 
of intersection tvith the curve at the point m, if and only if the invariant 
8 is equoH to zero. 

Another proof of this may be easily obtained as follows. From 
(49) we find 

(54) c^{xyz ^ y^ - a,z^) --a^{xz^--y^z)=^ia,{a,--2ß,)- c^'^^x^^ 

The left member, equated to zero, is the equation of a cubic cone 
of the character described. It has twelve coincident points of inter- 



1) Eqnations (21). 

2) Cf. Chapter IE, § 4. 
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section with (m) at the origin, if the coefficient of x^^ on the right 
member vanishes. But this coefficient may be easily shown to be 
equal io S. In general, this cubic cone has only eleven coincident 
points of intersection with (m) at the origin. 

By daality we find the further result. The plane curve, in which 
the osadating plcme of the point m intersecis ffie developable, of which 
the curve {m) is the cuspidäl edge, has m as a point of coinddence, if 
and only if d^ =- 0. 

If ©3 and ®8 are the invariants of the plane curve (M)y we have 



^ 100800 fi V. 



Let R be the exponent of the osculating anharmonic of (Jf ) at M. 
Then 

SO that the exponent R is determiued by the equation 

(55) \h + ii + -ö'«'i*) _ 38.6« (B*-B + iy 

t?8 ~ 2*.7 (22-2)»(l-2i2)«(JB + l)«' 

There will be a similar equation for R^. Comparing the two equations 
we find: 

The exponent R^ of the anharmonic, which osculates the second plane 
cmrve (M^ at M^, wül coincide with R if s^ = 0. 

If the given curve (m) is an anharmoniC; s^ is identically equal to 
zero^ so that R and R^ are equal to each other at all points of the 
curve. Moreover, (55) is the equation for determining R. The left 
member of (55) may be expressed in terms of the exponents X 
and II oi the curve (m) which may be supposed to have the equations 

y ==x^ z ^ xf*?) 

These considerations lead Halphen to make the following remark. 
A Space anharmonic curve (m) with given invariants l and fi, gives 
rise in each of its points to a perspective (Jf ), which is not a plane 
anharmonic. The plane anharmonic {M'\ which osculates (M) at 
the point M which corresponds to m, has for its exponent the 
quantity R given by equation (55). This is true for all general 
positions of the point m, but ceases to be true when m coincides 



1) Chapter III, equ. (60). 

2) For the purpose of Computing the left member of (55) in terms of X and 
fi we have the equations (87). 
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with one of the vertices of the fundamental tetrahedron of the cnrve 
(m). In fact, let A > 0, ii> 0, Then the curve 

passes throngli the origin. The cone^ haying the origin as yertex^ 
and the carve as directrix, will be 

The plane sections of this cone are anharmonic corres whose exponent 
may be eqnated to j—j' If this value be substituted for JR in (55), 

the lefb member, moreover, being expressed in terms of l and [i, 
the eqnation is not^ in generale satisfied. 

Therefore^ if the point m moves into one of the singolar points 
of the anharmonic curve (m), the perspective (M) becomes an an- 
harmonic curve, but its invariant ceases to be equal to R. 

§ 5. Seme applioations to the fheory of ruled snrfaces. 

The principal surface of the flecnode congruence was defined in 
a somewhat unsatisfactory manner in the following exceptional cases; 
1"* when the ruled surface has two rectilinear directrices; 2* when 
the two branches of the flecnode curve coincide. We are now in a 
Position to simplify these deflnitions considerably. 

Gonsider the case that the ruled surface 8 has two distinct 
rectilinear directrices. Let C^ and C, be two curved asymptotic lines 
upon 5. We may then assume 

(56) i>a-0, «12 = «2, 221 =-^9'. 211-222 = ^2- 

Let US form the differential equation of the fourth Order for Cp, 
according to the formulae of Chapter XII. 
We find: 

y(.)_2|j^»)+[g,, + 3„-^+2(^)^y'-2(2„|-2,,')y 

(57) -r-?ufei + 3M) + «ujf-2({)') 

The derivative curve of the first kind, (upon the developable of Cy), 
is given by the expression 

y 2 2 ^ 
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Similarly, the derivative of the first kind of d is given by 

2 q 

On the other band, the generator of the ruled surface S\ the derivative 
of S with respect to x, joins the two points 

j/ and isf. 

These are the same as the above, if and only if g' *= 0, i. e. if 
©4 is a constant, i. e. if 8' is the principal surface of the con- 
gruence. 

We see, therefore, that the following theorem is true. 

Let S he a mied surface with redüinear diredrices, defined hy a 
System of form (A). Its derivative S', mth respect to x, contains the 
derivatives of the first Jcind of the asymptotic cwrves of S, if and only 
if S^ is üie principal swrface of the flecnode congruence. 

Precisely the same property will be found to characterize the 
principal surface in the case that the two sheets of the flecnode sur- 
face coincide. 

In (56) we may assume c = 0. Gy and Gz will then be two 
asymptotic curves, whose intersections with any generator are harmonic 
conjugates of each other, with respect to the two points in which 
the generator intersects the directrices of the surface. The differential 
equations for Gy and Gg become identical, i. e.: two asymptotic curves 
which a/re so related, are prqjectively eqiiivalent. But these two curves 
are really two parts of one irreducible curve. For, 8 belongs to an 
infinity of linear complexes, and the complex curve of 8, with respect 
to each of these complexes, is precisely such an asymptotic curve, 
each of which intersects every generator twice in the above fashion. 
We may, therefore, say that every asymptotic curve of a ruled surface 
with redüinear diredrices admits of projective transformation into 
üsdf 

Each of these asymptotic lines obviously belongs to a linear 
complex. This may, moreover, be easily verified from equation (57), 
whose invariant of weight 3 is zero. But the converse is also true, 
i. e.: if the asymptotic curves of a ruled surface belong to linear com- 
plexeSy the smface must have two rectilinear diredrices. This theorem 
is due to Peters}) We have developed all of the formulae necessary 
for its proof, the details of which we shall leave to the reader. 



1) Peters, Die Flächen, deren Hanpttangentenknrven linearen Komplexen 
angehören. (Leipzig, Dissertation 1896.) Christiania und Kopenhagen. Alb. Cammer- 
meyers Forlag. 

WiLCZYNSKi, projective differential Geometry. 19 
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§ 6. On the order of oontaot between ourves after a dnAÜstio 

transformation. 

If two curves (m) and (tn!) have a contact of the n^ order at 
a common point m, two curves (Jf) and (Jf' ) obtained from them 
by a dualistic transformation will; in general, have contact of a 
different order. The following myestigation^ which is due to Sdlphen, 
will make clear the varions cases which may arise. 

Since the most general dualistic transformation may be obtained 
by combining any special dualistic transformation with a general 
projective transformation^ and since the latter leaves the order of 
contact inyariant^ we may confine ourselves to investigating the effect 
of any particular dualistic transformation. 

Let X, y, 0, t be the homogeneous coordinates of a point m of 
the curve (w). We may take as the homogeneous coordinates of a 
point M of the curve {M\ which is dualistic to (m), the four deter- 
minants of the third order 

(<a/y"), (*<'a^'), i3l<^n i^l/n 

which are proportional to Solutions of the Lagrange adjoint of the 
differential equation of the curve (m). To retum to non-homogeneous 
coordinates^ we put ^ = 1, take x as the independent variable^ and 
consider the ratios of the above four determinants. The coordinates 
XyYyZoi the point Jf , which is thus made to correspond dualistically 
to the point wi, will be 

^ _ »^VQ _ sf' 

^^^) ^-^WF) r — ' 

These relations between X, Z, Z and Xy y, z are reciprocal and must, 
therefore, give rise to reciprocal relations between the elements of 
the two curves. 

Let m be chosen as origin of coordinates^ the tangent to the 
curve at that point as x axis^ and the osculating plane as the plane 
j3r = 0. The same conditions will then be fulfiUed for the curve (Jf) 
at M, The development of the equations of the curve (m) in the 
vicinity of m will be of the form 
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(59) y-'y.x^ + y^^ + -, 

and similarly for {M) 

m r-r.z.+ r,i.+..., 

We proceed to find the relations between the coefficients of 
these two expansions, by making use of (58). For this pnrpose, we 
shall develop both members of each of the eqnations (60) into series 
proceeding according to powers of x^ and then identify the coefficients 
of like powers. 

Let ns denote by ^„ a fonction of the qnantities y^ and Zm in 
which the indices do not exceed n. Whenever it is not necessary 
to distinguish between two snch functionS; the same letter ^n inaj 
be used for both. 

From (59) we find 

(61) +[iLMi)^f^ + „„y-. + ...), 

+ [(«« - l)«„+i + «Ja?«-» +•••}• 



Owing to (58), the first eqnation of (60) may be written 



^'-/j/' = r,(3^+r,g^+ 



If we put 



(63) (?=^» g=^> 



the Bubatitation of (61) in (62) gires the following eqnations: 

8;?, = ö«(4^-3|)r, + G»r„ 






whenee 
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(64) ^3 = - ^9% + ^g^Vs, 

T„ = — g'>{n + 1) g„+i + «„. 
We haye further 

= 2yja;8 [z^ + 5e^x + ■■■ +[^^^g„+i + x„]af-' +'■■]■ 
Making nse of this formnla; the second equation of (60) gives: 

2n = — 9"{n — l)0„ + tf„_i, 
where 0»— i depends upon quantities whose index is no higher thau 

The quantities G and 9 are dualistic. In fact we find 

The equations (64) and (65) must be self-dual^ i. e. they must remain 
trae if the small and capital letters are interchanged. That this is 
so may be easily yerified for the first two equations of each System, 
these equations haying been completely determined. On the other 
band, this dualistic character of the equations enables us to supply 
some further terms in the expressions for F„ and Zn> 

In fact; let us interchange the small and capital letters in the 
equation for F„, and denote by /Zi, the new value of ar«. Then, if 
we Substitute for Zn+i its value , we shall find 

ifn = n(n + l)g/Sn+i— — ^n + Hn, 

r 

where 6^ depends upon the quantities y^, and Zm, of index no higher 
than n. This equation must become an identity, if we replace, in TLny 
the quantities ITm? ^^m by their expressions in terms of j/m; ^m* This 
Substitution in JT„ must, therefore, give rise to a term — n(w + l)^;2?n+i. 
But (64) and (65) show that only the expression ■\- nG^^^Yn can 
give rise to such a term. We have, therefore, 

(66) Yn (W + l)^;8f„ + i + W^«-^yn + \?n, »n-l], 

where \Zny yn— i] contains the quantities Zm, whose index is no higher 
than w, and the quantities y^, whose index does not exceed w — 1. 
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Similarly we find 

(67) Z„ - - (n - l)p«;8^„ + (n- 2)sr'^yn-i + K_i, j/«,.»]. 

The equations (66) ajid (67) enable us to solve the proposed 
Problem. Consider two curves (m) and (m') which hare a contact 
of the w*^ Order at the origin. In the vicinity of the origin, the 
curve (m) is represented by the equations (59), and the curre (m!) 
by two equations of the same form. We shall then have, by hypo- 
thesis, 

y/^^a. Vb -Vb^ • • • yn-yn, 

V == ^3^ • • • ^n = ^n- 

Equations (66) and (67) show that, for the two reciprocal curves (M) 
and (M*\ we shall have 

-*2 ^^ ^29 -^3 ^^ -*-3; • • • ^n — 1 =™ J^n — 1} 

Zq = Z^f . • . Zn-^1 = Zn^ly Zn = Zny 

SO that the order of their contact will, in general, be only w — 1. 
But it becomes necessary to examine the conditions for this more 
carefolly. For, the same transformation will convert (M) and (Jkf' ) 
back into (m) and (m'), so that the order of contact may be increased, 
as well as diminished, by a dualistic transformation. 

We notice in the first place that the curyes (Jf ) and (Jf') 
satisfy the condition ZJ = Zny i. e. if the order of their contact is 
really n — ly their principal tangent plane coincides with the osculating 
plane.^) Further we notice that 

y„+i = 3nZ, Tn-(n+ 1) Y,Zn+u 

when expressed in terms of y^y ^m contains none of these quantities 
of index higher than n. The curves (M) and (-M')> tlierefore, satisfy 
the further relation Ti+i = T„+i. 

We may now state our result as foUows: 

1. If two cmves have, at the point m, a contact of the w*^ order, 
and if their principal tangent plane at this point does not coincide with 
the osculating plane, the two curves which correspond to them in any 
dtmlistic transformation will have, at the corresponding point, a contact 
of the n — 1*^ Order only. 

2. If the principal tangent plane does coincide tvifh the osculating 
plane, but if the fundion 



1) Chapter XIII, § 7. 
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has different voAues for the two curves, the order of contad is not chcmged 
by the duaiistic ircmsformation. 

3. If ffie principcH tangent plane coincides wifh Oie osculating 
plcme, and if, hesides, the fwnäion ^n+s has ffie same value for hoth 
cmvesy the duaiistic transformation increases the arder of contact to n + 1. 

This theorem makes it evident that, to the canouical deyelopment 
of the curve (m) will not correspond, in generale the canonical develop- 
ment of the curve (-Bf). For, the osculating cubic of (m) is not, in 
general^'transformed by a duaiistic transformation into the osculating 
cubic of (Jf). 

It need scarcely be remaxked that our proof presupposes n ^ 2, 
so that the theocem does not contradict the fact that a duaiistic 
transformation always conyerts a pair of curres which touch into 
another pair which; likewise^ touch. 

Ezamples. 

Ex. 1. In terms of HaJphen's canonical invariants, find the con- 
dition for a curve on a quadric surface. Express this in the usual 
invariants. 

Ex. 2. Transform the figure composed of a curve and its osculat- 
ing anharmonic dualistically. The result of this transformation is a 
curve and its osculating anharmonic, if and only if ^g = 0. (Hcdphen.) 

Ex. 3. If ^8 ^ ^7 ^^® curve and its osculating anharmonic have 
the osculating plane for their principal tangent plane. If ^3 = 0, the 
principal tangent plane of these two curves coincides with the prin- 
cipal plane of the curve and its osculating cubic. (HaJphen.) 

Ex. 4. If the curve (m) belongs to a linear complex, the 
osculating conic of the plane curve (M) of § 4 hyperosculates it. 
What is the corresponding property of the second plane curve (-M,) 
of § 4? (HaJphen.) 

Ex. 5. Find the condition for a curve on a quadric cone. (Ralphen,) 

Ex. 6. A biquadratic curve may be obtained which has contact 
of the seventh order with (m) at a given point (osculating biquadratic). 
Its developments will be 

z^ix^ + vx^ + s,x'+\{t,+ s,^)x^ -t- . . . , 

Gonsider the following four planes through the tangent of (m); the 
osculating plane, the principal plane of (m) and its osculating cubic, 
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the principal plane of (m) and its oscnlating anbarmonic; the principal 
plane of (m) and its oscnlating biquadratic. Their anharmonic ratio is 

^ j^ — (H<üphm.) 

Ex. 7. The conditions 

characterize those curves whose derelopables are circomscribed abont 
two qnadric Borfaces. (Hciphen.) 







3 /»>)f2 -/'jS' ^^ 
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B. O. Teubners Sammlimg von Letarbücliem auf dem 
Gebiete der Mathematischen Wissensohaften mit Ein- 
schluß ihrer Anwendungen. 

Im Teubnttrschexi Verlage ersoheint unter obigem Titel in zwangloser Folge eine 
längere Beihe von zasammenfasBenden Werken über die wichtigsten Abschnitte der 
Mathematischen WisBenBohaften mit £inBohlu& ihrer Anwendungen. 
Die anerkennende Beorteilong, die der Plan, sowie die bis jetzt erschienenen Anfaätze 
der Enzyklopädie der Mathematischen Wissenschaften gefanden haben, die allseitige 
Zustimmung, die den von der Deutschen Mathematiker -Vereinigung yeranlailten und heraus- 
gegebenen eingehenden Beferaten Aber einzelne Abschnitte der Mathematik zu teil geworden ist, 
beweisen, wie sehr gerade jetzt, wo man die Besultate der wiBsenschaftliohen Arbeit eines Jahr- 
hunderts zu überblicken bemüht ist, sich das Bedürfiiis nach zusammenfassenden Darstellungen 
geltend macht, durch welche die mannigfachen Einzelforschungen auf den verschiedenen Gebieten 
mathematischen Wissens unter einheitlichen Gesichtspunkten geordnet und einem weiteren Eireise 
zug&nglich gemacht werden. 

Die erwähnten Aufsätze der Enzyklopädie ebenso wie die Beferate in den Jahresberichten 
der Deutschen Mathematiker -Vereinigung beabsichtigen in diesem Sinne in knapper, für eine 
rasche Orientierung bestimmter Form den gegenwärtigen Inhalt einer Disziplin an gesicherten 
Besultaten zu geben, wie auch durch sorgfältige Literaturangaben die historische Entwlokelung 
der Methoden darzulegen. Darüber hinaus aber muß auf eine eingehende, mit Beweisen Tersehene 
Darstellung, wie sie zum selbständigen, von umfangreichen Quellenstudien unabhängigen Bin- 
dringen in die Disziplin erforderlich ist, auch bei den breiter angelegten Beferaten der Deutschen 
Mathematiker -Vereinigung^ in denen hauptsächlich das historische und teilweise auch das kritische 
Element zur Geltung kommt, verzichtet werden. Eine solche ausführliobe Darlegung, die sich 
mehr in dem GhartJcter eines auf gesehlchtlichen und literarischen Studien gegründeten Lehr- 
buches bewegt und neben den retn wlBsenschaftliehen auch pädagogische Interessen berücksichtigt, 
erscheint aber bei der raschen Entwickelung und dem Umfang des zu einem grofien Teil nur in 
Monographien niedergelegten Stoffes durchaus wichtig, zumal, im Vergleiche z. B. mit Frankreich, 
bei uns in Deutschland die mathematische Literatur an Lehrbüchern über spezielle Gebiete der 
mathematischen Forschung nicht allzu reich ist. 

Die Verlagsbuchhandlung B. G. Teubner gibt sich der Hoffnung hin, dafi sich recht zahl- 
reiche Mathematiker, Physiker und Astronomen, Geodäten und Techniker, sowohl des In- als des 
Auslandes, in deren Forschungsgebieten derartige Arbeiten erwünscht sind, zur Mitarbeitersohaft 
an dem Unternehmen entschließen möchten. Besonders nahe liegt die Beteiligung den Herren Mit- 
arbeitern an der Enzyklopädie der Mathematischen Wissenschaften. Die umfangreichen literarischen 
und speziell fachlichen Studien, die für die Bearbeitung von Abschnlttoi der Enzyklopädie vor- 
zunehmen waren, konnten in dem notwendig eng begrenzten Bahmen nicht vollständig ideder- 
gelegt werden. Hier aber, bei den WeAen der gegenwärtigen Sammlung, ist die Möglichkeit 
gegeben, den Stoff freier zu gestalten und die individuelle Auffassung undBichtung des einzelnen 
Bearbeiters in höherem Maße zur Geltung zu bringen. Doch ist, wie gesagt, jede Arbeit, die sich 
dem Plane der Sammlung einfügen läßt, im gleichen Maße willkommen. 

Bisher haben die folgenden Gelehrten ihre geschätzte Mitwirkung zugesagt, während 
erfreulicherweise stetig, neue Anerbieten zur Mitarbeit an der Sammlung einlaufen, worüber in 
meinen „Mitteilungen*' fortlaufend berichtet werden wird (die bereits erschienenen Bände sind mit 
zwei **, die unter der Presse befindlichen mit einem * bezeichnet): 



••P. Bachmann, niedere Zahlentheorie. I. 
(Band X d. Sammlung.) Geb. M. 14.—. 

*E. BLAscHKEfVorleanngen übermathe- 
matiBcbe Statistik. 
M. BöcHEB, über die reellen Lösungen 
der gewöhnlichen linearen Differen- 
tialgleichungen zweiter Ordnung. 
G.BoHLMANN^Versicherungsmathematik. 

•* H. Bbuns, Wahrscheinlichkeitsrechnung 
undEollektivmaßlehre. (BandXTII.) 
Geb. M. 8.40. 

*G. H. Beyan, Thermodynamics. 
G.Castelnuovo und F. Enbiques, Theorie 
der algebraischen Flächen. 

**E. üzuBEB, Wahrscheinlichkeitsrech- 
nung und ihreAnwendung auf Fehler- 
ausgleichung, Statistik und Lebens- 
versicherung. (Band IX.) Geb. 
M. 24.—. 
M. Dbhn u. P. Heeoaabd, Analysis situs. 



^L. E. DicKsoN, Linear Groups with an 
exposition of the Galois Field theorj. 
(Band VI.) Geb. M. 12.—. 
F. DiNOELDEY, Kegelschnitte und Eegel- 
schnittsysteme. 

F. DiNOELDET, Sammlung von Aufffaben 
zur Anwendung der Differential- und 
Integralrechnung. 

G. Eneström (inYerbindung mit andern 
Grelehrten), Handbuch der Geschichte 
der Mathematik. 

F. Engel und G. Eowalewske, Ein- 
fOhrung in die Theorie der Trans- 
formationsgmppen. 

*F. EiüBiQüEs, Fragen der Elementar- 
geometrie. 

*0. FiscHSB, theoretische Grundlagen 
für eine Mechanik der lebenden 
Körper. 



